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ANNOTATION 

The book i s  devoted t o  an urgent  problem of modern gasdynamics--the com- 
pu ta t ion  of the flow f i e l d  near a smooth body s i t u a t e d  i n  an a r b i t r a r y  manner 
wi th  r e s p e c t  t o  the  inc ident  a i r f low.  The book p resen t s  the r e s u l t s  of i n -  
ves t iga t ions  performed over a period of s e v e r a l  years  by a group of authors  
associated wi th  the  development and p r a c t i c a l  a p p l i c a t i o n  o-f t h e  method of 
f i n i t e  d i f fe rences  t o  the s o l u t i o n  of three-dimensional problems of gasdynamics 
by e l e c t r o n i c  d i g i t a l  computer. 

The f irst  chapter presents  i n  d e t a i l  t h e  method of the  three-dimensional 
flow around tapered bodies i n  a supersonic flow. A s e r i e s  of sec t ions  i n  the  
f i rs t  chapter presents  the  t h e o r e t i c a l  i n v e s t i g a t i o n  of the  system of f i n i t e  
d i f fe rence  equations c a r r i e d  out i n  the  gene ra l  form, taking i n t o  account the  
app l i ca t ion  of the  method t o  o ther  problems of mechanics and mathematical 
physics. 

The second chapter presents  the  r e s u l t s  of c a l c u l a t i o n s  f o r  the nonaxi- 
symmetric flow around severa l  bodies of r evo lu t ion  w i t h  and without account of 
chemical reac t ion  i n  the flow. 

The t h i r d  chapter contains  t a b l e s  f o r  t he  nonaxisymmetric flow of c i r c u l a r  
cones i n  a w i d e  range of Mach numbers, h a l f  cone angles,  and angles of a t t ack .  
The t ab le s  p re sen t  exhaustive information concerning the  gasflow and a re  con- 
venient f o r  p r a c t i c a l  appl ica t ions .  

The book i s  designed f o r  s c i e n t i f i c  workers and engineers concerned wi th  
mathematical computations and computer programing, t h e  aerodynamic design of 
f l i g h t  c r a f t  and t h e o r e t i c a l  gasdynamics. The book may a l s o  be of use t o  
teachers  and s tudents  of upper c l a s ses  i n  u n i v e r s i t i e s  s p e c i a l i z i n g  i n  these  
f i e lda  . 

USSR Academy of Sciences 
V.  A. Steklov Mathematical I n s t i t u t e  
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FORFWORD 

The present  work i s  devoted t o  one of t h e  most urgent  problems of gas- 
dynamics--the computation of  t h e  three-dimensional flow f i e l d  near a smooth 
body a r b i t r a r i l y  placed with r e spec t  t o  the  inc iden t  supersonic a i r f low.  From 
the mathematical s tandpoint ,  t h e  problem i s  reduced t o  the  s o l u t i o n  of a bound- 
a r y  value problem f o r  a system of  nonl inear  equat ions wi th  p a r t i a l  d e r i v a t i v e s  
containing t h r e e  independent va r i ab le s .  

All c l a s s i c a l  a n a l y t i c a l  methods e x i s t i n g  t o  d a t e  f o r  solving gasdynamics 
problem a re  based on the  in t roduc t ion  of a s e r i e s  of s implifying assumptions 
xaking it possible  t o  o b t a i n  the  s o l u t i o n  i n  e x p l i c i t  form. These s implifying 
assumptions a re  not always j u s t i f i e d  and t h e  e r r o r  introduced by them cannot 
a s  a r u l e  be determined. This method cannot be used t o  f i n d  t h e  s o l u t i o n  of  a 
three-dimensional problem i n  e x p l i c i t  form and it i s  p o s s i b l e  only t o  s impl i fy  
such a problem. The numerical methods a r e  f r e e  of t hese  shortcomings and t h e i r  
p r a c t i c a l  app l i ca t ion  has become poss ib l e  s ince  the invent ion of e l e c t r o n i c  
computers. The numerical methods make i t  poss ib l e  t o  o b t a i n  t h e  s o l u t i o n  of 
the co2plete equations of gasdynamics with a high degree of accuracy determined 
'cy the physical  formulation of t he  problem. 

!iork has been proceeding f o r  s e v e r a l  yea r s  a t  t h e  V. A. Steklov Mathemat- 
i c a l  I n s t i t u t e  of the USSR Academy of Sciences under the  d i r e c t i o n  of P ro fes so r  
K.  I .  Babenko t o  apply the method of f i n i t e  d i f f e rences  f o r  t h e  s o l u t i o n  of 
three-dinensional  problems of gasdynamics by e l e c t r o n i c  computers. Below we 
present  r e s u l t s  associated with one s t age  of t h i s  work and p e r t a i n i n g  t o  flow 
around pointed bodies. 

The f i r s t  chapter  desc r ibes  t h e  method of computing the flow of an i d e a l  
gas around an a r b i t r a r y  smooth body. We u5e t h e  t e r m  " i d e a l  gas" t o  s i g n i f y  
a mixture of gases ( f o r  example, a i r )  i n  which chemical r e a c t i o n s  between t h e  
components as we l l  as i o n i z a t i o n  r e a c t i o n  a r e  poss ib l e .  W e  neg lec t  v i scos i ty ,  
heat  t r a n s f e r  and d i f f u s i o n .  

The second chapter  p re sen t s  t h e  results of c a l c u l a t i o n s  relative t o  t h e  
nonaxisymmetric flows around s e v e r a l  bodies of r evo lu t ion  with and without con- 
s i d e r i n g  chemical r e a c t i o n s .  

Chapter 3 contains  t a b l e s  f o r  n o n a x i s p m e t r i c  flow around c i r c u l a r  cones 
with a gas having a constant  r a t i o  of s p e c i f i c  h e a t s  k = 1.4 i n  a wide range 
of h a l f  cone angles and angles  of a t t a c k  f o r  Mach numbers from 2 -LO 7. 

Although the  p r e s e n t  work i s  concerned wi th  a s p e c i f i c  problem, it 
does contain a series of f a c t o r s  of gene ra l  s ign i f i cance ,  and t h e  method it 
proposes may be appl ied t o  t h e  s o l u t i o n  of o t h e r  problems. I n  t h i s  connection 
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we should bear i n  mind t h a t  the development of a numerical algorithm i s  not  an 
e n t i r e l y  t r i v i a l  mat ter  and does not  involve merely the  replacement of t he  
d i f f e r e n t i a l  operator  by the d i f fe rences .  To cons t ruc t  a numerical algorithm 
it i s  f irst  necessary t o  formulate p r e c i s e l y  the  mathematical problem, so  t h a t  
it i s  equivalent  t o  t h e  given physical  problem. Also, the  algorithm which 
makes it poss ib l e  t o  c a r r y  out  the c o r r e c t  c a l c u l a t i o n s  must s a t i s f y  a s e r i e s  
of requirements no t  always e a s i l y  achieved f o r  each s p e c i f i c  s i t u a t i o n .  There- 
f o r e ,  i n  formulating the  d i f fe rence  system it i s  necessary t o  have a deep 
understanding of the  reasons behind these  requirements, i n  add i t ion  t o  having 
cons i d e r  ab l e  inge nu i t y  . 

With the above i n  mind, the  authors  have considered it expedient t o  sup- 
plement t he  p re sen ta t ion  of the  algorithm wi th  a s e r i e s  of i n v e s t i g a t i o n s  r e l a -  
t i v e  t o  i t s  formation which have been c a r r i e d  out  i n  the  general  form, taking 
i n t o  account the  possible  a p p l i c a t i o n  of the  method t o  o t h e r  problems. 

I n  conclusion we note t h a t  of the  var ious numerical methods i n  hydrody- 
namics the d i f fe rence  methods have been developed most ( these  methods i n  
p a r t i c u l a r  include the  method of c h a r a c t e r i s t i c s ) .  These methods were qu i t e  
successful  i n  solving a s e r i e s  of s p e c i f i c  problems, although t h i s  has not  been 
properly r e f l e c t e d  i n  the  published l i t e r a t u r e .  I n  i t s  a p p l i c a t i o n  t o  the  com- 
pu ta t ion  of three-dimensional flows the  p re sen t  work, we hope, w i l l  bridge t h i s  
gap t o  some degree and w i l l  be of i n t e r e s t  t o  those concerned wi th  computer 
mathematics, gasdynamics, and the  aerodynamic des ign  of f l i g h t  c r a f t .  

The authors wish t o  express t h e i r  g r a t i t u d e  t o  Ye. V .  Samuylov f o r  a 
s e r i e s  of consul ta t ions  on the  thermodynamic p r o p e r t i e s  of a i r  a t  high t e m -  
peratures .  

The authors  a re  a l s o  deeply g r a t e f u l  t o  E.  I. Nazhestkina, who has c a r r i e d  
out the programing work. 

A g r e a t  d e a l  of ass i s tance  i n  carrying out  the  computation was rendered 
by N.  A. Zaytseva and M. I. Fedtsova. The work was c a r r i e d  out  with the p a r t i -  
c ipa t ion  of N. V .  Barykova, 0. A. Vasina, L .  N .  Yevgrafova and T.  N. Piskareva. 
The authors  a re  g r a t e f u l  t o  a l l  of these  p a r t i c i p a n t s .  

The authors request  t h a t  a l l  c r i t i c i s m s  of t h i s  work be d i r e c t e d  t o  the 
following address: Moscow, V-312,  Vavilov S t r e e t ,  d.28, Mathematical I n s t i t u t e  
AN SSSR. 
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CHAFTER I. METHOD OF COMFTJTING THREE-DIMFNSIONAL FLOWS 

1. Formulation of the  Problem 

Let  us  consider the  problem of the  s t a t i o n a r y  supersonic flow of a non- b* 
viscous gas  without h e a t  t r a n s f e r  around an a r b i t r a r y  body. W e  s h a l l  assume 
t h a t  t he  body i s  s t a t i o n a r y  and t h a t  t h e  flow far  ahead of t h e  body i s  uniform. 

We introduce a coordinate  system (xl, x2, x ) and d i r e c t  t he  x1 a x i s  i n  3 
such a way t h a t  the  v e l o c i t y  vector  i s  p a r a l l e l  t o  the  x1 axis when x1 = -a. 

We designate  by t h e  vector  V t he  ve loc i ty  of t he  gas  p a r t i c l e s .  The equat ions 
of motion, con t inu i ty  and energy, which descr ibe the  flow of t he  gas a r e  w r i t t e n  
i n  the  form 

dV 1 - + grad p = 0, I df 
dt dP + p div V = 0, 

f ( f + h ) = O .  I 

where h i s  the en tha lpy  of t he  u n i t  gas mass. 
termined by the  expression h = € + p / p .  
u n i t  gas mass. It i s  assumed t h a t  during the  flow of t he  gas  t h e r e  i s  l o c a l  
thermodynamic equi l ibr ium and t h a t  e i s  a f 'unction of only the  pressure p and 
the dens i ty  p, obtained from thermodynamic considerat ions.  

A s  we know,the enthalpy i s  de- 
Here € i s  the  i n t e r n a l  energy of a 

Thus the  flow problem i s  reduced t o  f ind ing  t h e  s o l u t i o n  of system (1.1) 
which s a t i s f i e s  the following condi t ion a t  the  body 

where Vn i s  the  normal component of the ve loc i ty  vector  a t  t he  sur face  of t h e  

body. I n  add i t ion  t o  t h i s ,  the  following condi t ion must be s a t i s f i e d  a t  
i n f i n i t y  

* Numbers given i n  margin i n d i c a t e  pagina t ion  i n  o r i g i n a l  fo re ign  text .  



For bodies of finite dimensions the perturbations are damped in the direction 
perpendicular to the x1 axis. 

dition must be satisfied 

Therefore in these directions the following con- 

lim V = V,. (1 .39  

However, there may be no continuous solution of the formulated problem. 
Simple examples of compressible gas flow and experiments indicate that the solu- 
tion may have singularities--discontinuities in the values V, p, p, infinite /8 
derivatives of these quantities, etc. Therefore, from the very beginning it 
becomes necessary to find the generalized solution of the flow problem. As we 
know, this generalized solution is obtained from integral relationships equiv- 
alent to system (1.1) in the case of smooth solutions. It is easy to show that 
the flow problem thus formulated has no single-valued solution. Therefore, to 
provide for a single-valued solution, in addition to conditions (1.2), (1.3) 
and ( l . 3 f ) ,  it i s  necessary to have certain additional conditions. The question 
of how to formulate correctly the problem of stationary flow providing for the 
uniqueness of boundary conditions remains unsolved to date. This difficulty 
may be surmounted by seeking the stationary solution as a limiting case of the 
nonstationary solution when t -, OJ. In this connection we must assume that such 
a limit does exist and therefore the above fundamental difficulties are trans- 
formed, so to speak, into another plane. However, there is a series of prob- 
lems on the stationary axisymmetric flow, solved by the steady state method 
where the existence of the limit is clearly established in the computation 
process. This solution of three-dimensional flow has not been realized to date. 
This is partially explained by the insufficient capabilities of modern computers. 

Another widespread method of selecting the solutions for the.stationary 
flow problem is the postulation of the qualitative flow picture as a whole. 
Thus, rather well-founded physical considerations indicate that in supersonic 
flow around bodies the region of unperturbed uniform flow in front of the body 
will be separated from the region of perturbed flow by a surface on which the 
hydrodynamic quantities are discontinuous (part of this surface may have a weak 
discontinuity). 
it will be a shock wave and is frequently called the bow wave. In considering 
the flow at large distances from a finite body and taking into account (l.31), 
we can show (ref. 1) that in addition to the bow wave, there will also be a 
tail wave. For bodies of complex configuration, in addition to the above .:aves 
it becomes necessary to postulate the presence of a whole series of other pe- 
cularities of the flow. It is important to note that the construction of such 
qualitative pictures of the flow are based on experimental data. 

In the case when the entire surface is a discontinuity surface, 

We shall limit our consideration of the flow to the region confined be- 
tween the bow wave and the body up to the subsequent discontinuity, if such a 
discontinuity exists. In supersonic flow the perturbations can be transmitted 
only downstream if they are insufficient in magnitude to change the flow picture 
completely. Therefore, the flow in the region considered may be established 
without solving the problem as a whole. In a series of cases this is sufficient 
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f o r  p r a c t i c a l  purposes. Depending on the shape of the body's leading edge and 
on the  Mach number of t h e  unperturbed flow, the leading shock wave may be e i t h e r  
detached ( f i g .  l a ,  b )  o r  connected ( f i g .  IC). I n  cases a and b the leading 
shock wave i s  followed by a subsonic region whose boundaries a re  schematically 
shown by the broken l i n e .  I n  case c the  flow has a s i n g u l a r i t y  a t  the  apex of 
the body. Due t o  t h i s  nature  of t he  flow it i s  convenient t o  separate  i n t o  
two p a r t s  the problem of determining the flow wi th in  the  region between the  
shock wave and the body. L e t  us separate  t h i s  region by some surface S i n t o  
p a r t s  I and I1 ( see  f i g .  1) such t h a t  the flow v e l o c i t y  i s  supersonic a t  a l l  
i t s  poin ts  and the  surface S has a three-dimensional nature .  The determina- . 

t i o n  of the flow i n  region I i s  reduced t o  the s o l u t i o n  of a boundary value /9 
problem which i s  d i f f e r e n t  f o r  cases a,  b and e. Having solved t h i s  problem, 
we f ind the  values V, p and p on the  surface S, a f t e r  which it i s  poss ib l e  t o  
f ind  the flow i n  region 11. Below we formulate the  boundary value problem f o r  
the flow i n  region I1 and i n  the  p re sen t  work we s h a l l  l i m i t  ourselves t o  the  
development of the  algorithm f o r  i t s  numerical so lu t ion .  I n  regard t o  the flow 
i n  region I, i n  case e ,  as we  s h a l l  show below (Sect ion 6),  it i s  reduced t o  
the same algorithm a s  the flow i n  region 11. 

I n  cases a and b, a boundary value problem occurs f o r  a system of mixed 
equations.  When the flow i s  a x i a l l y  symmetric, a s e r i e s  of algorithms i s  

S 

-e- 
5-x- 

Figure 1 

3 



proposed f o r  i t s  numerical so lu t ion .  
without reproach i s  t h e  d i r e c t  method. This method m a k e s  it poss ib l e  t o  compute 
t h e  flow around t h e  bow of  a rounded body and makes it poss ib l e  t o  fol low the  
processes associated w i t h  t h e  formation of t h e  bow shock wave as w e l l  as i t s  
evolut ion.  The method can be general ized f o r  t h e  case of flow around a body 
wi th  an a r b i t r a r y  nose p a r t  as w e l l  as f o r  problems of t h e  mixed type i n  which 
the re  i s  an i n t e r a c t i o n  of shock waves. B y  using a d i f f e r e n c e  scheme t o  real- 
i z e  t h i s  method, we  may c o n t r o l  t h e  accuracy of t h e  numerical s o l u t i o n  s ince  
any decrease i n  t h e  mesh s t e p  does n o t  l ead  t o  any fundamental d i f f i c u l t i e s  and 
i s  l i m i t e d  only by t h e  c a p a b i l i t i e s  of a s p e c i f i c  e l e c t r o n i c  d i g i t a l  computer. 

Among t h e s e  t h e  method which i s  l o g i c a l l y  

One of the d i f f e rence  schemes f o r  solving t h e  problem of  flow around a 
b l u n t  body by the  d i r e c t  method i s  described i n  t h e  work of  S. K. Godunov, 
A. V. Zabrodin and G .  P. Prokopov ( r e f .  14) .  Other methods are discussed i n  
references 9 ,  11 and 12. 

Now l e t  u s  consider t he  formulation of  t h e  boundary value problem i n  region 
11. We introduce a c y l i n d r i c a l  system of coordinates  (z ,  r, c p )  and d i r e c t  t h e  
z a x i s  so t h a t  it does no t  i n t e r s e c t  t h e  surface of t he  body i n  region 11. I n  
a l l  s p e c i f i c  problems which a r e  considered t h i s  requirement i s  e a s i l y  s a t i s f i e d .  
W e  r ewr i t e  system (1.1) i n  t e r m s  of c y l i n d r i c a l  coordinates  by f i rs t  transform- 
i n g  the energy equat ion t o  t h e  form 

where 

ah 

i s  the  square of t h e  speed of sound. 
v e l o c i t y  vector  V i n  the  above system of coordinates .  For subsequent discus-  
s ions  it i s  convenient t o  w r i t e  t he  equations i n  matrix form (I? equals  G r a m  
opera t o r  ) 

L e t  u, v, w be t h e  components of t he  /10 

a = + a - + ~ - + r  ax ax ax = 0, 
ar acp 

where 'ill, a, Q a r e  square matr ices  

L o o - 0  1 

l o u o o o  
a = {  0 0 u 0 0 

1 x 2  0 0 u 0 
( p o o o u  

P 
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( 0 0 0 0 0 )  

I o  0 0 - 0  1 
P 

a = {  0 0 0 0 0 
o p c z o  0 0 I o p o o 0  

1 
( w  0 0 0 0 )  

l ) w o o o  
E = -  o o w p o ,  I i I  ‘ [ o o p . ’ . o J  

o o p o w  

while r and X are matrix columns which we  s h a l l  simply r e f e r  t o  a s  vectors  

(1.5) 

Let  the equation for t he  surface of t h e  body i n  our system of coordinates  have 
the  form 

and the equation of t he  shock wave have t h e  form 

A t  the  bow shock wave, the condi t ions f o r  t he  conservation of mass, 
impulse and energy a r e  s a t i s f i e d  

/11 

I P V V  = PWVVW, 

P + PWVVWVV = pw + pwV:w, 
CW I 1 v: h.+-  = h, + -, 2 2 ( 1 . 9 )  

5 



I n  (1.9) t h e  q u a n t i t i e s  designated by the  s u b s c r i p t  " ~ "  p e r t a i n  t o  t h e  unper- 
turbed flow while a l l  o t h e r s  p e r t a i n  t o  the  cond i t ion  d i r e c t l y  behind t h e  f r o n t  
of t h e  bow wave. Vv i s  the  p r o j e c t i o n  of t h e  v e l o c i t y  vec to r  V on t h e  normal 
t o  t h e  bow wave 

dF 1 dF 

On the b a s i s  of (1.2), the  boundary condi t ion on the  body i s  w r i t t e n  

ac I aG 
az G a9 

u - - v + - - w = o .  

(1.10) 

(1.11) 

The boundary value problem f o r  determining t h e  flow i n  region I1 may be 
formulated i n  t h e  following manner. Le t  u s  assume t h a t  t h e  vec to r  X i s  known 
on the surface S ( i . e . ,  t he  l i n e  of i n t e r s e c t i o n  of S w i t h  t h e  bow wave i s  known) 
and the surface S i s  three-dimensional ( t hen  t h e  flow w i l l  be supersonic i n  some 
region neighboring S ) .  We must f i n d  t h e  s o l u t i o n  of system (1.4) w i th  i n i t i a l  
da t a  on S, with boundary condi t ions on the body (1.11) and on a surface of t he  
bow wave unknown t o  us (1.9). 

From the  s o l u t i o n  w e  f i n d  t h e  vector  X and t h e  func t ion  F ( z ,  c p )  i n  some 
neighborhood of S. By generat ing a new su r face  S1, which satisfies t h e  same 

requirements a s  S, t h e  s o l u t i o n  process can be repeated. Proceeding i n  t h i s  
manner we cons t ruc t  a s o l u t i o n  f o r  region I1 including the  p o i n t  when s i n g u l a r i -  
t i e s  appear i n  the  so lu t ion .  The surfaces  S,  S1, S2, ... may be the  p l anes  

z = const  i f  a l l  are three-dimensional; t h i s  i s  equ iva len t  t o  t h e  following 
condi t ion i n  region I1 

u > c. (1.12) 

I n  o t h e r  words, system (1.4) must be z-hyperbolic. 
e x o t i c  cases,  condi t ions (1.12) can be s a t i s f i e d  by the  appropriate  s e l e c t i o n  
of the z a x i s .  

With t h e  except ion of 

I n  equations (1.4) it i s  r a t i o n a l  t o  t ransform t o  a new system of co- 
o rd ina te s  s e l ec t ed  such t h a t  t h e  region i n  which t h e  s o l u t i o n  i s  sought has 
f ixed boundaries independent of t h e  sought s o l u t i o n .  A s  coordinates  (x, 5 ,  8) 
of t h i s  type we assume t h a t  
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where the  func t ion  s ( z ,  r, w) sa t i s f ies  the  condi t ions 

E [z ,  G (z ,  cp), cpl = 0, 
E Iz, F (2, rp), rpl = 1. 

The replacement of v a r i a b l e s  assumes the  s implest  form i f  w e  l e t  

(1.13) 

(1.14) 

I n  Sect ion 6 it i s  shown t h a t  the func t ion  5(z, r, co) must sa t i s fy  the 
conditions 

We note t h a t  i n  a s e r i e s  of cases  the  func t ion  € given by equat ion (1.15) does 
not  s a t i s f y  these i n e q u a l i t i e s .  

After  the change of va r i ab le s ,  the region 8,  i n  which t h e  s o l u t i o n  i s  
sought ,  i s  determined b y  the  i n e q u a l i t i e s  

I n  terms of the  new v a r i a b l e s ,  equa-t;ions (1.4) a r e  w r i t t e n  i n  the form 

d X  d X  d X  A dx + B  - -t- c-- + r = 0, 
dS a@ 

where 

(1.16) 
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I n  view of (1.14) the  c o e f f i c i e n t s  of system (1.16) depend on the  unknown 
funct ion  F, which determines t h e  form of the  bow wave. 

System (1.16), toge ther  wi th  the  boundary condi t ions (1.9) and (l.ll), 
determines the  vector  X(x, 5 ,  8) and the  func t ion  F(x,  8). 

2. Difference Scheme f o r  Computing Three-Dimensional Flow 

I n  t h i s  s ec t ion  we s h a l l  descr ibe a numerical algorithm f o r  solving the  
boundary value problem formulated above. 

Let u s  cons t ruc t  a rec tangular  mesh i n  region @ w i t h  s t e p s  

where M and L a re  whole numbers. 

We l e t  /13 

We assume t h a t  

when n, m, 1 a re  whole. The values of the  func t ions  a t  po in t s  d i f f e r i n g  from 
the po in t s  of the mesh are  obtained by i n t e r p o l a t i o n .  The c o l l e c t i o n  of mesh 

po in t s  having the  same supe r sc r ip t  n(x = x"), we s h a l l  c a l l  a " layer ,"  while 

the  c o l l e c t i o n  of po in t s  having the  same supe r sc r ip t s  n and subsc r ip t s  l(x = x , 
8 = 8 we s h a l l  c a l l  t he  "beam. 

n 

We reduce the  boundary value problem which determines X and F i n  @ , t o  a 

For boundary value problem f o r  the  vector  func t ion  Xn 

t h i s  purpose we approximate the d i f f e r e n t i a l  equat ions and the  boundary condi- 
t i o n s  by d i f f e rence  equat ions .  
following r u l e  f o r  rep lac ing  the  de r iva t ives  wi th  d i f f e rence  r e l a t i o n s h i p s  

and FY on the  mesh. m, 

I n  approximating t h e  equat ions we adopt t he  

8 



where 

I n  accordance with the above we l e t  

If we assume t h a t  t he  s t e p s  hl and h2 have t h e  same o rde r  a s  T, it i s  easy  t o  

show t h a t  t he  d i f f e r e n c e  r e l a t i o n s  approximate the  d e r i v a t i v e s ,  r e spec t ive ly ,  

with an accuracy up t o  0 (T2) +GO (r), 0 (rz) -k (a - p )  0 (r) i . e . ,  when u = 0 and 
a = !3 we have an approximation of the second order.  

I n  t h e  f i t u r e ,  t o  condense our w r i t i n g  we introduce the displacement 
ope r a t  o r s  

By means of these,  the preceding equations can be w r i t t e n  i n  the  form 

where I i s  the  i d e n t i c a l  operator  

f f : J  = f Z , f  and 

x 1  = -* T T 
h, 9 x 2  =- hr ' 
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S u b s t i t u t i n g  t h e  expression for the  d e r i v a t i v e s  i n t o  the d i f f e r e n t i a l  equat ions 
(1.16) w e  o b t a i n  a system of d i f f e rence  equat ions 

'de w r i t e  the boundary conditions on t h e  body and on the  wave a t  p o i n t s  

(x"+' ,  O,€tl)and (x"+' ,  1,01). Condition (1.11) w i l l  take the  form 

The conditions on the  bow wave w i l l  be w r i t t e n  i n  t h e  form 

where 

i s  determined i n  the same manner as v;L-+[. 

and (FB);+'is given by the  equations 

The r e l a t i o n s h i p  between FY', (F&'+' 
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From the  condi t ions of the problem w e  know t h e  values of a l l  q u a n t i t i e s  
when x = x i.e., on t h e  zero layer. To solve t h e  problem completely it i s  
apparent ly  s u f f i c i e n t  t o  have an algorithm f o r  t he  t r a n s i t i o n  from the  n- th  t o  
(n + 1 ) - t h  l a y e r .  If w e  assume t h a t  a l l  q u a n t i t i e s  with the  subsc r ip t  n a re  
known i n  equations (2 .2) ,  (2.4) and take i n t o  account (2 .5) ,  we o b t a i n  5ML + 61, 

0' 

equations f o r  Xz,tl: andF;+'. 

spec t  t o  9(f%,.n=fi,L), t he  number of unknowns w i l l  also be equal  t o  5ML + 6 ~ .  

If w e  note t h a t  t he  s o l u t i o n  i s  pe r iod ic  with r e -  

. 
This is, of course, i n s u f f i c i e n t  t o  o b t a i n  a single-valued s o l u t i o n  f o r  
the system and, furthermore,  it is obvious t h a t  t h e  system does not  have a 
single-valued so lu t ion .  However, the i t e r a t i o n  method described below always 
l eads  t o  t h e  required so lu t ion .  Theore t i ca l ly  t h e  convergence of i t e r a t i o n  i s  
not  proven, but t h i s  convergence is c l e a r l y  confirmed by c a l c u l a t i o n s .  

/1.5 

L e t  u s  assume t h a t  w e  have some type of i t e r a t i o n  process f o r  solving the  
system (2.2)-(2.4)  and t h a t  q i s  t h e  i t e r a t i o n  number. W e  designate  the values 

of G, 1, F1 obtained by the q- th  i t e r a t i o n ,  by Xn+(q) m.1 9 F ; + ( " .  W e  s h a l l  assume 

t h a t  

If the c a l c u l a t i o n  process i s  terminated a t  t he  Q-th i t e r a t i o n ,  t hen  we 
l e t  

The following method has been proposed i n  reference 8 f o r  t he  i t e r a t i o n  
s o l u t i o n  of a system of d i f f e rence  equat ions.  L e t  u s  assume t h a t  we a l r eady  

know X z p ) ,  F;t(q) and t h a t  it i s  required t o  f i n d  the  values xzfIftl) and FF+(q+l) . 
I n  equations (2 .2 ) ,  (2 .4 )  w e  replace Xzi 

xz,tf,, and Ff;: The c o e f f i c i e n t s  of equations 

(2 .2) ,  i . e . ,  t he  elements of t h e  matr ices  A, B, C and of  t he  vector  r w i l l  be 

and Ff" byXz:flqtl) and ~ ~ + ( q + l ) ,  while 
1 

a r e  replaced by x;2fjfl and FYfY). 

computed from the  values xZj"1) and F ~ + ( ~ / I ) .  

assume the form 

A s  a r e s u l t ,  equat ions (2.2) w i l l  1 
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I n  these  equations as w e l l  as under condi t ions a t  t he  bow wave, (!$);” i s  
replaced by the following i n  accordance with t h e  above 

Before considering a method f o r  solving t h i s  equation, we consider t h e  
quest ion concerning the number of t he  i t e r a t i o n  Q. W e  po in t  out  f i rs t  t h a t  f o r  
any f i n i t e  Q, equations (2 .2 ) - (2 .4 )  a r e  not  equ iva len t  t o  the  combination of 
equations (2.7), (2 .3) ,  (2.4) when q = 0, 1, . . . , Q - 1. The l a t t e r  may be 
considered i n  two ways--either as equations g iv ing  an approximate s o l u t i o n  of 
t h e  i n i t i a l  d i f f e rence  equat ions or as a new d i f f e r e n c e  scheme f o r  t he  d i f f e r -  
e n t i a l  operator  (1.9), (l.ll), (1.16). I n  assuming the l a t t e r  po in t  of view, 
we must consider t h e  quest ions of approximation, s t a b i l i t y ,  convergence, e t c .  
f o r  t h i s  new d i f f e rence  scheme. It can be shown t h a t  when Q 2 2 and a - @ 
= 0 = 0 the new d i f f e rence  scheme r e t a i n s  a second o rde r  accuracy. However, 
f o r  any Q and Q: - B = 0 = 0 t h i s  d i f f e rence  scheme w i l l  no t  be s t a b l e  f o r  any 
r e l a t i o n s h i p  of s t eps . I  
scheme w i l l  have the  order  

If Q 2 2 the  remaining terms of t h e  d i f f e rence  /16 

while f o r  small  a - B > 0, U > 0 the d i f f e rence  scheme w i l l  be c lose  t o  t h e  sec- 
ond order scheme. 

Now l e t  us consider t h e  quest ion of solving t h e  system of equations on t h e  
l a y e r .  
equations with the  same subsc r ip t  1. It i s  convenient t o  w r i t e  them i n  t h e  f o l -  
lowing form 

W e  s h a l l  break equations (2.7) i n t o  groups and refer t o  one group of  

and m = 0, 1, . . . , M - 1. The r i g h t  s i d e  f ,  +.I/*, I does no t  contain q u a n t i t i e s  

which depend on t h e  (q + 1 ) - t h  i t e r a t i o n .  The group of equat ions (2.8) t o -  
ge the r  w i th  the corresponding condi t ions on t h e  body and on t h e  wave contains  

‘We note t h a t  t h e  i n i t i a l  d i f f e rence  scheme (2.2) i s  s t a b l e  f o r  any r e l a t i o n s h i p  
of s t e p s  i f  a - p 2 0 and 0 2 0. 
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unknowns which p e r t a i n  only t o  the  given 1 beam. For t h i s  reason the  e n t i r e  
system of 3ML + 6~ equat ions breaks down i n t o  L independent subsystems con- 
s i s t i n g  of % + 6 equat ions each. 
q u a n t i t i e s  on the  n + 1 l a y e r  has  been reduced t o  the  so lu t ion  of equat ions on 
the  beam. Let  u s  consider  t he  s o l u t i o n  of t h i s  system on the  l - t h  beam. Since 
i n  t h i s  case the  subsc r ip t  1 w i l l  be f ixed  and the  supe r sc r ip t s  w i l l  a l s o  be 
f ixed ,  we drop them and w r i t e  t h e  d i f f e rence  equat ions (2.8) i n  t he  following 
manner 

Thus, t he  problem of computing the  unknown 

For t h i s  d i f f e rence  system we  have obtained a boundary value problem wi th  
l i n e a r  boundary condi t ions  f o r  m = 0 and f i v e  nonl inear  equat ions when m = M. 
These nonl inear  equat ions (2.4) e s t a b l i s h  a r e l a t i o n s h i p  between the  components 
of vec tor  XM and the  unknown q u a n t i t y  Fx. El iminat ing Fx we ob ta in  four  non- 

l i n e a r  condi t ions which a s s o c i a t e  t he  components XM and the  equat ion f o r  Fx. 

( r e f .  8) .  
To solve the  obtained boundary value problem we use the  sweep method 

We wr i t e  t he  boundary condi t ion  (2 .3)  on the body i n  the  form 

POX0 = go, (2.10) 

where 

The constant  oo#O w i l l  be determined below. Condition (2.10) determines 

a four-dimensional hyperplane which conta ins  X 

(2 .9)  induct ive ly  determine the  four-dimensional hyperplanes which conta in  
x,,,, m = O ,  1,. .., M -  1 .  

i s  known 

Let  us show t h a t  equat ions 0' 

Indeed, l e t  u s  assume t h a t  t he  following r e l a t i o n s h i p  

El iminat ing X from t h i s  equat ion and from (2 .9) ,  we obtain m 

~ . a  (b- 'dmtI/ ,Xmti = p m  ( b - ' n m + ~ / ,  - g m .  

(2.11) 
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By l e t t i n g  

where amel # 0, w e  o b t a i n  the  des i r ed  r e l a t i o n s h i p  f o r  X m + ,  and thereby o b t a i n  

pm and gm f o r  m = 1, 2, 

t he  vectors  IJ., along some norm. 

..., M - 1. We s e l e c t  t h e  cons t an t s  Om+l,by normalizing 

Thus, w e  s h a l l  always have . l ] ~ ~ ] l  = 1 and 

-1 
(1)mti = 11 I l m  (b-'a)m+1/, 11. 

The method described above f o r  computing pm and g, i s  ca l l ed  d i r e c t  sweep. 

a r e s u l t  o f  d i r e c t  sweep we ob ta in  t h e  r e l a t i o n s h i p  

As 

which forms the  sys-cern ( 2 . 4 ) .  

e r a 1  so lu t ions ;  however, only one o f  these has p h y s i c a l  meaning. Sec t ion  6 
descr ibes  a method which makes it poss ib l e  t o  f ind  t h i s  p a r t i c u l a r  so lu t ion .  

The system of equat ions f o r  % and F has sev- 
X 

If w e  know vector  XM we can f i n d  Xm by induc t ion  f o r  m = M - 1, M - 2, 
..., 0 from equations 

(2.12) 

i . e . ,  t o  c a r r y  out i nve r se  sweep. We note t h a t  we cannot use only the f i r s t  
f i v e  equations f o r  t h i s  purpose because 

I and consequently the inve r se  sweep performed i n  t h i s  manner w i l l  be uns t ab le .  

l I n  the  so-cal led inve r se  method, when t h e  form of t h e  shock wave and a l l  values 
on it are assigned, t he  numerical s o l u t i o n  i s  reduced p r e c i s e l y  t o  the  determi- 
natiQn of  xm from h+l from the f i rs t  f i v e  equat ions of  system (2.12). 
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Therefore, it i s  necessary t o  u t i l i z e  a l l  six equat ions t o  form f i v e  independent 
l i n e a r  combinations and thus  reduce system (2.12) t o  t h e  system 

If  we can achieve a s i t u a t i o n  whereby IICm / I <  1,  t h e  inve r se  sweep w i l l  be s t a b l e .  
I n  t h e  case of hydrodynamic equat ions considered here,  it i s  p o s s i b l e  t o  achieve 
the  s t a b i l i t y  of inverse sweep i f  c e r t a i n  condi t ions presented i n  Sect ion 3 are' 
s a t i s f i e d .  
encumber our p r e s e n t a t i o n  w i t h  complex equations.  

W e  s h a l l  not  p re sen t  t h e  e q r e s s i o n  f o r  t h e  matrlx cm so as not t o  

By thus computing t h e  vec to r s  G, m = 0, 1, 2, ..., M and Fx, w e  f i n d  a l l  

t he  unknowns on the  Z beam, 1 = 0, 1, ..., L, and consequently on t h e  l a y e r  
3 i t s e l f .  I n  t h e  formal p r e s e n t a t i o n  of t h e  sweep method presented above we s a id  

nothing about t he  condi t ions during which the  sweep i s  s t a b l e .  The c l a r i f i c a t i o n  
of such necessary and s u f f i c i e n t  condi t ions of s t a b i l i t y  f o r  sweep i s  extremely 
important s ince  i f  these  condi t ions a r e  violated,  the e n t i r e  system becomes /18 
unstable .  These condi t ions impose d e f i n i t e  requirements on the  func t ion  
<(z, r, v) which w a s  determined above with a high degree of a r b i t r a r i n e s s .  
s e l e c t i n g  t h i s  func t ion  properly we s h a l l  s t r i v e  t o  achieve a f i r m  determination 
of system (2 .9) .  
and i n  a more gene ra l  manner. 

- 
By 

Therefore, w e  s h a l l  consider these quest ions i n  more d e t a i l  

3. Correctness of Boundary Value Problems 
f o r  Difference Equations 

The procedure used above f o r  solving the  equations along t h e  beam has a 
general  nature  and may be appl ied t o  difference equat ions obtained by approx- 
imating the  a r b i t r a r y  hyperbolic system of the f i r s t  o rde r .  L e t  u s  assume t h a t  
w e  have a mixed problem for the  system 

with boundary condi t ions 

Here X i s  the  n-dimensional vector ,  X E R "  ; A i s  the square matrix of t h e  n-th 

o r d e r ; F E R " ;  Bo and B1 a r e  r ec t angu la r  matrices of dimensions r X n and s X n, 

r + s = n, 0 2 r 2 n; and G, H are r-dimensional and s-dimensional vectors ,  
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respec t ive ly .  A s  a r e s u l t  of a c e r t a i n  d i f f e r e n c e  approximation of t h e  system 
and of the boundary condi t ions,  we obtained the  following system 

with boundary condi t ions 

where, a s  above, X m + 1 ,  f m + l , ,  E R"; amtli,, bm+l/, a re  square matr ices  of the n- th  order,  

while p0, uM and go, % are  r ec t angu la r  matr ices  and vectors  w i th  the same 

dimensions a s  the boundary conditions f o r  t he  d i f f e r e n t i a l  equat ions.  

We s h a l l  be i n t e r e s t e d  f i rs t  i n  the quest ion concerning the  condi t ions f o r  
the single-valued s o l u t i o n  of the  boundary value problem (3,1), (3.2). 
system of l i n e a r  equat ions of the  general  form t h i s  condi t ion f o r  s ing le-  
valuedness i s  t h a t  the  determinant of t he  system be d i f f e r e n t  from zero; however, 
f o r  a system having a s p e c i f i c  s t ruc tu re ,  as f o r  example system (3.l), simpler 
conditions f o r  making the check can be spec i f i ed .  We s h a l l  consider system 
(3.1) f o r  the unlimited increase i n  M and, t h e r e f o r e ,  by keeping i n  mind the 
numerical s o l u t i o n  of the  system we s h a l l  f i nd  the condi t ions f o r  the cor rec t -  
ness of the boundary value problem (3.1), (3.2) uniform wi th  r e s p e c t  t o  M. 
Taking i n t o  account the above o r i g i n  of d i f fe rence  equat ions (3 . l ) ,  we requi re  
t h a t  the eigenvalues of the matrix beam 

For a 

h y  be r e a l  while those of the  

Let us  assume t h a t  f o r  any m t 

A:'"' , A"") 2 , . * - *  

singular. '  

where Em > 0 while r i s  determined above. 

matrix am+llz and bm+',, be non- /19 
lese eigenvalues s a t i s f y  the  condi t ion 

\ < l - e , ,  I = r + l ,  ..., n, ( 3 . 3 )  

Let us  assume i n  add i t ion  t h a t  the 

l e f t  u n i t  e igenvectors  qim), . . ., qLm), the  matrices @ - l ~ ) ~ + , , , ,  which s a t i s f y  the 

The matr ices  am+,/, and b,+l/, may become s ingular  only f o r  c e r t a i n  values of the 
1 

r a t i o  A t / A 5  whose number i s  f i n i t e .  
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eigenvalues Ai"'), . . ., Akm), uniformly over m, are l i n e a r l y  independent, i .e . ,  t h a t  

t he  condi t ion f o r  t he  G r a m  ope ra to r  r i s  s a t i s f i e d  

where the constant  Co does no t  depend on m and M. 

matr ices  and bmtl,, t o  d e f i n i t e  con t inu i ty  conditions;  s p e c i f i c a l l y ,  we  re- 

qu i r e  t h a t  

F i n a l l y ,  we s u b j e c t  t h e  

11 d"'+') - %  (m)  I I<d, v = 1 , .  . .,n; m = 0, 1 , .  . ., M -2 ,  (3 .5)  

where 6 depends only on M. 

We now e s t a b l i s h  one simple i n e q u a l i t y  f o r  t he  s o l u t i o n  of system (3 . l ) ,  
(3 .2)  from which t h e  co r rec tness  of the boundary value problem w i l l  follow. 
Let us  assume t h a t  Vm i s  a matr ix  whose k - th  l i n e  elements are equal  t o  t h e  

components of the vector  ah"q\"", ai'"! > 0 .  
the  following condi t ions 

We f i rs t  s e l e c t  the numbers Q) from 

where the constant  C1 w i l l  be determined below. We assume t h a t  

E ,  = VXV,. 

From our construct ion,  E i s  a symmetric matrix and 

we transform equat ion (3.1) i n t o  

We mult iply t h i s  equat ion by the  matrix and c a r r y  ou t  a s c a l a r  m u l t i p l i c a t i o n  
of t h e  r e s u l t i n g  vector  by t h e  vec to r  Xm 



From t h i s  we ob ta in  

We apply the Schwartz inequa l i ty  t o  both terms of the  r i g h t  s i d e  

Then from (3.7) w e  ob ta in  the  inequa l i ty  

However, according t o  ( 3 . 3 ) ,  

Theref ore  

(3.7) 

/20 

( 3 . 8 )  

From (3.5) and (3.6) it follows t h a t  

By comparing the  l a s t  i nequa l i ty  wi th  i n e q u a l i t y  (3.8) w e  ob ta in  

Assuming here  t h a t  m = 0, 1, ...) M - 2 and adding these  i n e q u a l i t i e s  and i n -  
equa l i ty  (3 .8))  for m = M - 1 we obta in  

18 



It follows t h a t  

Now we s e l e c t  the numbers 

for k = r +,l, ..., n and such t h a t  condi t ion (3.6) be s a t i s f i e d .  From these 

numbers z(m) and t h e  vectorsqim), . . .,q!,"') we cons t ruc t  t he  matr ix  Vm i n  the same 

manner a s  described above and determine the matrix Em i n  t h e  similar manner 

such t h a t  ;;m) > 1 f o r  k = 1, 2, . . ., r and ; im) = 0 

N 

k 
N 

We change the p o s i t i o n s  of t h e  matrix a and b in t he  above c a l c u l a t i o n s  and 
in s t ead  of moving from m = 0 t o  m = M, we go i n  the  opposi te  d i r e c t i o n .  I n  
t h i s  manner we obtain an i n e q u a l i t y  s i m i l a r  t o  ( 3 . 9 )  lu 



Since 
c 

(b- 'nm+l, ,  = (b-l0Dm+8/,, , 

N 1 

where f = a - l f ,  we obta in ,  a s  i n  the  case above, 

we obta in  

(3.12) 

We now use the boundary condi t ions f o r  t he  t ransformation of the  inequa l i ty  
The l i n e s  of t he  matrix Po are  the  vec tors  of the  conjugate space.  (3 .11) .  

designate  the k - th  l i n e  by 

base elements .$), , . ., 71:). 

We 

(0) . We expand t h e  vec tor  4') i n  terms of t h e  

Let  us  assume t h a t  
n 

p p  = 2 B k f d O )  
f=1 

Then boundary condi t ion (3.2,a) i s  equiva len t  t o  t h e  system of equat ions 
n 

2 B k f  (qP, XO) = gy, k = 1, 2, . * ., t. 
I=1 

We requi re  t h a t  t h i s  system be expandable wi th  r e spec t  t o  t h e  unknowns /22 
(qiO), XO), I = 1, 2, . . ., r and t h a t  the  following i n e q u a l i t y  be s a t i s f i e d  

20 



where Co does no t  depend on M. 

now made t o  s a t i s f y  the  condi t ions 

If the normalizing n u l t i p l i e r s  a i o )  and ;io’ a r e  

the l a s t  i n e q u a l i t y  can be r e w r i t t e n  i n  the form 

By placing i d e n t i c a l  condi t ions on the matr ix  Vm and t h e  normalizing m u l t i p l i e r s  

B y  u t i l i z i n g  i n e q u a l i t i e s  (3.12), (3.13) and (3.14) w e  s t rengthen the  i n e q u a l i t y  
(3.11).  A s  a r e s u l t  of ~ b v i o u s  t ransformations w e  o b t a i n  

By again using i n e q u a l i t i e s  (3.13) and (3.14), w e  ob ta in  

21 
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If 

2C2Cs (8 + M-l)  < 1 / 2 ~ k l  m = 0, 1. . . M I  

and we have 

(3.1-5) 

/23 

(3.16) 

Inequa l i ty  (3.15) i s  s a t i s f i e d  beforehand i f  the  numbers a r e  l imi t ed  from 
the  bottom. Sirnilar c a l c u l a t i o n s  lead t o  the  i n e q u a l i t y  

which e x i s t s  when 

(3.17) 

where C 

and (3.17) express  t h e  f a c t  t h a t  the boundary value problem i n  quest ion i s  cor- 

i s  sone constant  dependent on constants  Co and C I n e q u a l i t i e s  (3.16) 5 3' 

- 2 r e c t  i n  L and i n  L . 
A s  applied t o  the d i f f e rence  equation t h e  t e r m  "correctness"  i s  f r equen t ly  

replaced by the term "well-determined" ( r e f .  3 ) .  The i n e q u a l i t i e s  presented 
can be general ized i n  a t r i v i a l  manner t o  systems of d i f f e r e n c e  equat ions wi th  
d i f f e rence  c o e f f i c i e n t s  i f  the r e spec t ive  matching condi t ions a r e  s a t i s f i e d  a t  
the p o i n t s  of d i s c o n t i n u i t y  of t h e  c o e f f i c i e n t s .  It i s  easy  t o  show t h a t  when 
any conditions (3 .3) ,  (3.13) and (3.14) a r e  v io l a t ed  t h e  correctness  over M 
w i l l  be absent .  We s h a l l  not  pause t o  prove t h i s .  If matr ices  a,+ll, andbm+i,, 

s a t i s f y  t h e  L ipsch i t z  condi t ion a s  func t ions  of m, t hen  6 = CM-' where C i s  
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some constant independent of M. I n  t h i s  case i n e q u a l i t i e s  (3.15) t ake  t h e  
form 

C, < ME:, m = 0, 1, . . ., M. 

We note  the  important s i t u a t i o n  t h a t  i n  the  i n e q u a l i t i e s  (3.16) and (3.17) , 
min e* may decrease t o  zero when M inc reases  without l i m i t  bu t  t hey  remain 

va l id  i f  condi t ions (3.15), (3.13l) are s a t i s f i e d .  This i s  p r e c i s e l y  the  case 
i n  the  problem of supersonic flow around bodies. One of t h e  eigenvalues of t he  
matrix beam a + A b  on the  body i s  equal  t o  u n i t y  and the re fo re  ~ - 1  . Thus, 

t he re  may be some l o s s  of accuracy during c a l c u l a t i o n s  near t h e  body. I n  con- 
c lus ion  we should l i k e  t o  p o i n t  out  t h a t  i n  t h e  work of V. s. Ryaben'kov (ref. 
lg), which i s  being published a t  the p re sen t  t i m e ,  the author  shows t h a t  t he  
a lgeb ra i c  c r i t e r i a ,  s imi l a r  t o  those presented above, are necessary and s u f f i -  
c i e n t  f o r  t h e  co r rec tness  of t he  boundary value problem. 

m 

4. S t a b i l i t y  of t h e  Sweep 

Let us  consider a method of solving the  system of equations (3.1)-(3.2) .  
We s h a l l  assume t h a t  t he  condi t ions presented i n  the preceding s e c t i o n  which 
provide f o r  the  co r rec tness  of t h e  boundary value problem are s a t i s f i e d .  The 
boundary condi t ion (3.2a) determines the  (n  - r)-dimensional hyperplane i n  

Rn.  This hyperplane i s  assigned by the  matrix po and by t h e  r-dimensional 

vector  go.  

determine the  r-dimensional space Lo t h e r e i n .  

ond boundary condi t ion (3.2b) .  The r e l a t i o n s h i p  (3.2a) i s  determined wi th  an 
accuracy up t o  a m u l t i p l i c a t i o n  f a c t o r  by any nonsingular matrix wo of the  

o rde r  r; however, the subspace Lo i s  determined as s ingle-valued.  When po 

i s  mul t ip l i ed  by wo, t h e r e  i s  only a change of the base i n  Lo. From equat ions 

(3.1) and (3.2a) it follows t h a t  when m = 1, 2, ..., M t h e  following r e l a t i o n -  
s h i p s  hold 

The l i n e s  of t h e  matr ix  po a r e  vectors  i n  the  conjugate space and 

The same i s  t r u e  of t he  see- /24 

where pm i s  a matr ix  of t h e  same dimension a s  Po. 

matrices  bm+, are nonsingular it follows from (3.1) and P m - I X m - 1  = gm-1 t h a t  

Indeed, i f  we assume t h a t  t he  
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if 
i 

where wm i s  any nonsingular matrix of order  r.  

s ingu la r ,  then  the  form of equat ion (4.2)  i s  changed and the  elements of the  
matrix p, and g may be represented i n  e x p l i c i t  form i n  terms of n + 1 order  

determinants. A s  before ,  pm and gm w i l l  be determined wi th  an accuracy up t o  a 

f a c t o r  w . We s h a l l  l a t e r  operate only wi th  equat ions (4.2) .  However, if the  

If any of t h e  matr ices  bm- , l l i s  

m 

m 

systern (3 . l ) - (3 .2)  i s  we l l  determined, a l l  conclusions remain va l id  i n  the  gen- 
e r a 1  case when any o r  even a l l  the  matr ices  am+, bm-,,a a re  s ingu la r ,  provided 
the e n t i r e  system i s  well-determined. 

Now we s h a l l  show t h a t  i n  any r e l a t i o n s h i p  of the  form 

N 

which follows from (3.1) and (3.2,a), pm and Em can be represented i n  the  form 

(4.4) 

where pm and gm a re  determined by the  r ecu r ren t  equat ions (4 .2) ,  while Gm i s  a 

matrix wi th  a corresponding dimension. We note  first t h a t  t he  determinant of 
the  system (3.1), (3.2) w i t h  r e spec t  t o  a l l  (M -t 1) n va r i ab le s  is  no t  equal  
t o  zero merely because it can be solved. Consequently, t h e  rank of t he  matr ix  
composed of any number of matrix columns of t he  system equals  t h e i r  number. L e t  
us consider t he  f irst  mn t- r equat ions 

The rec tangular  matrix of dimension (mn + r )  X mn, composed of c o e f f i c i e n t s  
before  the  vec tor  components Xo, X1, ..., Xm-l, has a rank of mn s ince  t h e  
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remaining equat ions of t h e  system (3.l), (3.2) do not  contain t h e  unknowns Xo, 

X1, ..., Xm-l. Therefore,  w e  can e l imina te  these  unknowns from some of t he  mn 

equations (4.5) and s u b s t i t u t e  them i n t o  the  remaining r equat ions,  t h e r e b y &  
replacing the  system (4.5) wi th  an equiva len t  one 

where qk+,,, 

r e l a t i o n s h i p  (4.3) following from (4.5) must also follow from (4.6).  
s t r u c t u r e  of system (4.6) it fol lows t h a t  

a re  square matr ices  of order  n and the matrix cm has a rank r .  Any 

From the  

S imi la r ly  we obta in  

where pm and gm a re  determined by equat ions (4.2).  

r, the matrix % i s  nonsingular and we  ob ta in  (4.4) wi th  

Since the rank of pm equals  

which wab t o  be proved. 

It follows from t h e  proof t h a t  t he  system (3.1) and boundary condi t ions 
(3.2,a) give a s ingle-valued determinat ion of a combination of subspaces Lm i n  

the conjugate space. 

l a r  method of s e l e c t i o n  is  determined by the  normalizing matr ix  % i n  (4 .2 ) .  

Although (4.2)  makes it poss ib l e  t o  ca r ry  ou t  d i r e c t  sweep f o r  any s e l e c t i o n  of 
Wm, never the less  during t h e  process  of numerical computation we can use only 

those equat ions which do not  produce an accumulation of e r r o r s .  For t h i s  pur- 
pose the  vec tors  of t he  base i n  Lm must be taken wi th  a l imi t ed  l eng th  uniformly 

over m. 

The base i n  4, i s  assigned by the  l i n e s  F,. The pa r t i cu -  

I n  t h i s  case the  elements gm w i l l  be uniformly l imi ted  due t o  t h e  good 



determinat ion of the system and the  d i r e c t  sweep w i l l  be stable.  However, t h i s  
i s  not  s u f f i c i e n t ;  it i s  a l s o  necessary t h a t  t h e  volume of t h e i r  polyvector 
composed of the u n i t  base vec to r s  be l imi t ed  from the  bottom. I n  the  con t r a ry  
case,  t h e  system 

w i l l  have a determinant c lose t o  zero. To achieve these  condi t ions,  w e  may, 
f o r  example, s e l e c t  cum i n  (4.2) such t h a t  t h e  base i n  & i s  orthonormalized. 

Another more convenient method i s  described i n  reference 17. 

The inverse sweep i n  the computation of X may be  c a r r i e d  o u t  i n  a d i f f e r e n t  m 

way. 
t he  r e l a t i o n s h i p  

For example, proceeding from the  boundary condi t ions (3.2,b)  we can o b t a i n  

by using equations similar t o  (4.2), and then f o r  each m w e  can solve the  sys- 
tem cons i s t ing  of (4.1) and (4.8) .  With t h i s  method t h e  quest ion of t h e  s t a b i l -  
i t y  of the numerical s o l u t i o n  i s  reduce?. only t o  t he  quest ion of t h e  s t a b i l i t y  
of d i r e c t  sweep i n  two d i r e c t i o n s .  
r e l a t i o n s h i p s  of t h e  form 

Another method c o n s i s t s  of determining /26 

where I(cm(/ 5 1. 

d i r e c t  sweep simultaneously with c a l c u l a t i o n  of pm and gm. 
i s  shown i n  reference 8. 

Calculat ion of em and d, i s  performed during the  process of 

One such algorithm 

W e  now show t h e  s t a b i l i t y  of d i r e c t  sweep, assuming t h a t  t he  condi t ions 

formulated i n  Sect ion 3 are s a t i s f i e d .  

l i n e s  of the matrix pm which are vectors  of t he  conjugate space. 

by 

W e  designate  by El"'), Eam), . . ., E:"') t h e  

W e  designate  

qi'"', q:"'), . . . , T:''') t he  normalized l e f t  e igenvectors  of matrix (b-la),+tl,, corre-  

sponding t o  eigenvalues Xk ( m >  

(4.9) 
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W e  normalize t h e  m a t r i x  p such t h a t  m 

(4.10) 

When m - 1 = 0 t h i s  can always be achieved because the system i s  w e l l  de t e r -  
mined. Then the l i n e s  of t h e  rcatrix pm-l(b-lu)m-.~,, w i l l  have the  form 

(4.11) 

Re-expanding these  i n  terms of t he  vec to r s  Tip) we ob ta in  

r n 

where f3,, = 0 ( 6 ) ,  6 i s  determined i n  the  preceding sec t ion  and tends t o  zero 

when M + m. We determine wm by equation 

which gives  

We note t h a t  

where 

We designate  
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It follows t h a t  

we have 

I1 I1 < (1 + C,6) (11 a(m-1)  1 0 + C26) 
o r  

II II \< 8 11 a("-') 11 + csa, 

where 8 < 1 when 6 i s  s u f f i c i e n t l y  small .  Therefore,  when m 2 m we have 0 

where C depends on el. 
2 Cq. 

It follows t h a t  t he  norms a r e  uniformly l imi t ed ,  11 pmll 

From (4.2) it follows t h a t  

I n e q u a l i t i e s  (4.12) and (4.13) show t h a t  d i r e c t  sweep i s  s table  f o r  t he  
given s p e c i f i c  s e l e c t i o n  of Wm. I n  view of i n e q u a l i t y  (4.12) and t h e  s m a l l  

value of 6 the subspace Lm i s  c lose  to t h e  i n v a r i a n t  subspace of t he  matr ix  

(6-lU),,,+,/, , s t r e t ched  over t h e  f i r s t  r l e f t  e igenvectors .  

t hese  vectors  always form a good base. 
w e l l  determined . 

From t h e  proposi t ion,  

This proves t h a t  t h e  system (4.7) i s  

Let  u s  assume t h a t  w e  have some o t h e r  method f o r  d i r e c t  sweep w i t h  matr ices  

From what has been proven above it fol lows t h a t  pm = Q,,,pm, g, = &g, , 
i s  a nonsingular matr ix  while pm and gm a r e  determined above. 

- Tv 

h. 
where 

norms of t he  matrix R 

be l i m i t e d .  

If t h e  
N 

are l imi t ed  uniformly t h e  norms of cm and gm w i l l  also m 
For a good determinat ion of system (4.7) it i s  necessary t h a t  t h e  
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norms of  m a t r i x  C&' a l s o  be l i m i t e d .  

modulus, t h e  norms of matrix % w i l l  be l imi t ed .  

If a l l  elements pm do no t  exceed Co i n  

Indeed, l e t  US assume t h a t  

(4.14) 

By w r i t i n g  t h i s  e q u a l i t y  i n  the  coordinate form w e  o b t a i n  a system of  n 
l i n e a r  equations with rt unknowns y, ( 1  = 1, 2, . . . , n) .  

(4.14) do no t  exceed C i n  modulus. 

(4.14) i s  equal  t o  t h e  Gram determinant of t he  vectors  qim), q!j'"), . . .., qLm). 

proposi t ion,  t hese  determinants are uniformly l imi t ed  from below. Therefore,  

Iyk t (  C1. Since Q n t ' - =  {r }r t h e  norm % i s  also l imi t ed ,  and, consequently, 

the norm gm i s  l imi t ed .  

The r i g h t  p a r t s  of 

The square of t h e  determinant for  system 
0 

I n  t h e  

k l  k=i" 
[=I 

N 

If among the  minors of t he  r - t h  order  of matr ix  Fm 
t h e r e  i s  even one whose modulus i s  2 1, the  G r a m  determinant of vectors  5, ( m )  

w i l l  be g r e a t e r  than u n i t y  and, consequently, the r a t i o  of the Gram determinant 

t o  the  product of the l eng th  of  vectors  w i l l  be uniformly l i m i t e d  from 

below. 

the  sweep with matr ices  pm of t h i s  form w i l l  be s t a b l e .  

presented i n  reference 17 sa t i s f ies  the enumerated condi t ions with a constant  
Cg = r. 

It follows from t h i s  t h a t  the norms G" w i l l  be uniformly l imi t ed  and 

The method of sweep 

L e t  us  a l s o  consider  some problems associated with development of t h e  
sweep method. This method w a s  f irst  used t o  solve one second-order d i f f e r e n c e  
equat ion based on analogy wi th  the  so-cal led method of f a c t o r i z a t i o n  f o r  a 
d i f f e r e n t i a l  equat ion (ref.  15) .  The sweep r e l a t i o n s h i p  i n  t h i s  case a s s o c i a t e s  
the values of the unknown func t ion  Xk a t  two neighboring p o i n t s  and may be 

w r i t t e n  i n  the  form resolved w i t h  r e spec t  t o  one of them 

/28 

The sweep c o n s i s t s  of a successive computation of %, beginning w i t h  

The sweep i s  determined i n  the  same way f o r  t h e  second-order system a0, Bo. 
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and % i n  t h i s  case becomes the  matrix. 

above the  sweep r e l a t i o n s h i p  a s s o c i a t e s  t he  values of  t he  unknown func t ion  a t  
only one p o i n t .  
r e spec t  t o  one group of unknowns by s p l i t t i n g  vec to r  xk i n t o  two--y 

For f i r s t - o r d e r  systems w e  have shown 

By analogy with (4.15) t h i s  r e l a t i o n s h i p  may be resolved wi th  
and zk 

k 

I n  t h i s  form the matrix sweep w a s  f i rs t  inves t iga t ed  by K .  I. Babenko and 
N.  N .  Chentsov, who appl ied it t o  one two-dimensional problem of gasdynamics. 
I n  1957, by use of t h e  method of matrix sweep a nonstat ionary two-dimensional 
problex w a s  solved on the  propagation of a shock wave from a p o i n t  explosion 
i n  a nonhomogeneous atmosphere ( ref .  7).  
given of n a t r i x  sweep i n  the  form (4.16) f o r  t h e  gene ra l  system (3. l ) - (3 .2)  and 
i t s  s t a b i l i t y  i s  inves t iga t ed  f o r  t h e  case of constant  c o e f f i c i e n t s .  I n  par-  
t i c u l a r  it i s  shown t h a t  t h e  a p p l i c a t i o n  of sweep i n  t h e  form (4.16) r e q u i r e s  
f - d f i l l x e n t  of a d d i t i o n a l  l i m i t a t i o n s  i n  a d d i t i o n  t o  t h e  condi t ions of co r rec t -  
ness formulated i n  Sect ion 3. This i s  a s soc ia t ed  wi th  t h e  f a c t  t h a t  t h e  minor 
o r  t he  n a t r i x  pm corresponding t o  t h e  components yk may prove t o  be c lose  t o  

zero and sweep of t h e  form (4.16) w i l l  be unstable .  A s imi la r  s i t u a t i o n  may 
take place f o r  second-order equat ions and systems. To e l imina te  these  l i m i t a -  
t i o n s  which a r e  no t  d i c t a t e d  by t h e  substance of  t he  problem, we should s top  
wr i t i ng  the sweep r e l a t i o n s h i p s  i n  t h e  form (4.16) and proceed i n  t h e  manner 
described above. 

I n  reference 16 a d e s c r i p t i o n  i s  

5 .  S t a b i l i t y  of Difference Systems 

Usually i n  i n v e s t i g a t i n g  t h e  s t a b i l i t y  of  d i f f e rence  systems it i s  assumed 
t h a t  t h e  c o e f f i c i e n t s  i n  the  d i f f e rence  equat ions are constant .  Limitat ions 
imposed on t h e  s t e p s  of t h e  d i f f e rence  mesh obtained as a r e s u l t  of such an 
i n v e s t i g a t i o n  a r e  used f o r  d i f f e r e n c e  systems w i t h  v a r i a b l e  c o e f f i c i e n t s .  As  a 
r u l e ,  i n  the c a l c u l a t i o n  process we convince ourselves  t h a t  t h e  d i f f e rence  sys- 
t e m  with var lab le  c o e f f i c i e n t s  i s  s t a b l e  if  t h e  d i f f e r e n c e  system with constant  
c o e f f i c i e n t s  i s  s t a b l e .  Furthermore, f o r  c e r t a i n  s p e c i f i c  types of d i f f e rence  
equations,  a theorem i s  proved showing t h a t  t h e  s t a b i l i t y  of t he  d i f f e rence  
system with constant  c o e f f i c i e n t s  tends to produce t h e  s t a b i l i t y  of t h e  system 
with va r i ab le  c o e f f i c i e n t s .  However, i n  t h e  gene ra l  case such a theorem i s  
hardly v a l i d .  Therefore, i n v e s t i g a t i o n  of s t a b i l i t y  f o r  equat ions wi th  con- 
s t a n t  c o e f f i c i e n t s  i s  of a h e u r i s t i c  na tu re  and t h e  f i n a l  judgment on s t a b i l i t y  
may be made during problem so lu t ion .  Although t h e ' i n v e s t i g a t i o n  of s t a b i l i t y  
i s  c a r r i e d  ou t  using equations w i t h  constant  c o e f f i c i e n t s ,  it i s  s t i l l  r a t h e r  
cumbersome because boundary condi t ions must be considered. The s p e c t r a l  indica-  

proposed by I. M. Gel 'fand and by one author  of t h e  p r e s e n t  work i n  1953. It 
i s  described i n  t h e  a r t i c l e  by S. K. Godunov and V. S. Ryaden'kov ( ref .  13) and 
i n  it the  reader  may f i n d  the  necessary information t o  conduct such an i n v e s t i -  
gat ion.  We s h a l l  i n v e s t i g a t e  t h e  d i f f e rence  equat ions (2.2) wi th  c e r t a i n  

t i o n  of s t ab j . l i t y  t ak ing  i n t o  account t h e  boundary condi t ions has  been /29 



simplifying assumptions using t h e  r e s u l t s  of Sect ion 3. We l i n e a r i z e  the con- 
d i t i o n s  a t  t h e  bow shock wave and below we s h a l l  consider  the boundary value 
problem f o r  equat ions (2.2) w i t h  one boundary condi t ion when m = 0 

and for l i n e a r  boundary condi t ions when m = M 

We l i n e a r i z e  the  system of d i f f e r e n c e  equat ions (2.2) and assume t h a t  t h e  

matrix elements 

the unknown vector  ~21,. 
[, Bi;::!jz, Czt'!jf, I a r e  func t ions  of only m and do not depend on 

S i m i l a r l y  we s h a l l  assume t h a t  i n  condi t ions (5.1), 

(5.2) the matrices u and v do no t  depend on 1 and n. Equations ( 2 . 2 ) ,  (5.1) 
and (5.2)  determine the  conversion operator  from the  n - th  l a y e r  t o  n + 1 - t h  
l a y e r .  We must know t h a t  such an operator  i s  determined, i . e . ,  t h a t  t he  sys- 

tem can be resolved with r e s p e c t  t o  X;,:lI,and t h a t  i t s  p r o p e r t i e s  can be inves- 

t i g a t e d .  Let  u s  consider homogeneous d i f f e rence  equat ions and boundary condi- 
t i o n s .  By taking i n t o  account t h e  proposi t ions w e  have made, equations (2.2) 
now take the  form 

while t he  boundary condi t ions w i l l  be  

n+1 - PoXo.1 - 0, 

VMXZ,',: = 0. 

( 5 . 3 )  

Since t h e  vector  X k a l  i s  p e r i o d i c  wi th  r e spec t  t o  1, it is  easy  t o  o b t a i n  in-  

dependent equations for i t s  Four i e r  c o e f f i c i e n t s  from the l a s t  t h r e e  equations.  
L e t  u s  assume t h a t  



k l  - 2 x i  - M-1 

k=O 
X : , L  = M-' Y:ike M ,  

Then 

l=n 

From (5.4) and (5.3) w e  ob ta in  

(5.4) 

where k = *ClY 1, . . ., M - 1. 

Conditions (5.1l) and (5 .2 ' )  w i l l  be transformed, r e spec t ive ly ,  i n t o  condi- /30 
t i o n s  

(5.6) 

(5.7) 

Thus, i n s t ead  of a system of two-dimensional d i f f e r e n c e  equat ions (5.3) w e  
have obtained a system of one-dimensional d i f f e r e n c e  equat ions f o r  each k and 
have reduced the  problem of i n v e s t i g a t i n g  the  s t a b i l i t y  of equat ions (5.1), 
( 5 . 2 ) ,  ( 5 . 3 )  t o  i n v e s t i g a t i o n  of t he  s t a b i l i t y  of (5.5), (5.6), (5.7). The re- 
s u l t s  of Sect ion 3 a r e  e n t i r e l y  appl icable  t o  t h e  l a s t  equation, s ince  system 
(5.5) may be transformed i n t o  t h e  form (3.1).  
system wi th  r e a l  matr ices  u,,,,I/, and bm,+l,, w e  have assumed t h a t  t h e  eigenvalues of 

I n  Sec t ion  3 we considered a 

the  beam 

s ince  system (3.1) w a s  obtained by approximating t h e  hyperbolic system of equa- 
t i o n s .  However, a l l  t he  r e s u l t s  of Sect ion 3 remain v a l i d  f o r  complex matr ices  
umt1 and bmtl,* wi th  complex eigenvalues of t h e  beam a,+:/, .+ Abmtll,. To convince 

umcIl, -1- AD,,,,:/, are real. This w a s  done from methodological considerat ion,  

ourselves  t h a t  t h i s  i s  so w e  need only determine E by equat ion m 

E ,  = VXV, 
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and automatical ly  repea t  a l l  t he  mathematical s teps .  Therefore, if the condi- 
t i o n s  of Sect ion 3 imposed on the matrices vM are  s a t i s f i e d ,  system ( 5 . 5 ) ,  

( 5 . 6 ) ,  (5.7) may be solved wi th  respec t  t o  Y x i  and we can thereby determine the  

0' 

conversion operator  from the  n- th  l a y e r  t o  the  n + 1 - t h  l aye r .  

This operator  gk i s  l l n e a r  i n  the  space C5M and i n v e s t i g a t i o n  of sta- 

b i l i t y  i s  reduced t o  i n v e s t i g a t i o n  of t he  norms for the  degrees of t h i s  
operator .  For t h i s  purpose we consider t he  spectrum of the operator @Jk. 

By dropping the subscr ip t  k f o r  the eigenvector of operator (3, we ob ta in  the 
equations 

where z i s  the eigenvalue.  Equation ( 5 . 8 )  may be w r i t t e n  i n  condensed form a s  
follows 

where 

I n  order  t h a t  the  homogeneous system ( 5 . 8 ) ,  ( > . 9 ) ,  (5.10) have a non- /31- 
t r i v i a l  s o l u t i o n  it i s  necessary t h a t  condi t ions (3.3) be v io la ted .  A s  follows 
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I I I I I I I I I  I I 

from the r e s u l t  of Sect ion 6, condi t ions (3.3) w i l l  be s a t i s f i e d  beforehand 

w i t h  em = C M - I  if 

I Z I  > 1 +C,M-', 

where C and C1 a r e  s u i t a b l e  constants .  

l i e s  i n  t h e  c i r c l e  

Thus, t h e  spectrum of t h e  ope ra to r  @I 

i . e . ,  the  system i s  s tab le .  

All these c a l c u l a t i o n s  are p a r t i c u l a r l y  simple f o r  t h e  d i f f e rence  approxi- 
mation of the  hyperbolic system of  t h e  f i r s t  o rde r  

(5.11) ax ax - + A  ( E )  - = F.  
at dF 

Since the  r e s u l t  i s  of independent i n t e r e s t  w e  s h a l l  reproduce it here.  Thus, 
we s h a l l  consider t he  boundary value problem f o r  t h i s  system formulated a t  the 
beginning of Sect ion 3. We s h a l l  assume t h a t  t h e  matr ices  p and v a r e  constant  
and s a t i s f y  the  condi t ions of Sect ion 3. With t h e  d i f f e r e n c e  approximation 
applied i n  the p re sen t  work w e  o b t a i n  t h e  system 

By considering a homogeneous system and seeking, as above, t h e  eigenvector  of 

t h e  conversion operator  we o b t a i n  an equat ion f o r  t h e  eigenvector  {X,fl}z--, 

with homogeneous boundary conditions.  I n  the  expanded form, the  l a s t  equat ion 
i s  w r i t t e n  a s  fol lows 
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The eigenvalues of t h e  matrix beam 

where w i s  the eigenvalue of t h e  matr ix  Am+:/,,  and w i s  rea l .  
w i l l  be v io l a t ed  i f  some of t h e  moduli of t hese  eigenvalues become equal  t o  
zero. The equation 

Condition (3.3) 

2 - I + 2x1 (az + p) o 1 z - 1 - 2x1 (az  + p) o 
- . -  . .  ~ 

i n  the z plane determines a circumference of a c i r c l e  

while the f r a c t i o n a l - l i n e a r  t ransformation (5.12) transforms the e x t e r i o r  of 
t h i s  circumference e i t h e r  i n t o  a c i r c l e  

o r  i n t o  the region ou t s ide  t h i s  c i r c l e ,  depending on whether t h e  following 
quan t i ty  i s  g r e a t e r  o r  l e s s  t h a n  u n i t y  

Therefore,  i f  
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i n e q u a l i t i e s  (3.3) w i l l  be s a t i s f i e d  with the  corresponding value cm. I n  order  

t h a t  we be ab le  t o  take Em = CM-" it i s  s u f f i c i e n t  t h a t  

with a s u i t a b l e  constant  C1. 
i n s ide  the  c i r c l e  

Thus, t h e  spectrum of t h e  conversion opera tor  l i e s  

and the  d i f fe rence  sys t ea  i s  s t a b l e .  It  can be shown t h a t  f o r  a family of t r ans -  
formation operators@jM, M = Mo, % + 1, ..., t h e i r  spec t r a  AM a r e  such t h a t  the 
s e t  

w i l l  be dense everywhere i n  the  c i r c l e  

We s h a l l  not  i nves t iga t e  the  s t a b i l i t y  of t he  i t e r a t i o n  system at; t h i s  time 
and w i l l  only note t h a t  t h e  convergence of i t e r a t i o n s  i s  e s t ab l i shed  t r i v i a l l y  
f o r  equat ions wi th  constant  c o e f f i c i e n t s  and t h a t  t he  inves t iga t ions  of s t a b i l -  
i t y  by the Fourier  method can be used t o  obta in  t h e  r e l a t i o n s h i p  between t h e  
s t eps  of the mesh and the  q u a n t i t i e s  0, x2 and a - @ which i s  qu i t e  u s e f u l  i n  
the ca l cu la t ions  

I n  conclusion we note t h a t  the proof of t he  s t a b i l i t y  of a d i f f e rence  sys- 
tem f o r  a hyperbolic system may be general ized f o r  t he  case when the  matrix A 
depends not  only on 5 but  a l s o  on t. 



II n 

6. Application t o  Equations of Gasdynamics 

I n  t h i s  s e c t i o n  w e  s h a l l  f i n d  i n  e x p l i c i t  form the  condi t ions which 
provide f o r  t h e  co r rec tness  of t h e  system of  d i f f e rence  equat ions and t h e  s t a -  
b i l i t y  of sweep and we  s h a l l  a l s o  descr ibe t h e  method of solving t h e  equations 
on the wave. 

- /33 

To condense f u t u r e  s t e p s  it i s  expedient t o  consider t he  bond of t he  
mat ri ce s 

where N1, N 

2l, '23, a a r e  determined by equat ions (1.3). 
binding eigenvector  S(N1, N2, N 3 ) ,  which we  s h a l l  determine from the e q u a l i t y  

and N are a r b i t r a r y  numbers not simultaneously equal  t o  zero and 

L e t  u s  compute d e t  b and t h e  r i g h t  
2 3 

with the condi t ions 

Condition (6.2) i s  the  equat ion of t he  cone of c h a r a c t e r i s t i c  normals f o r  
a system ( 1 . 4 ) .  Writing out  a i n  e x p l i c i t  form we ob ta in  

where y = N,u  + N,v + N3r-%v. 

det b = Y3 {Y2 - c2 (N: + + N ; r 2 ) } .  (6.4) 

When c # 0 equat ion (6.2) breaks i n t o  two p a r t s  corresponding t o  the two 
types of c h a r a c t e r i s t i c  su r f aces  
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Now, l e t  u s  assume t h a t  Nk (k = 1, 2, 3) sa t i s fy  (6.2) and b i s  t h e  correspond- 
ing matr ix  (6 .3) .  
If Y#O the  rank of t h e  m a t r i x b  equals  fou r  and consequently t h e  subspace of 
the eigenvectors  i s  one-dimensional. 

To f ind  S we consider s e p a r a t e l y  t h e  case Y # 0 and Y = 0. 

Simple c a l c u l a t i o n s  yield 

If Y = 0, the rank of matr ix  D i s  equal  t o  two and consequently the  space of 
eigenvectors i s  three-dimensional. The s e l e c t i o n  of bases i n  these  subspaces 
nay be carr i3d out d i f f e r e n t l y .  For example, sSe may assume t h a t  /34 

where q ( j )  are two l i n e a r l y  independent systems of numbers s a t i s f y i n g  t h e  

condition 

k 

N , q y )  + N,q(!" + N3r-lqki) = 0, j = 1, 2. 

I n  p a r t i c u l a r  we may s e l e c t  q & j )  i n  such a way t h a t  t h e  e q u a l i t y  

i s  s a t i s f i e d .  Then t h e  base composed of t h e  vec to r s  S ('1 , S(l) S(2) will be 
orthogonal. 

Now l e t  u s  compute eigenvalues Xk of t h e  beam a + Ab where a and b are 

determined by (2.8).  U t i l i z i n g  (1.17) and (2.8),  w e  have 

det (a f i b )  = det {N,L +I,% + N , G }  = 0, 
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where 

N ,  = (1 + A) + 2ax1 (1 - A) E , ,  
N ,  = 2ax,  (1 - A) E r ,  
N ,  = 2ax1 (1 - A) E,. (6.9) 

Subs t i t u t ing  (6.9) i n t o  (6.4) we obta in  an equat ion f o r  X i n  e x p l i c i t  form. 
note t h a t  i t s  roo t  cannot be X = 1 since  here  N1 = 2, N2 = N3 = 0 and (6.4) 
takes  the form 

We 

8u3 ( 4 2  - 42) = 0, 

which i s  impossible i f  u > c > 0. I n  place of X it i s  convenient t o  introduce 

so t h a t  

N, = 2ax,  (1 - A) 5. 

For 5 we obtain 

A l l  so lu t ions  of (6.12) may be w r i t t e n  by one formula 

(6.10) 

(6.11) 

(6.12) 

(6.13) 

where 8 takes  on the  values -1, 0, +l. 
m u l t i p l i c i t y  f a c t o r .  

And the  root  G ( O )  i s  of the  t h i r d  & Noting t h a t  u > c ,  we ob ta in  

From (6.10) we f i n d  
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consequently, I I < 1 , if G(e) - E ,  > 0, and vice versa. 

It follows from the results of Sections 3 and 4 that for a good determina- 

tion of the system the eigenvalues must include four whose modulus is less 
than unity. This is possible only if 

In Trisw of (6.14) it is necessary and sufficient that conditions p)-gE,>o, 
c(')-- E ,  <o,be satisfied, i.e., 

The geometric neaning of conditions (6.16), (6.17) is quite obvious for 
the case of axisymmetric flow when w = 0. It shows that at each meridian plane 
the inclination of the characteristics of the first family must be greater while 
the inclination of the streamlines and the characteristics of the second family 
are less than the inclination of the line 5 = const at the same point. If 
w # 0 we should consider the lines of intersection with the meridian plane of 
the characteristic surfaces, the stream surface and the coordinate surface 
5 = const passing through the same line 5 = const, x = const. 

A s  already pointed out in Section 1, a simple substitution of the form 
(1.15) may provide for the fulfillment of conditions (6.16) o r  (6.17). The 
position may be corrected by a substitution of the form 

r - G  E = - -  - -{@ +(1-@)- 
F--G (6.18) 

where @ = m(x, 3) is some function which can be selected by satisfying the 
stability conditions of sweep. 

We also note that inequalities (3.3), which assume the form 
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[ h (-l)/ > (1 - €)-I; I h(O) 1 < 1 - e ,  I A(" I < 1 - &, 

w i l l  be s a t i s f i e d  if 

W e  can always sat isfy (6.19) i f  

+> 1 +I(&, I(> 0. 

Now l e t  u s  v e r i f y  t h a t  t h e  r a t i o  of t h e  G r a m  determinant constructed with 

the  eigenvectors  of t he  matr ix  b-la,  t o  t h e  product of the square of t h e i r  
l eng th  is  l imi t ed  from t h e  bottom. Since the r i g h t  and l e f t  e igenvectors  of 
the matrix form conjugate bases,  it i s  s u f f i c i e n t  t o  perform the  v e r i f i c a t i o n  
f o r  only the r i g h t  e igenvectors .  Indeed, i f  

a r e  t h e  Gram determinants of t he  r i g h t  and l e f t  eigenvectors,  the following 
i n e q u a l i t y  e x i s t s  

(6.20) 

To f ind  the  r i g h t  e igenvectors  of  the matrix b- la ,  we u t i l i z e  t h e  condi- 

i s  some eigenvalue of t he  beam a + Xb, -A(') i s  some eigen- t i o n  t h a t  if  

value b-'a, and consequently t h e  r i g h t  eigenvector s a t i s f i e s  the equat ions 

i . e . ,  q") i s  the r i g h t  e igenvector  of t he  beam a + Xb, and consequently of 
the bond (6.1), corresponding t o  t h e  values Nk determined by equations ( 6 . 9 )  

and (6.11) when X = Since the  eigenvectors  are determined only with an 
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accuracy up t o  a constant  f a c t o r ,  t he  matr ix  Q composed of them may be w r i t t e n  
i n  the  following form 

q?) 0 
46" 0 
q!) 0 
0 0  
0 1 

(6.21) 

where I$(O) = 

The f i r s t  column of Q corresponds t o  X(-'), t h e  middle t h r e e  t o  -1") and the  

l a s t  corresponds t o  Carrying out  the  ca l cu la t ions  and taking i n t o  account 
(6.9) and (6.13), ws ob ta in  

It follows from (6.20) and (6.22) t h a t  when u/c > 1 + KE t he  q u a n t i t i e s  

are  l imi ted  from the  bottom. 

We must s t i l l  consider t he  problem of solving the  system (2.4)  and /37 
(2.117) on the  wave. We note f i rs t  t h a t  from the  s t r u c t u r e  of t he  mat r ices  
a, a, Q and from the  boundary condi t ion on t h e  body it fol lows t h a t  t he  l a s t  
component of t he  vec tor  i s  always equal t o  zero, i . e . ,  p does not  e n t e r  i n t o  

the sweep r e l a t ionsh ips .  

components of % (here  and i n  the  fu tu re  we drop the  subsc r ip t s  M y  1, n) .  

the r e l a t i o n s h i p  (2 .11 ' )  w i l l  be w r i t t e n  i n  t h e  form 

Let  us assume t h a t  b ( k  = 1, 2, 3, 4) a re  nonzero 

Then 
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" N  

I n  add i t ion  t o  u, v, w, p, p,  F, we introduce the  auxiliary va r i ab le s  u, v, w, 

yl, y2, determining them from the  equat ions 

(6.24) 

We a l s o  des igna te  

Then equat ions (2.4) and (6.23)  a f t e r  c e r t a i n  t ransformations may be w r i t t e n  i n  
the  following form, broken down i n t o  t h r e e  groups 

1 P Pm + ~mY29 I 
Y1 I 

I P = Pm- Y1-Ya ' 

(6.25) 

(6.26) 

(6.27) 

Equations (6.25) and (6.26) may be solved independently of equat ion (6 .27) .  

do t h i s  we use the  fol lowing method. 
t i o n s  of (6.25) a s  l i n e a r  func t ions  of y 
equat ion.  We ob ta in  

To 
" N  

We f ind  u, v, w from the  f irst  t h r e e  equa- 
and s u b s t i t u t e  them i n t o  the  f o u r t h  2 
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The second equat ion which r e l a t e s  yl and y2 can be obtained i f  w e  s u b s t i -  

t u t e  t he  values p, p from t h e  f i r s t  two equat ions (6.26) i n t o  t h e  t h i r d .  If 
t h e  gas  before and behind the  shock wave f r o n t  has a constant  r a t i o  of s p e c i f i c  
hea t s  k, and k ,  t he  s u b s t i t u t i o n  may be ca r r i ed  out  e x p l i c i t l y .  I n  t h i s  case 

/38 

by not ing t h a t  h = we can obta in  the  following expression from (6.26) 
k-1 P 

Subs t i t u t ing  yl from (6.30) i n t o  (6.28) ,  we obta in  a cubic equat ion f o r  y 

obvious roo t  y2 = 0 i s  dropped) 

( the  2 

Having found y2 from t h i s  equat ion,  it i s  easy  t o  determine the  unknowns. 

Proceeding with the  i n v e s t i g a t i o n  o,f equat ion (6.31) we note f i rs t  t h a t  we 
can a t t r i b u t e  a phys ica l  meaning only t o  the  p o s i t i v e  value of y2 which fol lows 

from the  f i r s t  equat ion (6.26) (when y2 < 0 we ob ta in  a r a r e f a c t i o n  shock wave). 

Furthermore, s ince  a 

t i v e  roo t s  or  none. W e  s h a l l  show t h a t  the  f i r s t  p o s s i b i l i t y  i s  always r e a l i z e d .  
For t h i s  purpose we c l a r i f y  the  meaning of (6.23).  
it follows t h a t  when we have a s u f f i c i e n t l y  l a r g e  number of po in t s  f o r  5 t he  
vector  w w i l l  be a r b i t r a r i l y  c lose t o  the  l e f t  e igenvector  of matrix b- la ,  cor- 

responding t o  the  eigenvalue We s h a l l  assume t h a t  t he  number of po in t s  
i s  so  l a rge  t h a t  the  d i f f e rence  between these  vec tors  i s  neg l ig ib l e .  Then 

and a2 are  pos i t i ve ,  equat ion (6.31) has e i t h e r  two posi-  0 

From r e s u l t s  of Sect ion 4 

pb-' w i l l  be t h e  l e f t  e igenvector  of t he  beam a + Xb, and consequently of t h e  

bond (6.1), corresponding t o  the  values Nk = Nk (-I). It fol lows from t h i s  ( r e f .  

18) t h a t  having mul t ip l ied  the system (1.4) a t  the  l e f t  s ide  by t h e  vec tor  pb-', 

we  ob ta in  a c h a r a c t e r i s t i c  r e l a t i o n s h i p  i n  t h e  plane wi th  the  normal {(Ni-'),,V;-l), 

~ L - 1 ' 1 .  

sec t ing  t h e  shock wave with the  plane x = const.  Since t h e  c h a r a c t e r i s t i c  

This i s  the  plane which passes  through the  tangent  t o  t h e  l i n e  i n t e r -  
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r e l a t i o n s h i p  i s  i n v a r i a n t  with r e s p e c t  t o  t h e  s u b s t i t u t i o n  of va r i ab le s ,  we 

ob ta in  t h e  same resul t  if we mul t ip ly  t h e  system (1.16) by pb-’. 
t he  d i f f e r e n t i a l  equat ions (1.16) by t h e  d i f f e rence  equat ions (2.2) and multiply 

them by pb-’, we o b t a i n  t h e  c h a r a c t e r i s t i c  r e l a t i o n s h i p  i n  the  d i f f e r e n c e  form. 

If w e  replace 

Since the c o e f f i c i e n t  of X”,,: i n  equat ions (2.2) i s  equal  t o  a, a f te r  mul t ip l i -  

ca t ion  by Pb-l  it becomes equal  t o  -A.‘-’)p. Thus, with an accuracy up t o  a 

constant f a c t o r ,  t h e  c o e f f i c i e n t  of X”,+[ i n  t h e  c h a r a c t e r i s t i c  r e l a t i o n s h i p ,  

w r i t t e n  i n  t h e  d i f f e r e n c e  form, coincides  w i t h  t h e  c o e f f i c i e n t  of Xz,; i n  (2.111). 

From t h e  uniqueness of t h e  c h a r a c t e r i s t i c  r e l a t i o n s h i p  i n  t h e  considered plane 
it follows t h a t  the sweep r e l a t i o n s h i p  i s  some d i f f e r e n c e  recording of  t h e  
c h a r a c t e r i s t i c  r e l a t i o n s h i p .  

It i s  easy t o  show t h a t  i n  t h e  considered case t h e  condi t ions on t h e  wave, 

t oge the r  with t h e  c h a r a c t e r i s t i c  r e l a t i o n s h i p ,  determine two values Xz;, corre- 

sponding t o  p o s i t i v e  r o o t s  of (6.31). To determine which of t h e  r o o t s  /39 
should be taken we consider t he  case of a weak wave when the  values V, p, p be- 
hind the  f r o n t  d i f f e r  from t h e  values i n  the unperturbed flow by s m a l l  amounts 

of t h e  o rde r  8 .  In  t h i s  case t h e  q u a n t i t y  g w i l l  a l s o  be of t he  o rde r  c as  
we l l  a s  the unknown r o o t  y2. 

the l e f t  e igenvector  of t he  matr ix  b - l a ,  corresponding t o  the  eigenvalue 

)X-’l > 1. They w i l l  form the f i r s t  l i n e  of t he  matrix Q- . 
f i n d  

N 

Let  us  f ind  i n  e x p l i c i t  form t h e  components of 

1 Computing it w e  

S u b s t i t u t i n g  the  values of c ( e )  from (6.13) and not ing t h a t  the vector  p i s  de- 
termined with an accuracy up t o  a constant  f a c t o r ,  w e  can w r i t e  

p 1 = u + ( + )  4=1 w ,  

P2 = - u, 

(6.32) 

C 
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I n  the  genera l  case equat ions (6.32) a re  v a l i d  f o r  a wave of any s t r eng th  
and u,  v, w, p, c a r e  t h e  values  of the  q u a n t i t i e s  behind t h e  f r o n t .  If we 
assume equation (1.15) f o r  5 ,  we have 

By taking t h i s  i n t o  account, equat ion (6.31) f o r  a weak wave t akes  t h e  f o r m . ( i n  
t h i s  case we may assume t h a t  k = &) 

where ao, a2 and a are  pos i t i ve  q u a n t i t i e s  which a r e  not  equal  t o  zero 3 

Noting t h a t  = O ( E ) ,  we f i n d  t h a t  f o r  y2 we have the  following poss ib i l -  
i t i e s  

Above we have seen t h a t  t h i s  

and y2 , i . e . ,  we must have 

the smal les t  p o s i t i v e  roo t .  

(1) 

equation must have two p o s i t i v e  roots :  yg /40 
g < 0. The only roo t  of t h e  order  of E w i l l  be 
N 

I n  the  genera l  case we should take it. We note 

t h a t  f u l f i l l m e n t  of condi t ion < 0 f o r  a weak wave may be es tab l i shed  d i r e c t l y .  

7. Calculat ion of Conic Flows 

Let  us  consider t he  quest ion of determining flow i n  region I (Sect ion 1) 
for a pointed body. 
po in t  may be considered conic,  the flow i n  t h i s  r eg ion  w i l l  a l s o  be conic wi th  
a high degree of  accuracy. Therefore,  i n  t h i s  case reg ion  I may be considered 

Since t h e  body i n  a s u f f i c i e n t l y  s m a l l  region near the  
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a s  the  region of conic flow and t h e  problem of  f ind ing  t h e  i n i t i a l  d a t a  on the 
su r face  S i s  reduced t o  the  computation of the conic . f low.  A s  we  know, t h e  flow 
near an i n f i n i t e  cone i s  self-similar, i .e. ,  t he  unknown funct ions depend only 
on two va r i ab le s  which are known combinations of t h e  i n i t i a l  data .  For t hese  
va r i ab le s  w e  can use t h e  v a r i a b l e s  determined i n  Sec t ion  1 by equations (1.13) 
and (1.15). 
a u x i l i a r y  condi t ion 

The unknown func t ions  w i l l  then s a t i s f y  the  system (1.16) wi th  

ax --=(I 
ax (7.1) 

and boundary condi t ions (1.9), (1.11) . 
To apply t h e  above method t o  t h e  s o l u t i o n  of t h i s  problem, w e  use con- 

s i d e r a t i o n s  p red ic t ed  by t h e  phys ica l  nature  of t h e  problem. I n  t h e  case of 
flow around t h e  body which d i f f e r s  from an i n f i n i t e  cone only i n  a c e r t a i n  
neighborhood of t he  apex, t h e  flow a t  l a r g e  d i s t ances  from it w i l l  be c lose t o  
conic.  However, t he  values  of t he  hydrodynamic quant i t ies  on the  body, gene ra l ly  
speaking, w i l l  never be c lose  t o  those which e x i s t  i n  conic flow, s ince  the  
entropy along the  stream l i n e  l y i n g  on the  surface of t he  body r e t a i n s  the  value 
which w a s  formed due t o  t h e  flow around the nose. Therefore,  w e  can assume t h a t  
t he  s o l u t i o n  X(x, 5 ,  9) of the  flow problem, when x + m, w i l l  tend t o  t h e  solu-  
t i o n  of t h e  problem involving t h e  flow around an i n f i n i t e  cone, even though i n  
a nonuniform fashion.  S imi l a r ly ,  w e  may assume t h a t  t h e  s o l u t i o n  X of t h e  
mixed problem formulated i n  Sect ion 1 wi th  i n i t i a l  d a t a  f o r  x = xo, X = Xo, 

s a t i s f y i n g  only t h e  boundary condi t ions on the  wave and on the  body, w i l l  tend 
t o  the  s o l u t i o n  of t he  flow around t h e  cone when x + m, i f  t h e  surface of t h e  
body i s  conic a t  x 2 xo. 

algorithm presented above t o  t h e  c a l c u l a t i o n  of conic flows. We as s ign  a t  

From t h i s  it i s  c l e a r  how w e  must apply the  numerical 

the i n i t i a l  value of t h e  vector  x$![, which s a t i s f i e s  t he  above r equ i r e -  0 x = x  

ments and we compute u n t i l  the  i n e q u a l i t y  

i s  s a t i s f i e d .  H e r e  no and are the  assigned values .  The e s t ab l i shed  vector  

x;ll gives t h e  s o l u t i o n  f o r  t he  problem of flow around the  cone. The f i n a l  

c r i t e r i o n  f o r  t he  co r rec tness  of t h e  values X:ll E X,,, l  obtained i n  t h i s  f a sh ion  

i s  the  condi t ion t h a t  it sa t i s fy  t h e  d i f f e r e n t i a l  equat ions and t h e  boundary 
condi t ions with an e r r o r  which i s  permitted i n  the  approximation. 
b e r  of ca l cu la t ions ,  some of which a r e  presented i n  Chapter I11 of  t h e  

p re sen t  work, confirm the convergence of X:.) (when n + m) t o  t he  sought solution. 

A l a r g e  num- 
/41. 
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This confirms the  considerat ions which served as the  b a s i s  f o r  t h i s  method of 
ca l cu la t ion  which i s  usua l ly  known as  the  d i r e c t  method. I n  t h i s  case, f o r  the  
d i f fe rence  equat ions,  the  nonuniform convergence near the  sur face  of t h e  body 
which has been ind ica ted  above is manifested by the  f a c t  t h a t  t he  establ ishment  
of t he  func t ion  values on the  surface takes  place more slowly than  i n  t h e  r e -  
maining region. However, it i s  s i g n i f i c a n t  t h a t  t h e  c o r r e c t  values of entropy 
are  es tab l i shed  on the  body, regard less  of i t s  d i s t r i b u t i o n  a t  the  beginning. 
This i s  because d i f f e r e n t i a l  equat ions of t h e  streaml5.nes flowing from t h e  wave 
approach asymptot ical ly  the  sur face  of t h e  body, whereas i n  d i f f e rence  equa- 
t i o n s  per turba t ions  of entropy a re  t ransmi t ted  from t h e  shock wave t o  t h e  body 
during a f i n i t e  number of s-beps along coordinate  x .  We note t h a t  even when we 
have da ta  which d i f f e r  s u b s t a n t i a l l y  from the  sought so lu t ion ,  the  so lu t ion  i s  
es tab l i shed  during t h e  t i m e  c lose t o  a minimum. The eva lua t ion  of t he  minimum 
time cax be e a s i l y  made proceeding from the  phys ica l  p i c t u r e  for t he  propaga- 
t i o n  of per turba t ions  i n  t h e  flow. This shows t h a t  the  s e l f - s i m i l a r  s o l u t i o n  
has the remarkable proper ty  of s t rong  a t t r a c t i o n .  

The d i r e c t  method may be considered a c e r t a i n  i t e r a t i o n  process f o r  solv- 
ing s e l f - s i m i l a r  equat ions of conic flow. I ts  advantage compared t o  o the r  
i t e r a t i o n  methods i s  t h a t  it has a c l e a r  phys ica l  meaning. This not  only guar- 
an tees  i t s  convergence f o r  a l a r g e  number of problems bu t  a l s o  makes it much 
e a s i e r  t o  cont ro l  the  computation process .  

The considered s e l f - s i m i l a r  so lu t ion  has  s i n g u l a r i t i e s  which must be taken 
i n t o  account during numerical so lu t ion .  The bas i c  one of these  i s  assoc ia ted  
with the  behavior of t he  l i n e s  giving the  l e v e l  of t he  entropy funct ion.  

For convenience of i nves t iga t ion  w e  transform t o  s p h e r i c a l  coordinates  (r, 
designate  the  0 ,  a) with the o r i g i n  a t  t he  apex of the  cone. 

components of t he  v e l o c i t y  vector  along the  coordinate  axes.  Since t h e  hydro- 
dynamic q u a n t i t i e s  do not  depend on r, it i s  s u f f i c i e n t  t o  consider  t he  flow 
p ic tu re  when r = 1, i . e . ,  on a u n i t  sphere.  The cons idera t ion  of simple cases ,  
such a s ,  f o r  example, t h e  flow around a c i r c u l a r  cone wi th  an angle of a t t ack ,  
shows t h a t  i n  the  region of the  perturbed flow the re  w i l l  always be p o i n t s  a t  
which the  entropy has s i n g u l a r i t i e s  (ref. 20). A t  such a po in t  t he  entropy 
cannot be d i f f e r e n t i a t e d  and an i n f i n i t e  number of l e v e l  l i n e s  S converge the re .  
The equation f o r  the conservat ion of entropy has the  form 

We l e t  ur,  UQ, 
u'p 

- 0. as ulp as 
de + m 7i-j- - (7 .3)  

Therefore,  t h e  coordinates  of the  s ingu la r  p o i n t  must s a t i s f y  the  system of 
equat ions 

U e  = 0, -- - 0. % 
sin0 
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Let us f i n d  t h e  condi t ions necessary so t h a t  the p o i n t  A, whose coordinates  
W e  take the  equat ions f o r  eo, (po s a t i s f y  t h e  system (7.4), be a s ingu la r  point .  

t he  conic flow i n  t he  form 

Du, - (u! + Ut) = 0, 
a 1 dp 

P 
Due + urue - ctg flu, + - - = 0, 

(7.9) 

where D i s  the  s p h e r i c a l  component of t h e  ope ra to r  r 

If a t  po in t  A U8 and u can be d i f f e r e n t i a t e d  continuously it follows from (7.6) 

and (7.7) t h a t  p can a l s o  be d i f f e r e n t i a t e d  continuously. Therefore, it follows 
from (7.8) t h a t  ur i s  continuous a t  p o i n t  A and t h a t  t h e  Bernoul l i  i n t e g r a l  i s  

Cp 

va l id  and t h a t  d e n s i t y  p i s  a l s o  continuous. Therefore,  entropy S i s  continu- 
ous a t  po in t  A. Lines f o r  t h e  entropy l e v e l  a r e  the  c h a r a c t e r i s t i c s  (7.3) and 
a r e  determined by t h e  equat ion 

Therefore,  p o i n t  A f o r  t h i s  equation may only be t h e  saddle.  Le t  us assume 
t h a t  

Consequently, t h e  eigenvalues X1, X2 of the  matrix 

49 



a r e  r e a l  and have d i f f e r e n t  s igns .  Taking i n t o  account t he  e q u a l i t y  

we conclude t h a t  

We now show t h a t  under c e r t a i n  va l id  assumptions an i n e q u a l i t y  opposi te  t o  
i n e q u a l i t y  (7.10) i s  r e a l i z e d  a t  t he  p o i n t  of entropy d i scon t inu i ty .  

assume t h a t  i n  the  neighborhood of p o i n t  A(BO, cpo)uo and 3 can be represented 

i n  the  form 

Let  us  
U 

s i n  8 

where g i s  a l imi t ed  func t ion  whose d e r i v a t i v e s  s a t i s f y  the  i n e q u a l i t i e s  

while the  func t ions  gi i = 1, 2 a re  such t h a t  

We s h a l l  measure the  angle cp from po in t  A and assume t h a t  

6 = e  - e o ,  = (e -eo)2 +q2. 

/43 

I$l- It fol lows from (7.6) and (7.7) t h a t  when o <  



Therefore (7.8) gives  us 

o r  on the  b a s i s  of (T.ll), 

(7.12) 

Therefore, ur = f + O ( a ) ,  where f > 0 sa t i s f ies  the  equation 

Since t h e  func t ion  g i s  determined with an accuracy t o  O(a), we can s a t i s f y  
(7.12) by sub jec t ing  g t o  the condi t ion 

al? (a* + pv) -a-6 + (yo - ! -  6q) o ( p  "- + (a  + 6) g + 2f = 0. 

Equation (7.14) has a s i n g l e  l imi t ed  s o l u t i o n  

(7.14) 

Indeed, l e t  us reduce t h e  matrix a = by a nonsingular t ransformation Q t o  

t h e  upper t r i a n g u l a r  form 



IIIIIIII I I  II I I I 1 

where a re  the  eigenvalues  of t he  matrix a. If X1 and X2 a r e  d i f f e r -  /44 
e n t ,  p = 0. We note t h a t  

h, +A, = a + 6. 

Transformation of the  Q determines the  l i n e a r  t ransformat ion  of the  coordinates 
9, (D t o  the  va r i ab le s  s,, 5 ,  i n  terms of which equat ions  (7.13) and (7.14) take 
dn the  form 

It follows t h a t  when c1 = 0 and 

2 h g=- - - f+ -  
hl + hz 41Ez ’ 

where h s a t i s f i e s  (7.131). When p # 0, 5 = h2 

2 h 
g = -  hl + A2 f+z.  

Since according t o  t he  propos i t ion  g i s  l imi t ed ,  h E 0, which was t o  be proved. 

We now show t h a t  t he  following i s  always t r u e  

X, = and IJ. = 0, 

i . e . ,  t h a t  matrix a i s  propor t iona l  t o  the  u n i t  matr ix .  
the form of the  func t ion  g, we have 

U t i l i z i n g  (7.11) and 

Therefore,  from (7.6) and (7.7) we obta in  

$ + -+ Pgs [(aZ - a6 + 2Br) 6 + B (a + 6) Cpl + 0 ( 0 2 )  = 0, 

-- ap  + + Pgz [r (a + 6) 6 + ( - a6 -I- 2By + b2) TI + 0 (as) = 0. 1 
sinae0 av 
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From the l a s t  equations it follows t h a t  t h e  f i rs t  d e r i v a t i v e s  of  p are continu- 
ous a t  p o i n t  A. L e t  po = p(6,, 0) .  From (7.9) we o b t a i n  

k Po 
P = k- f' 4 0 ('1 = P O  ('9 9) + 

i o - T  

where po satisfies (7.15) . Theref o r e  

aP 1 de + T P O ~ ~  [(a2 -a6 + 287)fi + B (a + 6)cpI + o (09 = 0, 

ap sinaOO -+- dQ  PO^' [r (a + 6) 6 + ( - a6 + 28y + b2) cpl + o (02) = 0. 

D i f f e r e n t i a t i n g  t h e  f i r s t  equat ion wi th  r e spec t  t o  
respect  t o  8 and sub t r ac t ing  t h e  second from t h e  f i r s t ,  we ob ta in  

and the  second wi th  /45 

Thus , 

Therefore, equat ion (7.13) w i l l  t ake  the  form 

i .e.  , 

It follows t h a t  i n  t h e  neighborhood of po in t  A the components of ve loc i ty ,  
pressure and dens i ty  m a y  be represented i n  the  form 
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U t i l i z i n g  (7.15) w e  f i n d  t h a t  i n  the  neighborhood of p o i n t  A 

from which it follows t h a t  r ega rd le s s  of t h e  method used t o  approach p o i n t  A, 
a l l  l i m i t i n g  values of t he  Jacobian w i l l  be p o s i t i v e .  Therefore,  we need no t  
concern ourselves  wi th  t h e  s p e c i f i c  l i m i t i n g  value.  Thus, i f  p o i n t  A i s  singu- 
lar, (7 .4)  i s  va l id  and 

Conditions (7.4) and (7.16) a r e  not only necessary bu t  are s u f f i c i e n t  because 
i n e q u a l i t y  (7.10) i s  s a t i s f i e d  a t  t he  nonsingular po in t .  

Let us apply t h e  obtained r e s u l t s  t o  t h e  s implest  case of flow around /46 
a c i r c u l a r  cone wi th  an angle of a t t a c k .  On t h e  d i r e c t r i x  of t h e  cone (which 
according t o  t h e  arrangement adopted above i s  a curve on t h e  u n i t  sphere) t he  
normal component of t h e  v e l o c i t y  vector  i s  equal  t o  zero. Therefore, those 
p o i n t s  where the t a n g e n t i a l  component a l s o  becomes equal  t o  zero may be singu- 
l a r i t i e s  of t he  entropy. The flow around a c i r c u l a r  cone i s  symmetric with 
r e spec t  t o  some plane.  Therefore,  two p o i n t s  e x i s t  on the  su r face  of t h e  cone 
where equations (7.4) are s a t i s f i e d .  
windward s i d e  and the re fo re  t h i s  p o i n t  w i l l  be t h e  saddle.  The second p o i n t  
l y i n g  on t h e  leeward s i d e  w i l l  be the  node. The behavior of t h e  s o l u t i o n  i n  
the neighborhood of t he  entropy s i n g u l a r i t y  w a s  taken i n t o  account when t h e  
d i f f e rence  system w a s  w r i t t e n .  
mating the d e r i v a t i v e s  var ious values of q u a n t i t i e s  a t  t he  s i n g u l a r  p o i n t  were 
introduced depending on t h e  d i r e c t i o n  of d i f f e r e n t i a t i o n . .  The t a b l e s  of Chapter 
I11 show the  values of hydrodynamic q u a n t i t i e s  corresponding t o  t h e  approach of 
the  s i n g u l a r  p o i n t  i n  d i r e c t i o n s  t a n g e n t i a l  and normal t o  t h e  surface of the 
cone. I n  the c a l c u l a t i o n s  presented, t h e  s i n g u l a r  p o i n t  i s  always s i t u a t e d  on 
the cone surface.  The quest ion of whether it can e x i s t  i n  the  flow remains 
open. 

Condition (7.10) i s  s a t i s f i e d  on t h e  

S p e c i f i c a l l y ,  i n  t h e  equat ions f o r  approxi- /47 

We have not  been concerned with o t h e r  s i n g u l a r i t i e s  of t h e  equat ions f o r  
conic flows, such as, f o r  example, t he  change i n  t h e  type of equat ions and the  
parabol ic  na tu re  of t h e  l i n e s  during c e r t a i n  modes of flow. In  t h e  given method 
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Figure 2. Line showing level of entropy function 
for the case of flow around the cone. 

of solution we can ignore these singularities completely, whereas for other 
methods of computation these are the fly in the ointment (ref. 10). As we have 
shown in Section 1, to apply the direct method it is sufficient that the flow 
be supersonic, which makes the equations hyperbolic. 

8.  Computation of Thermodynamic Functions of Air 
Taking into Account Equilibrium Chemical Reactions 

The motion of a body in a gas with a high supersonic velocity, as a rule, 
is associated with the origin of f l o w  regions in which the gas has a high tem- 
perature (of the order of several thousands and even tens of thousands of de- 
grees). In these regions a whole series of physical and chemical processes 
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takes  p lace  such as  the  e x c i t a t i o n  of the  i n t e r n a l  degrees of freedom of the  
molecules, d i s soc ia t ion ,  ion iza t ion ,  and formation of new chemical compounds. 
Thus, f o r  example, i n  a i r  which cons i s t s  b a s i c a l l y  of a mixture of ni t rogen,  
oxygen and argon, i n  add i t ion  t o  the  r eac t ions  of i o n i z a t i o n  and d i s soc ia t ion  

there  i s  a formation of n i t rogen  oxide NO,NO+, e t c .  
processes  have a s u b s t a n t i a l  e f f e c t  on the  gas  flow and it i s  necessary t o  con- 
s i d e r  them i n  the  ca l cu la t ions .  However, t h e  s o l u t i o n  of t h i s  problem over the  
e n t i r e  volume i s  assoc ia ted  wi th  g r e a t  d i f f i c u l t i e s  which a re  not  only t echn ica l  
but a r e  a l s o  of a t h e o r e t i c a l  nature .  Indeed, the  phys ica l  and chemical theory 
governing the  flow of a r eac t ing  gas mixture i s  cu r ren t ly  only i n  the  s tage  of 
development, t o  say nothing of t he  accurate  mathematical formulat ion of t h e  
problem . 

The phys ica l  and chemical 

For p r a c t i c a l  purposes, i n  many cases  it i s  poss ib l e  t o  apply t h e  idea l ized  
theory based on c e r t a i n  s implifying assumptions which make it poss ib le  t o  formu- 
l a t e  and solve the  problem. Natura l ly  any i d e a l i z a t i o n  i s  only s u i t a b l e  f o r  a 
d e f i n i t e  c l a s s  of problems and i t s  s u i t a b i l i t y  must be v e r i f i e d  experimentally.  
For the ca l cu la t ion  of t h e  ex te rna l  flow around bodies a t  high Mach numbers of 
the unperturbed flow a s implifying assumption of t h i s  type i s  the  condi t ion of 
l o c a l  thenodynamic equi l ibr ium. A s  a r e s u l t  of t h i s  assumption the  
pos i t i on  of t he  mixture and all t he  thermodynamic func t ions  (energy, 
entropy, e t c . )  a r e  determined independently f o r  each macroscopic gas 
known funct ions of t h e  gas parameters such a s  pressure  and dens i ty .  
and speed of sound c a re  obtained by solving a system of equi l ibr ium 
namic equat ions.  All t h i s  p e r t a i n s  t o  condi t ions on t h e  shock wave, 
accordance wi th  t h i s  assumption we can neglec t  t h e  r e l a x a t i o n  region 
shock f r o n t .  

molar com- 
enthalpy , 
p a r t i c l e  a s  
Enthalpy h 
thermody- 
where i n  
behind the  

Before wr i t i ng  t h e  system of equat ions f o r  thermodynamic equi l ibr ium /48 
we introduce a s e r i e s  of designat ions.  Limiting ourselves  t o  the  case of a s in-  
g l e  s tage  ion iza t ion  of molecules and atoms we ob ta in  13 poss ib l e  components of 

the  a i r  g2, C), N2, N ,  NO, A r ,  03, O', I!@, @, NO', A'+, e-.  Here the  super- 

s c r i p t  "+" designates  the  ionized p a r t i c l e s ,  while e- des igna tes  the  e l ec t rons .  
We number a l l  components i n  the  order  i n  which we have w r i t t e n  them and desig- 
nate  f o r  the  i - t h  component: 

enthalpy of one mol; wi--molecular weight. 

x . - - the  r e l a t i v e  molar concentrat ion;  Hi(T)-- 
1 

The equat ion system 
xi, p, p, T and c o n s i s t s  

f o r  thermodynamic equi l ibr ium assoc ia t e s  the  q u a n t i t i e s  
of t he  following equations: f o r  Dal ton 's  l a w  

x x i =  1; 

1 
f o r  ma te r i a l  balance 

lFor  the volumetric composition of a i r  under normal condi t ions:  ni t rogen,  78.08 
percent ;  oxygen, 20.95 percent;  argon, 0.97 percent .  
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? 

f o r  t he  l a w  of ac t ing  masses assoc ia ted  wi th  the  r eac t ions  of d i s s o c i a t i o n ,  
formation of NO and i o n i z a t i o n  

(8.4) 

(8.5) 
(8.6) 
(8.7) 
(8.8) 

(8.9) 
(8.10) 
(8.11) 
(8.12) 

f o r  t he  conservat ion of charges 

Clapeyron equat ions 

(8.14) 1 p = -&kpT. 
P 

13 

Here p = 

versa1  gas constant .  The enthalpy h and the  square of t h e  speed of sound 

c2 a r e  determined by 

xipL i s  the  average molecular weight of t h e  mixture,  R i s  the  uni- 
i=1 

/4q 

and dh 

(8.15) 

(8.16) 
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The constants  of chemical r eac t ions  K . ( T )  which e n t e r  i n t o  equat ions (8.4)- 

(8.12) as w e l l  as t h e  en tha lp i e s  of pure components q ( T )  are func t ions  of only 

the  absolute  temperature. K j  (T)  and R.  (T) may be computed t h e o r e t i c a l l y  by the  

methods of s t a t i s t i c a l  physics  (ref. 2). Such c a l c u l a t i o n s  have been c a r r i e d  
ou t  a t  t he  G.  M. Krzhizhanovskiy Energy I n s t i t u t e  and the  corresponding t a b l e s  
have been published i n  r e fe rence  4. 

3 

1 

2 It follows from (8.15) and (8.16) t h a t  t h e  problem of computing h and c 
f o r  given p and p i s  reduced t o  the  determination of xi and T and a l s o  t h e i r  

d e r i v a t i v e s  wi th  r e s p e c t  t o  p and p from (8.1)-(8.14). After t h i s ,  h i s  de- 
termined d i r e c t l y  while t h e  d e r i v a t i v e  ahlap i s  determined by 

and the  d e r i v a t i v e  ah/ap i s  determined from a s imilar  equat ion.  

In  solving the  system (8.1)-(8.14) i n  the  r eg ion  of temperatures and pres-  
su res  where ionized components p r e v a i l ,  it i s  convenient t o  use the  following 
i t e r a t i o n  method. 

solve equations (8.1)-(8.6) and (8.14) wi th  r e s p e c t  t o  xl, x2, ..., x6. After 

t h i s  w e  f i n d  new values of x7, ...) x13 from (8.7)-(8.13); u t i l i z i n g  t h e s e  w e  

r epea t  t he  computation of xl, ..., x6, e t c .  

t i o n  process converges q u i t e  rapidly.  I n  p r a c t i c e  it i s  necessary t o  make two 
t o  t h r e e  i t e r a t i o n s  t o  ob ta in  a s o l u t i o n  wi th  an accuracy of 0 . 1  percent ,  which 
i s  wi th in  t h e  accuracy of t he  phys ica l  da t a .  

By assigning c e r t a i n  i n i t i a l  values f o r  xi wi th  i > 6, we 

A s  experience has shown, t h e  i t e r a -  

I n  t h e  region where t h e  ionized components p l a y  the main r o l e  t h e  va r i ab le  
xl, x2' ..., x6 and x 7' x8Y * ' * )  x l ~  should be switched i n  t h e  described i te ra -  

t i o n  process.  

L e t  us consider i n  more d e t a i l  t h e  s o l u t i o n  of system (8.1)-(8.6), (8.14) 
with r e spec t  t o  T, xi when i 

t o  lC),OOOo) where t h i s  s o l u t i o n  i s  c a r r i e d  o u t  t h e r e  i s  a sharp v a r i a t i o n  i n  
t h e  values of molecular component concentrat ions.  Although they  are predominant 
a t  lower temperatures,  t h e y  become n e g l i g i b l y  small a t  higher  temperatures. To 
ob ta in  a s i n g l e  a lgori thm f o r  solving t h i s  system it i s  expedient t o  solve it 
wi th  r e spec t  t o  c e r t a i n  combinations of molecular and atomic components by i n t r o -  
ducing t h e  replacement of  v a r i a b l e s  

6. I n  the  i n t e r v a l  of temperatures (from 300° 



By simple c a l c u l a t i o n  it i s  poss ib l e  t o  e l imina te  v a r i a b l e s  y3, yk, X5, x6 fi 
from (8.1)-(8.6) and (8.14) and o b t a i n  a system of t h r e e  second-order equations 
with r e spec t  t o  yl, y2 with c o e f f i c i e n t s  depending on T and computed from the  

known x7, x8, ..., ~ 1 3 .  This system i s  solved by Newton's method a f t e r  which 

a l l  xi are easi ly  determined. Since y1 and y2 a r e  never very s m a l l  i n  t h e  con- 

s idered region, computation accuracy remains high. A s i m i l a r  method of solu- 
t i o n  i s  applied i n  t h e  second region, where t h e  ionized components predominate. 

A f t e r  c a l c u l a t i o n  of T and a l l  x. t h e i r  d e r i v a t i v e s  with r e s p e c t  t o  p and 
1 

p are obtained from a system of l i n e a r  equations obtained by d i f r e r e n t i a t i n g  
the equations of thermodynamic equi l ibr ium wi th  r e s p e c t  t o  p and p ,  r e spec t ive ly .  
I n  t h i s  case it i s  more convenient t o  d i f r e r e n t i a t e  t h e  transformed equat ions 
r a t h e r  than the  i n i t i a l  equat ions (8.1)- (8.14). 

In  the process of computing the flow of a chemically r e a c t i n g  gaseous 
mixture around bodies, t he  described algorithm f o r  t he  s o l u t i o n  of  (8.1)- (8.14) 

c 

i s  used t o  compute h and c' a t  each p o i n t  of t h e  mesh. I n  t h i s  case f o r  t h e  

a~ 'xi dT dT 
dp ' dp ' 2; 
- -  zero approximation i n  t h e  i t e r a t i o n  we take t h e  values T, X i ,  dp, 

from the preceding p o i n t  which d i f f e r  l i t t l e  from the given po in t .  This makes 
it possible  t o  reduce the  number of i t e r a t i o n s  and s u b s t a n t i a l l y  reduces com- 
putat ion time. 

Since enthalpy h i s  no longer expressed e x p l i c i t l y  i n  terms of p, p it be- 
comes necessary t o  change the  form of the  s o l u t i o n  of equations on the  wave. 
Equation (6.28) i s  solved i n  conjunction with a l l  t h r e e  equations (6.26) by 
means of i t e r a t i o n .  I n  t h i s  connection it i s  convenient t o  introduce an 
"e f f ec t ive"  r a t i o  of s p e c i f i c  h e a t s  during each i t e r a t i o n  and determine it by 

where i i s  the number of t h e  i t e r a t i o n ,  while h(p, p )  i s  computed i n  t h e  manner 

described above. 
equation (6.26) and assume t h a t  t h e  l e f t  p a r t  i s  equal to 

Knowing t h e  values P ( ~ ) ,  ~ ( ~ 1 ,  we compute k ( i )  i n  t h e  t h i r d  
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a f t e r  which, t o  determine y i i+ l )  and y p l ) w e  again ob ta in  (6.29) and (6.30) 

and y p l )  we compute’ p (i+l), P( i+ l ) ,  and the  proc- ( i + l )  
wi th  k = I c ‘ ~ ) .  From yl 

e s s  i s  repeated.  

We note t h a t  i n  t h e  method presented, fo r  the  s o l u t i o n  of equations on the  

2 wave i n  the form of func t ions  h(p ,  p )  and c (p,  p )  t h e r e  are no l i m i t a t i o n s  
whatsoever. Therefore, the method may be appl ied without change t o  computation 
of flow around bodies involving any mixture of gases  under thermodynamic equi- 
libriu9. To reduce computation time, i n  place of t he  accurate  determination of 

h and e‘ described above, we can use any approximations f o r  them without chang- 
ing the bas ic  computation algorithm. 
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CHAPTER 11. RESULTS O F  CALCULATIONS 

The numerical method of  computing three-dimensional supersonic flows 
presented i n  Chapter I w a s  used t o  determine d i f f e r e n t  cases  of  i d e a l  gas  f l o w  
around bodies.  A l l  the  examples presented p e r t a i n  t o  flow around pointed bodies 
with an at tached bow wave. I n  t h e s e  cases the  determination of flow i n  region I 
( f i g .  1) i s  performed automatical ly  by t h e  same method. 
around bodies wi th  a detached shock wave d i f f e r s  only i n  the  method used t o  de- 
termine flow i n  region I. The l a t t e r  has much i n  common wi th  t h e  method pre- 
sented above f o r  computing conic flows. However, i n  view of  c e r t a i n  s p e c i f i c  
f e a t u r e s  it must be considered sepa ra t e ly .  The scope of  t h e  p re sen t  work does 
not permit us t o  p re sen t  t h i s  method a t  t h i s  t i m e .  

/51 

Computation of flow 

We have given p a r t i c u l a r  a t t e n t i o n  t o  computation of conic flows. The 
problem of flow around t h e  cone wi th  an angle of a t t a c k  i s  a c l a s s i c a l  problem 
of hydrodynamics not s a t i s f a c t o r i l y  solved t o  da t e .  In  our opinion such a solu- 
t i o n  can only be a numerical s o l u t i o n .  O f  course, t he  e x i s t i n g  algorithm must 
make it poss ib l e  t o  ob ta in  t h e  s o l u t i o n  with any degree of des i r ed  accuracy. 
Much experience gained i n  so lv ing  var ious problems l eads  us  t o  bel ieve t h a t  the 
d i f f e rence  methods s a t i s f y  t h i s  requirement, although proof of convergence ex- 
i s t s  only i n  t h e  s implest  cases .  

The p o s s i b i l i t i e s  of  t h e  method are a l s o  i l l u s t r a t e d  by us  f o r  cases  of 
flow around complex bodies d i f f e r i n g  from conic ones. 

9. Flm Pas t  C i rcu la r  Cones 

I n i t i a l  d a t a  f o r  c a l c u l a t i n g  t h e  flow around cones were obtained i n  t h e  
following manner. For i n i t i a l  d a t a  w e  assume the  f i e l d  of flow during the  
axisymmetric flow around t h e  cone. Subsequently, t he  cone w a s  given a small 
angle of a t t a c k  b and wi th  t h e s e  i n i t i a l  d a t a  the  s e l f - s i m i l a r i t y  w a s  e s t ab -  
l i s h e d  with a l a r g e  value of t h e  constant  
quired a small  number of s t e p s  along x. Then t h e  angle of a t t a c k  was again 
se t  t o  L!CX and the  computation process  w a s  repeated. 
a t t a c k  w a s  achieved, s e l f - s i m i l a r i t y  w a s  e s t ab l i shed  with an assigned degree 
of accuracy. I n  t h i s  way the t a b l e s  presented i n  Chapter I11 w e r e  computed 
f o r  t he  case of flow around t h e  cone of  an i d e a l  gas wi th  the  r a t i o  of spe- 
c i f i c  h e a t s  k = 1.4.  

i n  the i n e q u a l i t y  (7 .2) .  This r e -  

After t h e  given angle  of 

Many works have been devoted t o  t h e  problem of the  flow of  an i d e a l  
gas around cones wi th  angles  of a t t a c k .  
t i o n s ,  e f f o r t s  are made t o  solve t h e  problem a n a l y t i c a l l y  by using var ious types 
of s implifying assumptions as, for example, the s m a l l  value of t h e  angle of 

/ 52  - 
I n  a l l  t h e s e  works, w i t h  rare excep- 
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a t t a c k ,  t h e  small  h a l f  cone angle, e t c .  W e  s h a l l  n o t  consider t h e s e  works and, 
furthermore, w e  s h a l l  no t  compare t h e  r e s u l t s  of our  c a l c u l a t i o n s  w i t h  t h e  re- 
s u l t s  of t hese  works s i n c e  t h e  l a t t e r  do not  con ta in  systematic c a l c u l a t i o n s  of 
flow around cones and s ince  they  do not  a t  a l l  c l a r i f y  t h e  values  of t h e  e r r o r s  
introduced when s implifying assumptions are made. Although t h e  second shor t -  
coming i s  e n t i r e l y  app l i cab le  t o  t h e  Kopal tables  (refs. 5 and 6) computed by 
using t h e  approximate Stouna method, we  s h a l l  consider  t h i s  work b r i e f l y  a t  the 
end of t h e  chapter  because the Kopal tables are widely used and are unique t o  
d a t e .  

I n  flow around cones, t h e  independent v a r i a b l e s  are taken t o  be x, 5 ,  8, 
where 

The gasdynanic func t ions  are presented i n  dimensionless form and t h e  v e l o c i t y  
components r e fe r r ed  t o  ccr, the d e n s i t y  t o  p, and t h e  pressure t o  p,csr. 

Analysis of r e s u l t s  contained i n  t a b l e s  of Chapter I11 makes it poss ib l e  
t o  draw a s e r i e s  of conclusions on the c h a r a c t e r i s t i c  f e a t u r e s  of conic flow. 

a. The Shape of Shock Waves. Tracks of  shock waves i n  the  plane normal 
t o  the  axis of t he  cone a s  a r u l e  d i f f e r  s u b s t a n t i a l l y  from t h e  circumference 
of a c i r c l e .  Shock waves can be divided i n t o  two types according t o  t h e i r  
shape. The f irst  type i s  character ized by t h e  f a c t  t h a t  t h e  d i s t ance  from the 
surface of t he  cone t o  the  shock wave when 9 = 1800 i s  g r e a t e r  t han  when 8 = Oo. 
The s i t u a t i o n  i s  opposi te  f o r  shock waves of t h e  second type ( f i g .  3 ) .  I n  most 
computed vers ions t h e  shape of  t he  shock wave p e r t a i n s  t o  t h e  f i r s t  type and i n  
many cases the d i s t ance  i n  the  plane 9 = 180° d i f f e r s  s u b s t a n t i a l l y  from t h e  
dis tance i n  t h e  plane 9 = Oo. 

a = 20'. 
Mach number and l a r g e  values  of t h e  cone angle,  t he  shape of t h e  shock wave i s  
of t he  second type.  I n  t h i s  case the  d i s t ance  t o  t h e  shock wave i n  the  plane 
9 = 1800 does not  d i f f e r  q u i t e  as much a s  the  d i s t ance  i n  t h e  plane 8 = 0'. The 
maximum d i s t ance  t o  the  shock wave i s  u s u a l l y  e s t a b l i s h e d  i n  the  plane of flow 
sy"e t r y .  

Thus, f o r  example, when M, = 3, & = 250, 

This d i f f e rence  i s  approximately 26 pe rcen t .  For l a r g e  values of t h e  

An i n t e r e s t i n g  dev ia t ion  from t h i s  rule i s  the  presence of t he  maximum d i s -  
tance t o  t h e  shock wave ou t s ide  the  plane of  flow symmet ry .  This phenomenon i s  
observed i n  shock waves of t h e  f i r s t  as w e l l  as of  t he  second type i n  cases  
when t h e i r  cross  s e c t i o n  d i f f e r s  l i t t l e  from a c i r c l e .  Figure 4 shows t h e  case 
when the  maximum d i s t ance  between the wave and t h e  cone l i e s  i n  a plane c lose  
t o  the  plane 9 = 123'45'. I n  a s e r i e s  of examples t h e  form of the  shock wave 
d i f f e r s  l i t t l e  from a c i r c l e  i n  the t r a n s v e r s e  c ros s  s e c t i o n  although the  angle 
of a t t a c k  of t h e  cone i s  no t  c lose  t o  zero. For example, with an accuracy up 
t o  t h e  t h i r d  s i g n i f i c a n t  f i g u r e  i n  the v a r i a t i o n  M, = 5 ,  f 3 ~  = 300, 0 = 50 t he  

shock wave coincides  wi th  t h e  circumference of  a c i r c l e  whose cen te r  i s  displaced 
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Figure 3. Shapes of shock waves. 

with r e spec t  t o  t h e  axis of t he  cone. 

while M, and a: remain constant  we  observe a t r a n s i t i o n  from the  shock wave form 

A s  the h a l f  cone angle & i s  increased 

of t h e  f i r s t  type t o  t h a t  of t h e  second type. I n  t h i s  case t h e  value 8 which 
p e r t a i n s  t o  t h e  maximum d i s t ance  t o  t h e  shock wave v a r i e s  from 1800 t o  Oo. 
If, however, we hold & and a: constant  and g radua l ly  inc rease  t h e  value of %, 

the  nature  of t he  change i n  t h e  form of t h e  shock wave when t h e  h a l f  cone angle 
i s  + = 30-33O w i l l  be t h e  same. For cones w i t h  a value % = 10-23O t h e  shape 

of t h e  shock wave i s  always of t h e  f i r s t  type while f o r  cones w i t h  & = 40' it 
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M,- 7 pK=3ne =w 
Figure 4. Shape of a shock wave. 

Figure 5 .  Shapes of shock waves. 

i s  of t he  second type. 
values  of t he  coordinate  ?? t he  d i s t ance  t o  the  shock wave may be independent of 
the  angle  of a t t a c k  a. 

I n  conclusion we note t h a t  i n  t h i n  cones f o r  c e r t a i n  

Such an example i s  shown i n  f i g u r e  5 .  

b .  Dependence of Gasdynamic Functions on Values of Coordinate 5 .  For 
s m a l l  angles  of a t t a c k  the  nature  of v a r i a t i o n  i n  the  v e l o c i t y  vec tor  com- - /54 
ponent a s  a func t ion  of t he  coordinate  5 i s  c lose  t o  l i n e a r .  A s  the  angle of 
a t t a c k  increases ,  t h i s  r e l a t i o n s h i p  becomes s u b s t a n t i a l l y  nonl inear .  Thus, f o r  
example, t he  c i rcumferent ia l  component of t he  ve loc i ty  vec tor  w i s  a func t ion  
wi th  a sharp ly  defined non l inea r i ty .  The values  of t h i s  component may i nc rease  
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or decrease when 5 increases  and w may vary severa l  t imes i n  magnitude. I n  
some cases the c i r cumfe ren t i a l  component has a high absolute  value. 

For example, i n  the  v a r i a t i o n  M, = 7, & = 30°, a, = 20° it reaches 40 per- 

cent  of the v e l o c i t y  vector  modulus. A s  the  value of the  coordinate 5 increases  
the d e n s i t y  of t he  gas u s u a l l y  decreases as  i n  the case of axisymmetric flow. 

some meridian planes t h e  d e n s i t y  increases  up t o  the surface of the  shock wave 
and may undergo s u b s t a n t i a l  va r i a t ion .  The pressure between the  shock wave and 
the sur face  of the cone var ies  i n s i g n i f i c a n t l y  and a s  a r u l e  when the  value of 
5 increases  it tends t o  decrease.  

On the  o ther  hand, i n  t h e  case of very l a rge  cone angles of a t tack ,  i n  /55 

On the surface of the  cone i n  some meridian planes the  values of a l l  gas- 
dynamic func t ions  except pressure may d i f f e r  sharply from the values a t  a po in t  
c lose t o  the  p o i n t  5 .  This d i f fe rence  i s  most pronounced f o r  d e n s i t y  and f o r  
the a x i a l  component of the  v e l o c i t y  vector.  It i s  observed l e s s  f r equen t ly  and 
i s  l e s s  pronounced f o r  the  c i r cumfe ren t i a l  component of the  v e l o c i t y  vector .  

The sharp v a r i a t i o n  i n  the  values of funct ions a t  the surface of t he  cone 
i s  explained by the s u b s t a n t i a l  d i f fe rence  i n  the magnitude of t he  entropy func- 
t i o n  a t  the cone compared wi th  i t s  value a t  the  neighboring 5 poin t  ( 5  = 0.05) 
( f i g .  6 ) .  In t h i s  case the entropy has a maximum value on the surface of the  
cone and i s  equal t o  i t s  value i n  the plane 8 = Oo. Figure 7 i l l u s t r a t e s  the 

Figure 6. 
coordinate 9 f o r  d i f f e r e n t  values of 5 .  

Graph of p/pk as a func t ion  of the 
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components as a function of coordinate 5 .  

Variation in velocity, pressure and density 
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v a r i a t i o n  i n  the  d i f f e r e n t  gasdynamic func t ions  wi th  t h e  coordinate E .  When w e  
know t h e  behavior of t h e  func t ions  between t h e  p o i n t s  5 = 0 and 5 = 0.05, t h e  
corresponding p o i n t s  of t h e  curves are connected by a s t r a i g h t  l i n e .  A t  t he  
s i n g u l a r i t y  ( 5  = 0, 9 = 1800) two values of  gasdynamic func t ions  a re  represented. 
The c rosses  show t h e  values obtained when a l i m i t i n g  t r a n s i t i o n  i s  made with re- 
spec t  t o  9. 

c.  Var i a t ion  i n  Gasdynamic Functions wi th  the  Coordinate 8. The v a r i a t i o n  
of  any gasdynamic f i n c t i o n  w i t h  t h e  coordinate 29 i s  s u b s t a n t i a l l y  nonl inear .  The 
absolute  values of t he  func t ions  vary s u b s t a n t i a l l y  wi th  8 and t h i s  v a r i a t i o n  
inc reases  with t h e  cone angle of a t t ack .  The func t ion  w has a sha rp ly  def ined 
maximum. For s m a l l  angles  of a t t a c k  w has  a maximum when t h e  values  of t h e  co- 
o rd ina te  8 a r e  c lose  t o  9 = goo. I n  t h i s  case the  values w on t h e  shock wave 
a r e  always g r e a t e r  than t h e  values on the surface of t h e  cone. A s  t h e  Mach 
number of t h e  unperturbed flow inc reases  and t h e  d i f f e r e n c e  & - a decreases  

the maximum i s  displaced i n  t h e  d i r e c t i o n  of high values of 8, and t h e  displace-  
ment of t he  maximum value of w becomes l a r g e r  f o r  smaller 5 .  Figure 8 shows 
the  v a r i a t i o n  i n  the gasdynamic func t ions  with t h e  coordinate 8 f o r  s e v e r a l  
cases of flow around cones. The c rosses  on the  graphs show the values of the 
f 'unctions a t  the s i n g u l a r  p o i n t s  obtained by the l i m i t i n g  t r a n s i t i o n  along 5 .  

d. Variat ion i n  Gasdynamic Functions wi th  the  Mach Number M-. All gas- 

dynamic func t ions  vary monotonically with the Mach number and t h e i r  d e r i v a t i v e s  
decrease i n  absolute  value.  However, when M, = 7 the value of t he  d e r i v a t i v e s  

i s  s u b s t a n t i a l l y  d i f f e r e n t  from zero,  p a r t i c u l a r l y  f o r  t h e  c i r cumfe ren t i a l  com- 
ponent of t he  v e l o c i t y  vector.  W e  note t h a t  t h e  c i r cumfe ren t i a l  component of 
the v e l o c i t y  vector ,  r ega rd le s s  of t he  value of t he  coordinate 9, decreases on 
the su r face  of t he  cone while d i r e c t l y  behind t h e  shock wave it inc reases  with 
&. 

On the  o the r  hand, t he  nature  of pressure v a r i a t i o n  changes s u b s t a n t i a l l y  
from one meridian plane t o  another and does not  depend on the value of t h e  co- 
o rd ina te  ?. 

As an example, f i g u r e  9 shows the  graph f o r  t he  v a r i a t i o n  of d i f f e r e n t  
gasdynamic funct ions with t h e  Mach number of t he  unperturbed flow. Crosses 
r ep resen t  t h e  curves obtained during the  l i m i t i n g  t r a n s i t i o n  along 8 .  

e .  Var i a t ion  i n  Gasdynamic Functions with the  Half Cone Angle &. - 156 
The gasdynamic func t ions  depend on the  h a l f  cone angle i n  a r a t h e r  nonl inear  
f a sh ion .  I n  the  considered range of angles & t h e  values of t he  gasdynamic 

funct ions vary by s e v e r a l  f a c t o r s  when the angles  PK vary. The nature  of  t h e  

behavior of each gasdynamic func t ion  with /3 except t he  func t ion  w, does not  

depend on t h e  values 5 and 9. 

K' 



Figure 8. 
components as  a func t ion  of coordinate  8: 
5 = 0; dash dot, 5 = 0.5; broken l i n e ,  5 = 1.0.  

Var ia t ion  i n  ve loc i ty ,  pressure and dens i ty  
s o l i d  l i n e ,  
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Figure 9. Var ia t ion  i n  t h e  v e l o c i t y  and pressure components 
as a func t ion  of M, when & = 2 5 O ,  a = loo: 

body surface; broken l i n e ,  on shock wave surface.  
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Figure 1 0 .  
components as a func t ion  of' h a l f  cone angle &: 
l i n e ,  on surface of body; broken l i n e ,  on shock wave su r face .  

Var i a t ion  i n  the  v e l o c i t y ,  p re s su re  and d e n s i t y  
s o l i d  
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Figure 11. Variation in velocity, pressure and density 
components as a function of the angle of attack a when 
M, = 7, & = 20’: 
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The c i r cumfe ren t i a l  component of the  v e l o c i t y  vec to r  W on the  su r face  of  
t h e  cone decreases wi th  t h e  angle & and inc reases  behind t h e  shock wave. 

Figure 10 i l l u s t r a t e s  t h e  v a r i a t i o n  i n  t h e  gasdynamic func t ions  w i t h  t h e  
h a l f  cone angle % f o r  t h e  case M, = 5 ,  a = 5'. 

For 
small  values of t h e  angle of a t t a c k  (a < 5 O )  we may assume approximately t h a t  
t he  gasdynamic funct ions depend l i n e a r l y  on t h e  angle o f  a t t a c k  a. For l a r g e  
values of Q t h i s  r e l a t i o n s h i p  dev ia t e s  s u b s t a n t i a l l y  from a l i n e a r  one. The 
behavior of the gasdynamic func t ions  wi th  t h e  angle CY. does not  depend on t h e  
coordinate 5 but  does depend s u b s t a n t i a l l y  on the coordinate 8. Figure 11 
shows the graphs of t h e  gasdynamic funct ions as they  depend on t h e  angle of 
a t t a c k .  The crosses  show t h e  curves obtained by the  l i m i t i n g  t r a n s i t i o n  along 
8. 

f .  Var i a t ion  i n  the  Gasdynamic Functions w i t h  the Angle of Attack. 

10. Ekamples of Flows Near Smooth Bodies 

I n  t h i s  s e c t i o n  we p resen t  some r e s u l t s  of computing t h r e e - d i m e n s i o n a l m  
and axisymmetric flow of a i r  around smooth bodies t ak ing  i n t o  account equ i l ib -  
rium chemical r eac t ions .  I n  present ing these  examples we have pursued t h e  
following goals:  t o  i l l u s t r a t e  t h e  p o s s i b i l i t y  of t he  proposed method i n  com- 
put ing three-dimensional flow of gas wi th  l a r g e  g r a d i e n t s  of t he  funct ions;  t o  
r ep resen t  three-dimensional gas flow w i t h  high supersonic veloci ty;  t o  show by 
ind iv idua l  examples t h e  d i f f e rences  i n  values of t h e  func t ions  which make it 
poss ib l e  t o  consider chemical r eac t ions  i n  t h e  i d e a l  gas.  

Flow ca lcu la t ions  were d e l i b e r a t e l y  made f o r  bodies w i t h  l a r g e  v a r i a t i o n s  
i n  surface curvature t o  ob ta in  sharp v a r i a t i o n s  of t h e  q u a n t i t i e s  i n  t h e  gas 
flow. Calculat ions presented here  were c a r r i e d  o u t  f o r  bodies cons i s t ing  of a 
bow cone connected t o  t h e  bas i c  cone o r  t o  t h e  cyl inder .  The gene ra t r ixes  of 
t he  cones a r e  joined by a curve of t h e  f o u r t h  o rde r  so  t h a t  t h e  curvature of t h e  
g e n e r a t r i x  has no d i s c o n t i n u i t i e s  a t  t h e  connecting po in t s .  

In  presented c a l c u l a t i o n s  t h e  mixture of gases  was taken t o  c o n s i s t  of 
molecular oxygen 02, atomic oxygen 0, molecular n i t rogen  N2, atomic n i t rogen  N, 

n i t rogen  oxide NO, argon Ar and t h e i r  s ing le - s t age  ionized components. 
graphs and i n  the  t a b l e s  the concentrat ions of t h e  ionized components are desig- 
nated by x 

On t h e  

023 xo? 3 2 7  x" %io* 
I n  the  presented v a r i a t i o n s  t h e  v e l o c i t i e s  of  t h e  i n c i d e n t  flow correspond 

t o  Mach 15 and 20. The c a l c u l a t i o n s  taking i n t o  account chemical r e a c t i o n s  are 
ca r r i ed  out  fox t he  unperturbed flow temperature of T, = 250° and a p res su re  of  

pa = 0.292.lO-' atmospheres, which corresponds approximately t o  atmospheric 

condi t ions a t  an a l t i t u d e  of 40 Inn. 

Gasdynamic func t ions  presented i n  the  t a b l e s  and on t h e  graphs are dimen- 
s ion le s s .  For t e c h n i c a l  reasons the  components of t h e  v e l o c i t y  vector ,  d e n s i t y  
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and pressure are a l s o  r e f e r r e d  t o  the  same q u a n t i t i e s  as i n  the  preceding 
sec t ion .  Under these  condi t ions i n  t h e  unperturbed flow w i t h  M, = 15 

C = 1962 m/sec, pmcCr, = 0.1567 atm,while f o r  M, = 20 ccrm = 2604 m/sec, 
C r m  

Pmc cr, = 0.2759 a t m .  

g/cm3. 
which i s  assumed t o  be equal  t o  un i ty .  

The d e n s i t y  of t he  unperturbed flow i s  p, = 0.412.10-5 

All l inear  dimensions are r e f e r r e d  t o  t h e  he igh t  of t he  bow cone, 

The gasdynamic func t ions  are presented s e l e c t i v e l y  only f o r  c e r t a i n  values 
of the coordinates x, 5 ,  8 ( t h e  numerical s o l u t i o n  i s  presented on a more fre- 
quent mesh). 
examples of  axisymmetric flows are presented ( t a b l e s  1-4). 
axisymmetric f l o w s  t h e  gasdynamic funct ions are given f o r  each p a i r  of t h e  co- 
o rd ina te s  x, 5 .  The d i s t r i b u t i o n  of  func t ions  i n  the  t a b l e s  f o r  each computa- 
t i o n  p o i n t  are as follows: t h e  ax ia l  component of t he  v e l o c i t y  vector  u, t h e  
r a d i a l  component v, t h e  p re s su re  p, t he  d e n s i t y  p ,  t h e  temperature T ( the  tem- 
pe ra tu re  i s  no t  presented i n  a l l  ca ses ) .  
flow the p o s i t i o n  of t he  func t ions  i s  as follows: u, v, w, p, p .  The accuracy 
of t he  r e s u l t s  i n  the  t a b l e s  of t h i s  s e c t i o n  i s  t h r e e  t o  fou r  decimal places .  

To complete t h e  p i c t u r e  i n  a d d i t i o n  t o  t h e  three-dimensional flows 
I n  t h e  t a b l e s  f o r  

I n  t a b l e  5 ,  f o r  three-dimensional 

Figure 12 shows the  axisymmetric bodies whose h a l f  cone angle of t h e  bow 
cone i s  equal  t o  40° while the  bas i c  cone i s  Oo and 20°, r e spec t ive ly .  This 
f igu re  a l s o  shows the shock waves and the s t reamlines .  The broken l i n e  
shows the  shock wave obtained when ca l cu la t ions  were made without taking i n t o  
account the chemical r e a c t i o n s  i n  a i r .  The c a l c u l a t i o n s  f o r  t h e  pointed cyl-  
inder  a r e  c a r r i e d  o u t  f o r  t he  case M, = 20' and of t he  second body f o r  t he  
case M, = 15. The shape of t he  shock waves and of t he  s t reamlines  i n d i c a t e s  
a sharp v a r i a t i o n  i n  t h e  gas flow produced by a powerful bow shock wave and 
a s u b s t a n t i a l  expansion of t h e  gas  i n  the  region where t h e  bow cone j o i n s  
the main cone. The asymptotic na tu re  of both flows i s  c l e a r l y  seen i n  these  
i l l u s t r a t i o n s  as we l l  as the  e x t e n t  of t he  inf luence of chemical r eac t ions  
on t h e  shape and p o s i t i o n  of the shock wave. 
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Table 1 shows the values of t he  gasdynamic funct ions f o r  axisymmetric 
flows around the body w i t h  a bow cone having a h a l f  cone angle of 40° and a 
basic  cone with a half-angle  of 10' when t h e  Mach number of  the unperturbed 
flow i s  M, = 20. 

a body with a d i f f e r e n t  half-angle  of the bas i c  cone equal  t o  20° and a Mach 
number equal ,  r e spec t ive ly ,  t o  20 and 15. A t  t he  two extreme r i g h t  columns 
of t a b l e s  1, 2 and 3 w e  show t h e  flow near  i n f i n i t e  pointed cones wi th  h a l f  
cone angles of 10' and 20° wi th  equi l ibr ium chemical r e a c t i o n s  taken i n t o  ac- 
count and not  taken i n t o  account. 

Tables 2 and 3 contain the  f i e l d s  of axisymmetric flow near  

From t h e  r e s u l t s  presented w e  can draw q u a l i t a t i v e  conclusions on t h e  
p r o p e r t i e s  of t h e  computed flows: l a r g e  g rad ien t s  of t h e  gasdynamic funct ions,  
t h i ckness  of t h e  entropy l a y e r ,  shape of  t h e  shock waves, e t c .  From the  d a t a  
i n  t h e  t a b l e s  we can c l e a r l y  see t h a t  down along t h e  flow the  l a y e r  of l a r g e  
g r a d i e n t s  of t h e  func t ions  t a p e r s  o f f  and a l l  t h e  l a r g e  regions of flow be- 
ginning wi th  the  wave d i s p l a y  t h e  nature  of conic flow. Thus, f o r  a body with 
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Figure 12. Form of shock waves and streamlines: 
broken line, shock wave for a gas with k = 1.4; 
solid line, shock wave and streamline in a gas 
taking into account equilibrium chemical reactions. 
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TABLE 1 

Chemic a1 
re a c ti ons -- 

I 

t =  1.4 

0 

0.10 

0.20 

0.30 

0.40 

0.50 

0. bo 

0.70 

0.80 

0.90 

I. 00 

F 
F. 
G 

1.748 
0.830 
0.745 
4.001 

1.377 
1.156 
2.524 
10.757 

2.030 
0.354 
0.166 
I. 115 

1.382 
1.149 
2.524 
10.755 

1.388 
1.143 
2.521 
10.747 

1.393 
1.137 
2.518 
10.735 

1.398 
1.131 
2.513 
10. 719 

1.40j 
1. 126 
2.507 
io. 699 

1.408 
1.120 
2.500 
10.674 

1.413 
1. 114 
2.492 
10.645 

1.418 
1.109 

IO. 612 
2.483 

1- 423 
1.103 
2.472 
10.575 

1.428 
1.098 
2.460 

10.584 

0.9’7 
0.917 - 

::;;3 I 
1.330 , 
6.407 

1.570 

1.487 
7.013 

1.54s 
1.631 
7.556 

1.524 
1.035 
1.765 
8.053 

1.506 
1.045 
1.895 
8.617 

1.493 
1.053 

8.987 

1.482 
1. 057 
2- ‘39 
9- 420 

1.511 
I. 087 
2.258 
lo. 551 

I 

1 . 0 0 2  

1.021 

2.020 

1.132 
0.849 
I. 007 - 

I.  ti83 
0.901 
0.968 
4.951 

i. 636 
0- 946 
1.159 
5.729 

2.008 
0.404 
0.193 
1.270 

1.886 

0.40 
2.416 

1.832 
0.710 
0.541 
3.062 

1.785 
0.765 
0.686 
3.727 

0.63’s 

:: a 
0.843 
4.421 

1.710 
0.844 
I .  009 
5. 144 

1.672 
0.880 
I. 181 
5.788 

1.700 
0.925 
1.370 
7.233 

1- 771 
1.005 
I. 624 
9- 850 

I .  312 
0.660 
1.073 

X .. 

1.88 
_=I_ 

2.031 
0.3 55 
0.160 
1.075 
3142 
2.033 
0.340 
a. 162 ;;;r 
2- 033 
0.330 
0.167 
I. 123 
3142 
2.017 
0.359 
0.195 
1.280 
3193 
1.978 
0.435 
0.260 
1.634 
3308 
1.938 
0.505 
0.343 
2.076 
3407 
1.904 
0.566 
0.437 
2.566 
3494 
1.858 
0.615 
0.540 
3.012 
3639 
1.869 
0.680 
0.657 
3.812 
3552 
1.942 
:: 82 
;it,, 
2.003 
0.857 
1.060 
8. 150 
2967 

1- 540 
0.503 
1- 143 
w 

2.84 - 
2.018 
0.352 
0.191 
1.250 
3 196 
2.025 
0.321 
0,188 
I .  238 
3190 
2- 034 
0.2j3 
0. 1 2 
1.211 
3 166 
2.036 
0.271 
0.176 
I .  167 
3173 
2.040 

1. 1 7 
3155 
2.016 
0.300 
0. 197 
1.269 
3233 
2.018 
0.361 
0.232 
1.512 
3227 
2.069 
0.434 
0.279 
1.979 
3067 
2.131 
0.511 
0.343 
2.762 
2826 
2. 174 
0.586 
0.437 
4. 059 
2522 
2.199 
0.654 
0.583 
6.392 
2153 

1.943 
0.360 
i. 310 

:: :;; 

- 
75 

5.8 - 
2.028 
0.354 
0.163 
1.090 
3149 
2.026 
0.352 
0.163 
1.085 
3 ‘S7 
2.035 
0.352 
0.164 
1.105 
3130 
2.022 

:: 31:: 

:: iP 
1.221 

I. 083 

2.100 
3 176 

2 968 
2.194 
0.365 
0.162 
1.412 
2640 
2.262 
O. 350 
0.151 
1.626 
2194 
2.309 
0.313 
0.130 
1.764 
‘740 
2.323 
0.349 

2.43 
‘493 
2.332 
0.387 
0.191 
3.479 
1296 

0.248 
5.113 
1 147 

2- 769 
0.229 
1.827 

0. ‘5% 

;: gi 

28.52 

2. 053 
0.358 
0. 193 
1.30s 
3’32 
2.051 
0.350 
0. ‘93 
I .  292 
3’53 
2.263 
0.378 
0.192 
2.228 
2047 

0.3 1 
0.191 
3.471 
1306 
2.362 
0.377 
0.188 

2.3i4 

d9?72 
2.368 
0.369 
0.184 
5 .  13 ’ 
845- 6 
2.372 
0.361 
0,178 

Z o Z  

2.374 
0.352 
0.171 
5. 116 
790.4 
2.376 
0.1 4 
4.935 
782- 9 
2.376 
0.332 
0.156 
4.598 
801.6 
2-  377 
0.322 
0.150 

0.3%3 

843 
6.712 
0. ‘77 
5- 792 

2.352 
0.414 
0.200 

957. 
2.353 
0.410 
0.200 
4.927 
957.4 
2.354 
0.405 

4.920 
956.9 
2-  355 

4.93; 

0.199 

0.400 
0.199 
4.90: 

4.89; 

4.87: 

9 56. 
2.356 
0.395 
0.198 

955. 
2.357 
0.390 

953. 
2.358 
0,386 
0.195 
4.849 
952, 
2.359 
0.381 

4.821 
950.3 
2.360 
0.376 

0. 197 

0. 194 

2.361 
0.371 
0. 190 

945. 
2.361 
0.367 
0.188 

942. 

0. 199 

4.75; 

4.773 

- 
- 

2.352 
0.415 

4.738 

2- 353 
0.409 

0.200 

0.200 
4.736 

2.354 
0.404 

4.730 

2.3 55 
0.399 
0.199 
4.719 

2.356 
0.39 

4.703 

2. 357 
0.389 
0. 197 
4.684 

2.358 
0.384 

0.200 

0.195 

0.196 
4.661 

2.359 
0.379 
0. 194 
4.634 

2.360 
0.374 
0.192 
4.602 

2.360 
0- 369 
0.190 
4- 567 

2.361 
0.36 
0. 184 
4.527 

- 
0 . 2 0 0  - 



TABLE 2 - 
E - 

0 

0. 10 

0. 30 

0.30 

o. 40 

0. !io 

0.60 

0.70 

3.80 

>. go 

.. 00 

F 

1 .o 
~ 

I 

1.377 
I. 156 
2- 524 

10.757 

1.382 
1.149 
2- 524 

10.75s 

1.388 
1.143 
2.521 
10- 747 

1.393 

2.51 
10.735 

1.398 
1,136 
2.513 
IO. 719 

1.403 
I. 126 

1. '32 

2. 50g 
lo. 69 

1.408 
1.120 
2.500 

io. 674 

1.114 

io. 645 

1.418 
1. 109 

io. 612 

1.423 
1.103 
2.472 

10.575 

1.428 
I. 098 
2.460 

10.534 

0.917 
0.917 

1.413 

2.492 

2.482 

- 

1.4 

I. 890 
0.660 
0.415 

335 
1.886 
0.651 
0.416 
2.541 
3400 

2. s p  

A: 2'4 
0- 450 
2.651 
3494 
1.817 
0.732 
0.562 
3- 172 
3617 

0.7 4 
0.692 
3.760 
3730 

L7?6 
0.826 
0.836 
4.383 
3847 
I .  702 
0. as9 
0.991 
5.023 
3958 

L7$5 

0.8 622 7 
1. '83 
5 .6  5 
4054 
1.633 
0.904 
1.319 
6.271 
4185 
1- 659 
0.952 
1.498 
7.671 
3952 
1.726 
1.025 
1- 734 
0.076 
3621 

1- 253 
0.690 
1. os4 

x -- 
1.88 

1.875 
0.655 
0.420 
2.467 
3489 
1.884 
0.628 
0.421 
2.467 
3496 
1.892 
0.604 
0.424 

- 

2.198 

1.857 

2.239 

0.574 

34 6 

0.5 9 
0.43 1 

34 9 
1.896 

0.43 
2.531 
3534 
1.899 
0.573 

2. 73 
3498 
1.867 
0.597 

3632 
1.866 
0.643 
0. 595 

35 5 
1.918 
0.708 
0.695 
4.366 
3377 
1.977 

5.834 
3147 
2.020 
0.843 
1.020 
8.002 
2920 

1.529 
0.492 
1.222 

0. t s s  

;: 23 

3.1- 

0. $77 
0. 29 

~~~ ~ 

2.84 - 
1.865 
0.651 
0. 5oc 
2 . 9 m  
353 1 

1.869 
0.638 

3248 
1.868 
0.622 
O. 496 
2.822 
3582 
1.878 
0.608 

2. 14 
3560 

0.5 7 

3582 

9: 1;: 

O. 490 

1.956 

2.945 
3332 

0.5 2* OH2 0 

0.441 
3.194 
3051 
2.125 
0.575 
0.422 
3.462 
2793 

0. 2- 5 T 2 
0.431 
3.942 
2552 
2.194 
0.606 
0.474 
4. 805 
2325 
2.205 
0.646 
0.568 
6.344 
2114 

1.924 
0.354 
1.557 

76 

5.0 I 29.8 

I 
1.844 

3.589 
3669 
1- 844 
0.629 
0. $49 
3.546 
370s 
1.837 

3.4 2 
3743 
1.885 
0.610 
0- 639 
3.704 
3552 
2.019 
0.640 
0.626 
4.406 
3130 
2.113 

5.031 
2786 
2.171 
0.658 
0.590 
5- 771 
2404 

0.655 
0.571 
6.789 
1988 
2.230 
0.645 
0.549 
7.042 
1841 

0.629 
0.530 
6.403 
1955 

3.617 
3.516 
6.190 
1972 

2.624 
'* 337 
2.311 

0- 64'4 
0.64 

,": :,.z 

,": 22 

2.213 

2.225 

2.227 

- 

1.854 

:: 3;s 
3.356 

:: z'4: 
2. 'S i  

401 

2. '53 

6.926 
a311 

0.73 
0. 67 
6.883 
2322 
2. '57 
0.732 
0.677 
6.886 
2317 
2.158 
0.72s 
0.675 
6.835 
2327 
2. 160 
0.719 
0.673 
6.802 
2329 
2.162 
0.713 
0.669 
6. ni 
2329 
2.164 
0.707 
0.666 

232 
2.166 
0.701 
0.661 
6. 700 
2325 
2.168 
0.695 

6.661 
2322 

0.689 
0.651 
6.617 
2318 

0 .3  2 

6.784 

0.657 

2.171 

1 1 . 3 9  

1- 097 

Chemical 
rea c tionc 

2.127 
0.774 
0.732 
7.031 
244s 
2. 130 
0.768 
0.731 
7.029 
a445 
2.132 
0.762 
0.730 
7.021 
2444 

0.75 
0.729 
7.009 
2443 
2.136 
0.749 
0.727 
6.992 
2442 

2.139 
0- 743 
0.724 
6.971 
2441 
2.141 
0.737 
0.721 
6.94s 
2439 
2.143 
0.731 
0.717 
6.914 
2437 
2.146 
0- 725 
0.712 
6- 879 
2434 
2. 148 
0.7'9 
0.707 
6.839 
2431 
2. 150 
0.713 
0.702 

242 

2- '3% 

6- 724 

- 
0.398 - 

k =  1 . 1  

2.121 
0.772 
0.739 
5.727 

2: 124 
0.764 
0.739 
5- 725 

2. 127 
0.756 
0.737 
5.718 

2. 130 
0.749 
0.735 
5.707 

2. 133 

0.733 
5.692 

2 .  136 
4.733 
0.729 s. 672 

2. '39 
0.726 
0.725 s. 649 

2.142 
0.719 
0.720 
5.622 

2% 145 
0.711 
0.714 
5.591 

2.148 
0.704 

5.555 

2.151 
0.696 
0.701 
S. 516 

0: 741 

0.708 

- 
0.407 - - 

I 1111 I IIIIIIII m m  IIII~III 111 I I u 1 1  I I I I 111 I m i  
-..I -8.. -1....11111...1..1., 

I I I I I, 

I,... .. 



1.0 I 1.12 

I. 363 
1- 144 
2.519 
9.480 

1.369 
1.136 
2.518 
9.477 

1.375 
1.129 
2.515 
9.469 

1.381 
1.123 
2.511 
9.456 

1.387 
1.116 
2.506 
9.439 

1.392 
1. 109 
2.499 
9.417 

1.398 
1. 103 
2-49 1 
9.390 

1.402 
1. oq 
2.481 
9.359 

I. 410 
1.090 
2.471 
9.324 

1.416 

2.45 
9.284 

1.421 

1: "st 

1.077 
3- 44.5 
9- 240 

0.930 
0.930 - -- ___ 

I. 526 
1.028 
I. 641 
6- 544 

1.492 
i. 052 
1.827 
7.184 

1.466 
I. 068 
1.983 
7.711 

1.447 
1.079 
2.115 
8.153 

:: 3: 
2.227 
8. 525 

I .  421 
1 .91  

8. 2- i20 31 

1.413 
1. 034 
2.334 
9.073 

1. 409 
1.094 
2.445 
9.241 

1.409 
1.091 

9.31 

1.415 
1.084 
2.462 
9.295 

1.422 
1. on 
2.444 
9- 240 

1.039 
0- 929 

2- 463 

- 

1.4 1 1.8 
- .- . 

1.873 
0.654 
0.510 
2.376 
2782 
1.875 
0.646 
0.511 

27 2 
I. 860 
0.665 
0. 550 
2- 536 
2807 
I .  810 
0.730 
0.675 
3.025 
2872 
I,. 762 
0.78s 
0.813 
3. s55 
2932 

0.962 

1.679 
0.864 
I. 128 
4.72s 
303 5 
1.648 
0.893 
1.297 
5.350 
3074 
1.610 
0.911 
1.465 
5. 902 
3130 
1.626 
0.956 
I. 638 

1.671 
1.015 
1.839 
8.094 
2950 

I. 278 
0- 740 
1.053 

2. $79 

A: ii7 
4.130 
2988 

t O i 2  

P 

i .  874 
0.654 
0.496 
2.310 
2779 
1.881 

0.500 

27 0 

1.886 
0.613 
0.508 

0.632 

2.227 

;7g7 
1.891 
0.596 
0.515 
2.396 
2785 

0 . 5  l. 2 
0. s23 
2.414 
2800 

1.883 
0.596 
0. s63 
;.,5p,5 

1.841 
0.634 
0.652 
2.913 
2877 

0.684 
0.753 

1.829 

zag4 
1.863 
0.747 
0.866 
4.082 
2773 
1.905 
0.812 

5.143 
2598 

0. 75 
1.194 
6.710 
2381 

1- 532 
0.s55 

1.037 

1.337 

1. 194 

Che mi c a1 
reac t ions  

2.8 I 5.0 I 29.9 I 
1.867 
0.652 
0.551 
;8:44 

;8E 
0.544 

;: ;ig 

I. 871 
0.641 
0.549 

1.871 
0.628 

2.49 
2810 
1.878 
0.615 

2800 

1.884 
0. s97 
0.522 
2.402 
2807 

1.952 
0.594 
0- so5 

2660 
2.031 
0.590 
0.483 
2.670 
2410 
2.092 
0.589 

2127 

2.490 

;: ;i: 
2. 135 
0.596 

3.464 

2.158 

4.278 

0.480 

1862 

0. 622 
0.529 

1661 

0.665 

5. 64 
1506 

1.984 
0.382 
1.543 

2.169 

0.631 

I. 860 
0.649 
0.594 
2.734 
28 10 

I. 862 
0.631 
0.594 
2.722 
2820 
1.857 
0.610 
0.593 
2.695 
2837 
1- 897 
0. 604 
0.590 
2.740 
2793 
2.005 
0.620 
0.584 
3. '04 
2498 

0.631 
0.573 

2.143 

0. 55 
4.429 
1692 
2.191 
0.631 
0. 543 
5, 150 
1416 
2.217 
0.627 
0.533 
5.728 
1249 
2.212 
0.617 
0. 530 
5.472 
1300 

0.605 
0.529 
5.389 
1317 

- 

0.634 

2.212 

:: ::b 
2.311 

I .  824 
0.637 
0.687 
2. 164 
3651 
2. '47 

6.205 
1484 
2.140 

:: ad; 

:: ag 
5- 91 
1554 
2. '43 
0.723 
0.684 
5- 916 
1550 
2.146 
0.716 
0.681 
5. 908 
1547 

2. '49 
0. O. 67 703 
5.880 
1547 
2.151 
0.702 
0.674 
s. 849 
1546 
2.153 
0.695 
0. 670 
5.814 
IS45 
2. 156 
0.688 
0. 665 
5.775 
1544 

0.659 
5.735 
154' 
2. 161 
0.674 
0.652 
5.690 
1539 

0.6 2. lH8 i 

0.3 2- 8 
io. 967 

2. 113 
0.769 
0.738 
6.022 
'644 
2.116 
0.761 

1644 
2.118 
0.754 
0.737 
6.012 
'644 
2.121 
0.747 
0.735 
6.001 
1643 
2. 124 
0.740 
0.732 

2 738 
. 0 2 0  

I$' 

I6$4 

5.980 

2. 127 
0.733 
0.729 

2. 129 
0.726 
0.725 

163 
2.132 
0.719 
0.720 
5.911 
163s 
2.135 
0.711 
0.715 
5.877 
1632 
2.138 
0.704 

5. 40 
1629 
2.140 
0.697 
0.703 

0. i;"9 

:6SS7 

- 
0.405 

k =  1.4 

2. 0.76 l? 
0.742 
5.410 

2.113 
0.759 
0.742 
5.408 

2.116 
0.751 
0.741 
5-40, 

2.119 
0.743 
0.739 
5.390 

2.122 
0.735 
0.736 
5- 375 

2.125 
0.727 
0.732 
5.356 

2.128 
0.719 
0.727 
5.332 

2.131 
0.711 
0.722 
5.305 

2.134 
0.703 
0.716 
5.274 

2.137 
0- 69s 
0.710 
5. 238 

0.6 2. 1r 7 
0.702 
5.199 

- 
0.410 

77 



/74 TABLE 4 
.-.. 

x 

E 

0.0 

0. 1 

0.2 

0 .3  

0.4 

0. 5 

0.6 

0 .7  

0.8 

0 .9  

1.0 

F 
F, - 

Con: 

1 .o 

1.377 
1.156 
2. S24 
IO. 757 

1. '49 
2.524 

10.754 

1.388 
1. '43 
2. s21 

10.747 

1.393 

10.735 

1.398 

1.382 

:: 23 
1. 131 
2. Si3 

10.719 

1.403 

2. 507 
1. 126 

io. 698 

1.408 
1 . 1 2 0  
2. 500 

io. 674 

1.413 
I. 114 

10. 44 

1.418 
1.109 
2.482 
IO. 612 

1. l 0 J  
2-  472 

10.575 

1.428 
I. 098 

2.292 

1 . 4 7 1  

1:: 8;; 
0.917 
0.917 - 

dering 
1.160 

I. 516 

7.752 

1.495 

1.821 
8.2S9 

1.056 - 

1.070 

1.4i;g 

:: :kj 

1.0 0 
1.940 
8.691 

2. c44 
9.066 

1.454 

9.392 

1.093 
2.135 

1.446 
1.097 
2.215 
9.676 

1.439 
1.099 
2.294 
9- 919 

1.434 

2.343 

1.431 

2.389 
10.281 

1.430 
I .  098 

1.100 

10.122 

1.100 

IO. 2. 40 42d 
1- 43 3 
1.097 
2.448 

10.433 

1.062 
0.913 

:hemica1 reactions 
1.640 

.. . 

2.135 

0.057 
0.439 

0 

2.111 
0.110 
0.077 
0.573 

2.048 
0.308 
0.144 
0.990 

I. 986 
0.450 
0.231 
1.485 

1.925 
0-  557 
0.339 
2.054 

1.872 
0.637 
0.464 
2.685 

I .  824 
0.700 
0.607 
3.369 

I .  782 
0.751 
0.764 
4.088 

1.743 
0.792 
0- 929 
4.793 

1.786 
0.865 
1.124 
6.395 

I.  862 
0.957 
1.404 
9.286 

1.4'9 
0.59 

. -  - 

_ _  

2.040 

2.132 

0. os7 
0.443 

2.130 
0.009 
0. os7 
0.445 

2.119 
0.040 
0.069 
0. s19 

2.087 
0.166 
0.106 
0.757 

0 . 2  7 
0.160 
1.083 

0.3 6 
0.232 
1.489 

1.952 
0.470 
0.319 
1.9s1 

1.906 
0. s44 
0.423 
2.474 

1.893 
0.617 
0.541 
3.172 

1.970 
0.722 
0.704 
4.761 

2.040 
0.826 
0.971 
7.820 

0 

2. ot3 

1.938 

1.632 
0.478 

10.60 
.. . 

2- 133 

0.056 
O. 433 

0 

2. 132 
0.041 
O- 055 
O. 429 

2.138 
0.072 
O- os4 
O. 430 

2.120 
O. 095 
0. os4 
O* 414 

2.159 

0.417 

0.113 
0.052 

2.246 
0.122 
0.050 
0.461 

2.317 
0.132 
0.043 
0.532 

2.351 
0.139 

0.7 O. O t 8  4 

2.371 
0.194 
0.061 
1.314 

2.381 
0.249 
0.087 
2.333 

2.383 
0.304 
0.135 
4.225 

3- 730 
0.168 
_I_ 

78 

lot consider 
1 .o 

-~ 

1.329 
1.115 
2. s91 
6.065 

1.339 
1.103 
2.589 
6.062 

1.349 

6.055 

1.359 
1.080 
2. s78 
6.043 

1.369 

2 .5  O r  5 

6.027 

1.379 
1.059 
2. s56 
6.007 

1.388 
1.048 

5 .9  3 

1.398 
1.038 
2.526 
5.956 

1.407 
1.028 
2.508 
5.925 

1.417 
1.019 

5. 91 

1.426 
1.009 

5. s4  

0.999 
0.999 

2.5;tz 

2.487 

2.165 

- 

_ _  _- 
1.160 
. .  

1.486 
1.035 
1.865 
4.796 

1.463 
1.041 

5.043 

1.446 
1.043 

5.240 

1.434 
1.043 
2.203 
5- 403 

1.426 
1.041 
2.280 
5.536 

1.420 
1.038 

5.64 

1.416 
1.034 
2.395 
5.733 

1.415 
1.030 
2.434 
5.799 

1.416 
I. 024 

2.000 

2. i l l  

2.34% 

2. 5. Po 45 

I. 420 
1.018 
2.472 
5.867 

I. 426 
1.009 

5. 54 

1.157 
0.999 

2. 465 

g chemical reactions 
1.640 
- 

2.206 

0.088 
0.549 

0 

;: 2 
0.192 
0.956 

2.017 
0.476 
0.364 
1.496 

0. 59 
0. 536 
1.971 

1.870 

1.93% 

1.817 

0. 52 
2.742 

0. J25 

1.770 
0.764 
0.996 
3.057 

1.738 
0.79s 
I. 123 
3.346 

0. 37 
1.249 
3.861 

1- 769 
0.884 
I. 386 
4.641 

1.804 
0.934 
1.546 
5.770 

1.558 

1. J43 

0.672 
-- 

2.040 I 10.60 
- 

2.207 
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0.660 

2.208 

0.093 
0.664 

2.180 
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0.705 

2.117 
0.254 
0.206 
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2.053 
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1.316 

1.995 
0.49 1 
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0 

0.008 
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1.900 
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-- 
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0.056 
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0.273 
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0.000 
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1.049 
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0.052 
3.220 
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3.348 

10.747 
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10.861 
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0.961 
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3.423 
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0.962 

3.45 
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10.245 
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0.078 
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i. 142 

~ 
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1.077 
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3.284 
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3.357 
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3.392 

1.012 

1.00 
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10.740 
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1.147 
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1.111 
1.044 
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i. 048 
0.090 
2.836 
9.622 
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1.047 
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0. '43 
3.004 
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3.050 
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3.093 

10.444 
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1.031 
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IO. 687 
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2.773 
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1.146 
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2.920 
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1.082 
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2.961 
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1.146 
1.079 

3.036 
lo.  644 

1.163 
1.089 
0.220 
3.070 

10.904 

10.392 

0.202 

10.519 

0.211 

1.430 
1.159 

1.204 
1.131 
0.050 
2.390 
8.811 
1.202 
1. '37 
0.093 
2.467 
9.122 
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1.138 
0. 116 
2.536 
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1. '93 
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0. '33 
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9.585 
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2.706 
9.951 
1. 186 
1. 136 
0.170 
2.751 

io. 103 
1. 184 
1. '34 
0.180 
2.792 

10.239 
1. 184 
1.132 
0.189 
2.830 
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1.129 
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2.866 

1.198 
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0.205 
2.898 

10.742 

1.425 
i. 162 

10.370 

10.490 

135" 

1.247 
1.172 
0.038 
2.237 
8.688 
1.242 
1.177 
0.073 
2.318 
9.001 
1.236 
1.179 
0.091 
2- 390 
9.257 
1.231 
1.179 
0.104 
2.455 
9.481 
1.227 
1.179 
0.115 
2.513 
9.681 
1.224 
1.179 
0. 124 
2.565 
9.858 
1.221 
1. 178 
0.132 
2.611 

10.012 

1.219 
1.176 
0. 140 
2.652 

10.149 
I. 219 
1. 175 
0. 146 
2.689 

lo. 281 
1.218 
1.171 
0. 152 
2.723 

lo. 389 
1.230 
I. 178 
0.158 
2- 754 

lo. 633 

1.421 
I .  163 

157'30' 

1.279 
1.201 
0.020 
2. 136 
8. 669 
1.270 
1.205 
0.040 
2.220 
8.967 
1.263 
1.206 
0. 050 
2.294 
9.222 
1.257 
1.207 
0.057 
2.361 
9- 448 
1.252 
1.207 
0.063 
2.420 
9.648 
1.248 

2.472 
9.825 

1.206 
0.072 
2.518 
9.979 
1.243 
1.205 
0.076 
2.559 

10.113 
1.242 
1.203 
0.080 
2.596 

io. 242 
1.241 

0.083 
2.629 

1.251 
1.206 
0.086 
2.658 

10.581 

1.4'7 
1. 162 

0.06 2oi; 

1.245 

1.200 

10.341 

180" 

I .  290 
1.212 
0.000 
2 .101  
8.676 
1.280 
1.214 
0.000 
2.186 
8.964 
1.272 
1.216 ~ 

0.000 
2.261 
9.217 
1.266 
1.217 
0. 000 
2.328 
9.442 
1.261 
1.217 
0.000 
2.387 
9.641 
1- 257 
1.217 

2.440 

1.253 
1.216 
0.000 
2.486 
9.968 
1.251 
1.215 

2.526 

1.250 
I. 214 
0.000 
2.563 

io. 228 
1.249 
1.210 
0.000 
2.596 
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1.259 
1.216 
0.000 
2.625 

io. 564 

1.415 
1.161 

0.000 

9.'817 

0.000 

10.101 
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0,878 
0. 000 
2.234 
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7. 62 
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2.565 
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1.578 
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6.321 
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7.322 
1.232 
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2.252 
7.727 
1.219 
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0.117 
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2.484 
8.414 
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O. 2 - 5  l? 4 

0% 3 9  

1.221 

1.020 
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0.887 
0- 053 
1.443 
5.346 
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0.919 
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I. 660 
6.062 
1.307 
0.937 

O- 1.83 3 
6.631 

0.94 l. 288 
0. 129 
1.992 
7.116 
1.265 
0.955 

7.547 
1.251 
0.959 
0.155 
2.251 
7.932 
1.237 
0.960 
0. 165 
2.363 
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0.175 
2.465 
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0.9 2 
0.183 
2.563 
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0.197 
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1.430 
0.918 
0. 057 
1.291 
5.018 
1.384 
0.957 

1.512 
5.787 
1.350 
0.979 
0.124 

0.101 

6.3 6r 9 
1.324 
0.992 
0.142 
1.847 
6.900 
1.305 
1.001 

O. 1.9 'H7 5 
7.351 
1.288 
1. 006 
0.170 
2.109 
7.750 
1.27s 
1.009 
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1.011 
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1.27 

2.423 
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1.024 

1 . 3 3  
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1. 05 
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2.522 
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1.345 
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2.629 

10.5% 

0.9 4 
1.35 

1.483 
0.952 
0.052 
1. '43 
4.73 1 

1.431 
0.997 

5.546 
1.394 
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1.549 
6.176 
1.366 
1.037 
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1- 705 
6.709 
1.345 
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7- 17 
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1.054 
0.160 
1.967 
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1.05 

7.971 
1.301 
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0.179 
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8.304 
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0.187 
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2.484 
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135" - -  
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1.031 
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1.432 
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0.115 
1.721 
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1.348 
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1.143 
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2.04 
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1.214 

2. 244 
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0.955 
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1.019 
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1.505 
I. 036 

1.318 
5.906 
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0.729 
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0.116 
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1. 577 
0.782 
0.123 
0.896 
3- 733 

0.141 

4- 478 

0.155 

5.120 

1.437 
0.892 
0.168 
1.466 
5.684 
I. 410 
0.909 
0.179 
i. 61c 
6. 154 
1.411 

0 . 1 8 ,  
1.74' 
6.73; 
1-43! 
0.97: 
0. 19 
1.861 
7.53, 
1.47 

0. gls 34 

1. 109 

k tB 
1.297 

0.93: 

1.02 
0. 20 
2.01 
8.71 
1-53 
1.07 
0.21 
2.17 

10.54 

1.81 
0.81 - 

135" 

1.878 
0.570 
0.043 
0,256 
1.480 
1.746 
0.761 

0.489 
2.527 
1.655 
0.859 
0.089 
0.714 
3- 439 
1.592 
0.918 
0.103 
0.91 

1.544 
0.954 
0.113 
1.096 
4.871 

1. 507 
0.982 

1.261 
5.479 
1.475 
0.999 
0.130 
1.403 
5.954 
1.466 
1.024 

1. 531 
6. 535 
1.48; 
1 . 0 6 ~  
0. 14: 
1.65; 
7.40' 
1.51; 
1.10: 
0.14' 
1.79. 
8.67. 
1. 561 
1.15 
0.15 
1.95 
io. 41 

1.82 
0.86 

0.072 

4.21i 

0.122 

0. 136 

~ 

I57"30' 

1.911 
0.580 
0.023 
0.223 
1.364 
1.771 
0.783 
0.039 
0.447 
2.436 

0 .8  5 
0.049 
0.665 
3.374 
1.614 
0.945 
0.056 
0.863 
4. '67 
1.566 
0.981 
0.062 
1.037 
4- 825 
1.529 
1.010 
0.067 
1.199 
5- 441 
1.497 
1.027 
0.071 
1.340 
5.916 
1.486 
1.050 
0.075 
1- 467 
6.502 
1.500 
1.086 
0.078 
1- 592 
7.391 
1.531 

1.728 
8.657 
1- 572 
1.179 
0.084 
1.886 
io. 326 

1.821 
0.868 

1- 3 9  

0 .0  l. lr 0 



X = 1.8 
TABLE 5 (Continued) 

1 78 

E 
0. 0 

0. 1 

0. 2 

0. 3 

0.4 

0. 5 

0.6 

0.7 

o. a 

0.9 

1. 0 

F 
F, 

0" 

1- 844 
0.099 
0.000 
0.234 
1.111 

1.751 
0.305 
0.000 
0.414 
1.773 

0.43 6% 
0.000 
0.610 
2.457 
1.598 
0- 524 

0.799 
3.087 

0.000 

1.544 
0.5 7 
0.000 
0.979 
3.687 
1.492 
0.632 
0. 000 
1.148 
4.213 
1.469 
0.676 

1.305 
4.762 

0. 000 

1.488 
0.72 

1.459 
5. 448 
1.527 
0.788 

1.627 
6.386 

0.852 

1.817 
7.825 
I .  676 
0.929 

2.069 
ioi 504 

0.000 

0.000 

1.589 
0. 000 

0. ooo 

1. i s 8  
Q 57 
. _. 

1.853 
0. 10 0  
0.027 
0.223 
1.083 
1.759 
0.310 
0.037 
0.401 
1.746 
1.674 
0.445 
0.045 
0.596 
2.427 
1.605 
0.532 
0.050 
0.784 
3.058 
1.551 
0.596 
0.056 
0.964 
3.661 

0. 42 
0.060 
1.133 
4.193 

0.6 5 
0.064 
1.290 
4,742 
1.489 
0.737 
0.067 
1.443 
5.428 
1.529 
0.797 
0. q o  
1.611 
6.369 
1.589 
0.861 
0. 072 
1. 800 
7.820 
1- 675 
0.937 
0.075 
2.052 
10.497 

1.960 
0.662 

1.298 

1.484 

- 

45" 

1.881 

0.049 
0. '94 
0.984 
1.784 
0.324 
0.069 
0-366 
1.643 
1.697 
0.465 
0.083 
0.556 
2.326 
1.626 
0. 555 
0.094 
0.742 
2.967 
1.571 
0.622 
0.103 
0.921 
3.578 
i. 516 
0.669 
0.112 
1.091 
4.124 
1.487 
0.712 
0.119 
1.248 
4.669 
1.498 
0.763 
0.125 
1.400 
5.358 
1.533 
0.822 
0.130 
1.566 
6.307 
1- 590 
0.885 
0- 135 
1.753 
7.799 
1.673 
0.962 
0.140 

10.455 

1.966 
0.676 

0.101 

2.002 

67"30' 

1.922 
0.103 
0.064 
0.155 
0.855 
1.821 
0- 347 
0.090 
0.315 
1.5'3 
1.731 
0.495 
0.109 
0.496 
2.191 
1.658 
0.591 
0.123 
0.678 
2.843 
1.600 
0.661 
0.136 
0.856 
3.469 
1.544 
0.711 
0.147 
1.027 
4.034 
1. 509 
0.753 
0.157 
1.182 
4.579 
1.512 
0.803 
0. 164 
1.334 
5.267 
1. 542 
0.860 
0.171 
1- 496 
6.230 
1.595 
0. 17 

1.672 

0.186 

- 

0.924 

7.78 68i 
0.998 

10.37 
1.93 

1.974 
0.698 

1.971 
0.106 
0.069 
0.117 
0.705 
1.864 
O. 378 
0.098 
0.261 
1.368 
1.772 
O. 533 
0.118 
O. 429 
2.041 
1.697 
0.634 
0.135 
0.603 
2.702 
1.635 
0.707 
O. 149 
O. 778 
3.339 
1. 579 
0.760 
0. 161 
0.948 
3.929 
1.538 
0.801 
0.172 

4.470 
1. 532 
0.849 
0.180 
1.253 
5.160 
1.557 
0.904 
0.188 
i. 412 
6. 166 
I. 604 
0.967 
0.195 
1.599 
7.779 
1.673 
1.040 
0.205 
1.836 
io. 252 

1.981 
0.723 

1.102 

- 

2.021 
0.109 
0.063 
0.087 
0.573 
I. 907 
0.411 
0.090 
0.215 
1.229 
1.812 
0.575 
0.110 
0.368 
1.915 
1.736 
0.679 
o 126 
0.531 
2.582 

1.671 
0.754 
0.139 
0.699 
3.224 
1.616 
0.810 
0.15' 
0.866 

1.570 
0.850 
0.161 
1.019 
4.377 
1.556 
0.896 
0. 169 
1.170 
5.078 
1.576 
0.949 
0.176 
1.326 
6.128 
t. 617 
1.011 
0.183 
1.513 
7.750 
I. 678 
1.082 
0.192 
1.741 
io. 095 

1.985 
0.746 

3.837 

2-  06s 
0.111 
0.048 
0.067 
0.465 
1.944 

0.180 
1.099 
1.845 
0.612 
0.084 
0.323 

1.767 
0.721 
0.097 
0.477 
2.491 
1.700 
0.796 
0.108 
0.638 
3.150 
1.646 
0.852 
0.117 
0.799 
3.780 
1.598 
0.892 
0.125 
0.949 
4.322 
1.580 
0.935 
0.131 
1.099 
5.028 

1.596 
0.987 
0.137 
1.254 
6.113 
1.633 
1.049 
0.143 
1.438 
7- 690 
1.686 
1.117 
0.150 
1.658 
9.923 

1.986 
0.764 

:: :$ 

1.802 

2.096 
0.113 
0.025 
0.053 
0.408 
1.971 
0.455 
0.037 
0.160 

1.869 
0.636 
0- 04s 
0.29s 
1.728 
1.788 
0.748 
0. 053 
0.445 
2,433 

1.021 

A: i;; 
0.059 
0.602 
3.110 
1.665 
0.881 
0.064 
0.759 
3.761 
1.617 
0.920 
0.068 
0.907 
4.314 
1. s97 
0.962 
0.072 
1.054 
5.020 

1.611 
1.013 
0.075 
1.208 
6.107 
1.644 
1.074 
O. O T  ;: 24i 
1.693 
1.140 
0.082 
1.601 
9. 

1- 985 
n- 77s 

2.108 
0.113 

0.052 
0.391 
1.980 
0.462 

0.153 
0.999 
1.878 

0.285 
1.696 
1.796 
0.756 

0.431 
2.398 

0. 34 

3.080 

1.674 

0.000 

0.000 

0.643 
0.000 

0.000 

1327 
0.000 
0.586 

0.890 

0.740 
3.738 
1.626 
0.928 

0.887 

0.000 

0.000 

4.289 

0.96 6ol 
0.000 
I. 032 
4.974 
1.617 
1.019 

1. 184 
6.051 
1.651 
1.081 

1.361 

0.000 

0.000 

7.587 

1. 14 

1.574 
9.737 

1.984 
0.777 

1.695 
0. 000 

82 



O" I 
1.871 

0.187 
0.928 
1.855 
0.047 

0.217 
1.049 
1.793 
0.201 
0.000 
0.332 
1.476 
1.730 
0.323 
0.000 
0.464 
1.947 
1.675 
0.417 
0.000 
0. 603 
2.434 
I .  618 
0.488 

0.746 
2.903 
1.578 
0. 549 

0.886 
3.385 
1. 582 
0.616 

I. 032 
4.013 
I .  622 
0.691 
0.000 
1.201 
4 952 
1. 695 
O 773 
1.418 

1.803 

0. 000 

0.000 
0.000 

0.000 

0. 000 

0.000 

0.000 

0. OOO 

6.703 

0.874 

1.748 
10.105 

2.&1 
0.572 

22'30' 

1.880 

0,030 
0. 177 
0,893 
I. 864 
0.050 
0.038 
0.208 
I .  024 

1.801 
0.207 
0.044 
0.322 
1.449 
1.738 
0.330 
0.049 
0.453 
1.922 
I .  682 
0.425 
0.053 
0.592 
2.412 
1.624 
0.498 
0.057 
0.734 
2.885 
1.583 
0.559 
0.061 
0.874 
3.365 
1.585 
0.625 
0.064 

3.993 
I .  623 
0.700 
0.067 
I .  189 
4.937 
1.694 
0.783 
0.070 
I .  406 
6.698 
1.801 
0.883 
0.073 
1.7 5 

0.000 

1.020 

10. oio 

0.57 2- 

45" 

1.907 
0.000 
0. os5 
O. 153 
0.810 

1.889 
0.060 
0.070 
0.185 
0.948 
1.824 
0.225 
0.081 
O- 294 
1.377 
1.760 
0.352 
0.090 
0.423 

0.450 

2.343 

0.524 

1.850 
1.701 

0.560 
O. 099 

643 

0. 106 
0.701 
2. 829 
1. 597 
0.586 
0. 113 

3.313 
1.593 

0. 842 

0. 652 
0. 119 
0.988 
3. 942 
1.626 
0.726 
0. 124 
1.156 
4.890 

694 
0.809 
0.130 
1.372 
6.677 
1.796 
0.909 
O. 137 
1.698 

10. rJcfj 

2- 093 
0.594 
- 

x = 2.0 

6 

67'30' 1 90" 

1.947 
0.000 
0.072 
0.120 
0.688 
I. 926 
0.078 
0.091 
0- 153 
0.844 
1.859 
0.254 
0. 106 
0.256 
1.278 
1.793 
0.385 
0.118 
0.377 
1.754 

A: :it 
0. 130 
0.510 
2.249 
1.673 
0.565 
0. 140 
0.650 
2.749 
1.621 
0.628 
0.150 
0.791 

1.608 
0.692 
0.158 

3.238 

0. g37 
3. 69 
1.633 
0.765 
0. 164 
I .  104 
4.839 

0.172 
I .  320 
6.644 
1.789 

A: s6:8 

:: 3; 
1. y 9  

2 a 
9.8 3 

-. . 

1- 995 

0.077 
0.089 
0.561 
1.969 

0.000 

O. 0.09 1°i 
0.121 
0.731 
1.899 
0.294 
0.114 
0.215 
1.172 
1.832 
0.429 
0. 128 
0.327 
I .  648 
1.767 
0.532 
0. 141 
0.452 
2.138 

1.709 
0.613 
0.153 
0.588 
2.654 
I. 652 
0.677 
0. 164 
0.729 
3.153 
I .  628 
0.740 
0. 173 

O .  3.7 5 
1.646 
0.811 
0.180 
I .  042 
4,798 
I .  701 
0.894 
0. 189 
1.257 
6- 599 
1.784 
0.993 
0. 199 
1.567 
9.719 

2.117 
0- 645 

83 

. .  

1 12"30' 

2.045 

0.070 
0.065 
0.442 
2.013 
0.127 
0.089 
0.095 
0.616 
1.939 
0.333 
0.104 
0.179 
I. 061 
1.869 
0.476 
0 118 
0.282 
1. 549 
I .  802 
0.581 
0.131 
0.399 
2.049 

1.744 
0.664 

0.000 

0.52 O- I 4 i  
2.580 
1.685 
0.727 
0. 153 
0.666 
3.085 
I .  652 
0.788 
0.162 
0 .813  
3.718 
I .  663 
0.856 
0.169 
0.979 
4.765 
1.710 
0.940 
0.177 
I .  191 
6.531 
1.784 

0. O i 6  1 8 
1.490 
9.524 

2.127 
0.651 

TABLE 5 Continued) 
/79 

135" 

2.089 

0.053 
0.049 
0.356 
2.052 
0.146 
0.067 
0.077 
0.527 
1.976 
0.363 
0.079 
0.152 
0.952 
1.901 
0.514 
0.090 
0.247 
1.442 
1.831 
0.623 
0.101 

0. 359 
1.964 
1.772 
0.708 
0.110 
0.484 
2.526 
I .  712 
0.771 
0.118 
0.619 
3.061 
1.674 
0.828 
3 . 1 2 5  
0.763 
3.691 

0.000 

1.680 
0.896 
0. 131 
0.927 
4.744 
1.722 

0. 13 
1.135 
6.462 
1.787 
1.073 
0. 146 
1.421 
9.334 

z 131 
0. 692 

0.97: 

~ 

157"30' 

2.119 

0.028 
0.040 
0.308 
2.080 
0. 158 
0.036 
0.066 
0.476 
2.001 
0.382 
0.043 

- _ _ ~  

0.000 

:: 82 
1.923 
0.537 
0.049 
0.225 
1.374 
I .  852 
0. 650 
0 .055  
0. 334 
1.908 

1.791 
0.737 
0.060 
0.457 
2.489 
1.730 
0.801 
0.065 
0.592 
3. OS3 
I .  689 
0. 856 
0.069 
0 . 7 p  
3 .6  9 
1.693 
0.923 
0.072 
0.895 
4.737 
1.731 
1.005 
0.076 
I .  098 
6.420 
1.790 

0.0 1 
1 . 3 7  

1.378 
9. 19 

2. '33 
0. F.5 

180" 

2. 131 
0.000 
0.000 

0.037 
0.289 
2.090 
0. 161 
0.000 
0.062 
0.453 
2.011 
0.387 
0.000 
0. 128 
0.855 
1.933 

0.215 

I .  862 
0.655 
0.000 
0.320 
1. 863 

1.801 
0.742 

0.441 
2 .442  
1.740 
0. 807 

0.575 
3.020 
1.696 
0.861 

0.716 
3.640 
1.698 
0.927 

0.874 
4.665 
1.737 

1.073 
6.337 
1.796 
1.103 

9.11 

2.133 
0.706 

0. 542 
0.000 

1.332 

0. 000 

0.000 

0.000 

0.000 

1.011 
0.000 

0. OOO 

1.34i; 



6 

0.0 

0. 1 

0.1 

0 . 3  

0.4 

0.5 

0.6 

0 .7  

0.8 

0.9 

1.0 

F 
F, 

x = 2.4 
.. - - 

I 

TABLE 5 (Continued) 
180 

0" 

1.867 
0. 000 
0. 000 
0. 194 
0.961 
I. 868 

-0.01 1 
0. 000 
0.192 
0 950 
1.861 

0.205 

1. 822 
0. 130 
0.000 
0.278 
1.275 
1.776 
0.240 

0.367 
I. 605 

1.728 
0. 326 

0. 5 
1.924 
1.707 
0.406 

0.553 
2.291 
1.727 
0.485 

0.660 
2.852 

0.012 
0. 000 

1.001 

0.003 

0. C O J  

0.000 

0.000 

1.776 
0.565 

0.796 
3.797 
I. 870 
0.660 

0.993 
5- 656 
1- 972 
0.765 

1.3 16 
9.323 

2.286 
0.463 

0.000 

0.000 

0.000 

22"30' 

1.876 

0 .037  
0.185: 
0.926 
1.877 

d . 0 1 1  
0.046 
0. 183 
0.920 

1.869 
0.016 
0.049 
0. 198 
0- 979 

0. 000 

0. l. 822 13 

1.789 

0.052 
0.271 
1.257 

0. 24 
0.055 
0. 360 
1. 588 

1.733 
0.336 
0.058 
0.450 
1.909 
I. 710 
0.416 
0.061 
0.545 
2.275 
1.728 
0.494 
0.063 
0.653 
2.838 
1.776 
0.574 
0.065 
0.788 
3.788 
1.868 
0.670 
0.067 
0.986 
5.640 
1.969 
0.776 
0.070 
1.307 
8.996 

2.292 
0.469 

45" 

1.901 
0.000 
0.068 
0. 160 
0.837 
1.904 

0.085 
0. '59 

1.893 
0.03 1 
0.091 
0. 178 
0.919 
1.849 
0.161 
0.097 
0 .252  
1.209 
1.803 
0.273 
0.103 
0.338 
1.542 

1.751 
0.363 
0.103 
0 . 4 2 )  
1.871 
1.721 
0.443 
0. 113 
0. 524 
2.236 
1.734 
0.521 
0.117 
0.632 
2 .798  
1.777 
0.602 
0. 120 
0.768 
3.763 
1.864 
0.699 
0. 126 
0.965 
5.595 

4 . 0 1 0  

0.834 

A: 2% 
0.130 
1.283 
8.915 

2.307 
0.486 

67'30' 

1.940 
0.000 
0.089 
0.126 
0- 713 
1.944 

---0.010 
0.110 
0. 126 
0.720 

1.927 
0. os9 
0.118 
0. l S 3  
0.849 
1.878 
0.200 
0.127 
0.224 
1.152 
1.8?3 
0.311 
0.135 
0.305 
1.486 

1.779 
0.404 
0.142 
0.39; 
I. 824 
1.740 
0.484 
0. '49 
0.492 
2.193 
1.744 
0.562 
0. '54 
0.600 
2.757 
I. 780 
0.643 
0. '59 
0.736 
3.730 
1.861 
0.742 
0.166 
0.933 
5- 530 

0. 50 
0. '73 
1- 244 
8.792 

2.329 
0.511 

1 . p  

6 
. ~ -. 

90" I 112"30' 

1.989 2.040 
0.000 I 0.000 
0. 095 
0 . 9 3  
0.579 
1.992 

4 . 0 0 7  
0.117 
0.094 
0.589 
1.966 
0.098 
0. 126 
0.127 
0.759 
1.913 
0.249 
0. 136 
0.195 
1.078 
1.866 
0.361 
0. 146 
0.271 
1.416 

1.812 
0.456 
0.155 
0.353 
1.772 
1.766 
0.533 
0. 163 
0.454 
2. 141 
1.759 
0.609 
0.169 
0. 562 
2.707 
i. 788 
0.692 

0.698 
3.688 
1.859 
0.793 
0. 182 
0.893 
5.439 
1.939 
0.900 
0.191 
1.194 
8.623 

2.353 
0.540 

0. 174 

. .__ 

84 

0.087 
0.068 
0.460 
2.040 

4 . 0 0 3  
0.106 
0.070 
0. $70 
2.007 
0.135 
0.115 
0.104 
0.666 
1.951 
0.296 
0.125 
0. 168 
0.998 
1.899 
0.414 
0.134 
0.240 
1.349 
1.844 
0.510 
0.143 
3 326 
1.735 
1.793 
0 . 5 8 5  
0.151 
0.420 
2.122 

1.777 
0.658 
0.158 
0. 527 
2.687 
I. 800 
0.741 
0.163 
0.661 
3.650 
1.862 
0.843 
0.172 
0.851 
5.351 
1.932 
0.948 
0. 180 
1.140 
8- 439 

2.373 
0.569 

135" 

2.085 
0.000 
0.065 
0 . O S l  
0 373 
2.083 
0.002 
0.080 
0.053 
0.384 
2.043 
0. 165 
0.087 
0.087 

- 

0.589 
1.984 
0.333 
0.095 
0. 146 
0.920 
1.927 
0.455 

0.215 
1.281 

1.872 
0.554 

0.303 
1.699 
1.816 
0.629 
0. 116 
0.395 
2.114 

1.793 
0.701 

0. 501 
2.680 
i. 812 
0.785 
0.127 
0.633 
3.628 
1.867 
0.885 
0.133 
0.815 
5.282 
1.928 
0.988 
0.140 
1.091 
8.265 

2.387 
0.593 

0.102 

0.110 

0.122 

- 

157"30' 

2.117 

0.035 
0.042 
0.321 

0.005 
0.042 
0.044 
0.333 
2.068 
0. 183 
0.047 
0.077 
0- 539 
2.008 
0.355 
.o. 051 
0. 132 
0.866 

0 .4  1 
0.056 
0. '93 
1.232 

1.892 
0.582 
0.063 
0 . 2 8 1  
1.666 

0.658 

0.000 

2.112 

1.918 

1.833 

0.37 O. 06t 
2.100 

1.804 
0.73 1 
0.067 
0.485 
2.675 
1.820 
0.815 
0.069 
0.615 
3.616 
1.871 
0.915 
0.073 
0.793 
5.242 
1.927 
1.0'5 
0.078 
1.059 
8.144 

:: 2% 
~ 

__ 
180" 

2.129 
0.000 
0.000 
0.039 
0.306 
2.123 
0.007 
0.000 
0.041 
0.3 16 

2.078 
0.188 

0- 073 
0.523 
2. or8 
0.360 

0. 126 
0- 843 
1.957 
0.486 

0.192 
1.205 

1.902 
0.587 

0.274 
1- 639 
1.842 
0.663 

0.368 
2.079 
1.810 
0.735 

0.474 
2.636 
1.825 
0.820 

0.601 
3.559 
1.877 
0.920 

0.775 
5.180 
1.931 
1.021 
0.000 
1.036 
8.052 

2.394 
0.610 

. .  
~ 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

- 



E 

0.0 

0. 1 

0. a 

0.3 

0 . 4  

0. 5 

0.6 

0. 7 

0.8 

0.9 

1.0 

F 
F, 
.. . . 

__ . -. . 

0" I 22"30' I 45" 
- 

1.867 
0.000 
0.000 
0. '93 
0.975 
1. 860 

4 . 0 0 1  
0.000 
0. 192 
0.965 
1.869 

4 . 0 0 4  
0.000 
0.188 
0.941 
1.873 
0.001 
0.000 
0. 187 
0.943 
1.w 

0.217 
1.057 
1.818 
a. 165 

0.273 
1. 253 
1.810 
0.250 
0.000 

O. 333 
1. 536 
1.837 
O. 332 
0.000 
0.406 
1.963 
1.898 

0.068 
0.003 

0.000 

0.422 
0.000 
0. 10 
2. bo1 
2.010 

0. OOO 
0.531 

0.675 
4.451 
2.104 
0.645 
0. 030 

;: it:; 
2.521 
0.375 

. -. 

1.876 
0.000 
0.045 
0.185 
0.921 
1.877 

-0.001 
0.054 
0.184 
0.917 
1.878 

- 0 . 0 0 4  
0.056 
0.180 

1.881 
0.003 
0.057 
0.180 
0.898 
1.858 

0.890 

O. 0. 07i; 05 
0.213 
1.025 

1.823 
0. 173 
0.063 
0.265 
1.222 

I .  813 
0.259 
0.061 
0.328 
1.501 

0.341 
0.061 
0.402 
1.932 
1.897 
0.432 
0.063 
0. 506 
2.766 
2.009 
0. 542 
0.065 
0.670 
4.407 
2.101 
0.656 
0.067 
0- 96s 
7.782 

0.3 o 

1.838 

2.540 

I. 900 
0.000 
0.084 
0. 161 
0.852 
I. 902 

-0.001 
0. 100 
0.161 
0.849 
1- 903 

4 . 0 0 4  
0. 104 
0.157 
0.828 
1.903 
0.013 
0. 106 
0. 161 
0.854 
1.877 
0.102 
0.103 
0.205 
1.012 

1.839 
0. 193 

0.251 
1.209 
1.822 
0.285 
0.113 
0.314 
1.484 
1.841 

' 0.368 
0. 114 
0.388 
1.914 
1.896 
0.461 
0.117 

2.73 

0.573 

0.655 
4.358 
2.092 
0.690 
0.124 
0.949 
7.730 

2.555 
0.397 

0.113 

0 . 4 9 i  

2.002 

0.121 

.~ - 

x = 2.968 
- 

6 

TABLE 5 (Continued) 
/81 - 

67"30' I 90" 

1.937 

0. 130 
0.740 
1- 939 
0.131 
0. 129 
0.737 
1.942 

-0.004 
0.135 
0. 127 
0.723 
1.935 
0.037 
0. 137 
0.139 
0.784 
1.905 
0. 143 
0 . 1 4 1  
0. 182 
0.979 
1.865 

0.145 
0.2?4 
1. 184 
1.839 
0.324 
0. 148 
0.295 
1 451 
1.849 
0.409 
0.151 
0. 69 

1.896 
0. 504 
0. 154 
0.473 
2.684 
1.995 
0.620 
0.160 
0.634 
4.281 

0- 73 
0.165 
0.922 
7.630 

2.591 
0.422 

0.000 
0.110 

4 . 0 0 1  

d 3.239 

1. i82  

2. u73 

- .. 

1.983 
0.000 

O. 0.09 l1Z 
0.617 
1.986 

0. 140 
0.097 
0.614 
1.989 

4 . 0 0 2  

--0.002 
0.144 
0.097 
0.610 
1.971 
0.074 
0.147 
0.118 
0.717 
1,938 
0.193 
0 .151  
0. 162 
0.938 

1.897 
0.290 
0.157 
c. 214 
1. 167 
1.861 
0.374 
0. 161 
0.274 
1.429 
1.860 
0.459 
0. 165 
0.348 
1.855 
1.900 
0 .555  

2.627 
1 990 
0.674 
0.176 
0.607 
4.189 
2.065 
0.795 
0. 182 
0.889 
7.513 

2.632 
0.453 

0.44 O. 

85 

I 12'30' 

2.035 

0.109 
0.072 
0.485 
2.036 

--o. 005 
0.128 
0.072 
0.481 
2.037 
0.004 
c. 132 
0.073 
0.494 

0.000 

2.011 
0.112 
0.135 
0.099 
0.640 
1.973 
0.238 
0.139 
0. 142 
0.878 

1.930 
0.340 
0. 144 
0.194 
1.138 
I. 886 
0.426 
0. '49 
0.255 
1.418 
1.873 
0.511 
0. '53 
0. 329 
1.841 
1.908 
0.608 
0.158 
0.426 
2.580 
1.987 
0.728 
0. 165 
0.579 
4.095 
2. 054 
0.849 
0.172 
0. 853 
7.373 

2.660 
0.483 

- 

135" 
_- - 

2.078 
0.000 
0.083 
0.054 
0.389 
2.081 

- 0 . 0 0 9  
0.097 
0.054 
0.386 
2.078 
0.012 
0.099 
0. 057 
0.407 
2.047 
0. '43 
0.102 
0.084 
0.569 
2.004 
0.273 

0 .125  
0.803 

1 961 
0' 379 
0. 110 
0 176 
I. 081 
1.910 

0.114 
0.238 
1.381 
1.888 
0.556 
0.118 
0. 313 
1.805 
1.915 
0.655 

2.539 
1.987 
0. 774 
0.128 
0.557 
4.022 
2.046 
0.894 
0. '34 
0.820 
7.215 

2- 697 
0- 509 

0. 106 

0.469 

0.122 
0. 4.09 

--_ __ 
157'30' 

2.111 
0.000 
0.045 
0.045 
0.343 
2.112 

4 . 0 1 1  
0.052 
0.044 
0.339 
2.106 

0.053 
0.049 
0.367 
2.072 
0. 163 
0.055 
0.075 
0.532 
2.027 
0.295 
0.057 
0.115 
0.762 

0.404 
0.060 
0.165 
1.046 
1.929 
0.497 
0.062 
0.227 
1.356 
1.900 
0.586 
0.065 
0.301 
1.777 
1.922 
0.686 
0.067 
0.397 
2.506 
1. 88 
0.306 
0.071 
0.543 
3.971 
2.042 
0.924 
0.075 
0.798 
7- 148 

2.714 
0.527 

0.021 

1.983 

1 SO" 

2.123 

0.041 
0.318 
2.124 

- 0 . 0 1 3  

0.041 
0.315 
2.117 
0.022 
0.000 
0.046 
0.346 
2.082 
0.166 
0.000 
0.072 
0.514 
2.036 
0.298 

0.743 
1.992 
0.408 

0 .15)  

1.938 
0. 502 
0.000 
0.221 
1.338 
1.905 
0- 590 
0.000 
0.294 
1.747 
1.927 
0.692 
0.000 
0.387 
2.459 
1.993 
0.813 
0.000 
0. 530 
3.916 
2.044 
0.931 
0.000 
0.780 
7- 074 

2.715 
0.529 

0.000 
0.000 

0.000 

0. OOJ 
0.110 

0.035 

1. 026 

- 



E 

0.0 

0. 1 

0. 1 

0.3 

0 . 4  

0. 5 

0.6 

0. 7 

0. 8 

0.9 

1.0 

F 
Fx 

0" 

1.878 
0. 000 
0. 000 
0. 174 
0.875 
1.879 
0.011 
0.000 
0. 174 
0.870 
1.882 
0.019 
0. coo 
0. 172 
0.867 
1.879 
0.022 
0. 000 
a 169 
0.858 
I. 882 
0.022 
0.000 
0.165 
0.828 
1.898 
,s.046 

3. '73 
0.902 
1.923 

0.209 
1.134 
1.972 
0.206 

0.260 
1.532 
2.068 
0.300 

0.331 
2.250 
2. 165 
0.403 

0.448 
3.667 

0.501 

0.659 
6.646 

2.861 
0.287 

0.000 

0.121 
0. 000 

0. 000 

0.000 

0.000 

2.220 

0.000 

- 

22"30' I 45" 

1.884 

0.058 
0. 168 
0.858 
1.886 
0.011 
0.065 
0. 168 
0.856 
1.889 
0.019 
0.066 
0. 166 
0.853 
1.887 

0.065 
0. 163 
0.843 
1.888 
0.023 
0.063 
0.159 
0.815 

1.901 
0.053 
0.062 
0. 170 
0.896 
1.923 
0.131 
0.062 
0.207 
1.131 
1.971 
0.216 
0.062 
0.257 
1.526 
2.066 
0.311 
0.062 
0.328 
2.239 
2.162 
0.415 
0.063 
0.445 
3.651 
2.217 
0.514 
0.063 
0.656 
6.643 

2.876 
0.293 

0. OOO 

0.022 

1.904 

0.108 
0.150 
0.799 
i. 906 
0.013 
0.122 
0. 150 
0. 801 
1.908 
0.021 
0.123 
0. 149 
0. 800 
1.909 
0.024 
0.120 
0. 147 
0.794 
1.907 

0.117 
0. 145 
0.771 
1.909 
0.077 
0.116 
0. 163 
0.873 
1.926 
0. '59 
0.115 
0.200 
1. 106 
1.969 
0.244 
0.114 

2.060 
0.342 
0. 116 
0. 319 
2.181 
2. '55 
0.449 
0.117 
0.435 
3.581 
2.208 
0.551 
0.118 
0.646 
6.605 

2.918 
0.309 

0.000 

0.027 

O. 1.4 28 

x = 4.008 

. .. 

67"30' 
- 

1.935 

0. 144 
0.125 
0-714 
1.938 
0.014 
0. 162 
0. 126 
0.720 
1.940 
0. 162 
0.125 
0.717 
1.944 

0. 157 
0.123 
0.712 

1.937 
0.042 
0. 153 
0. 127 
0.721 

I. 922 
0.118 
0. 152 
0.154 
0.855 
1.931 

0.151 
0. i9i 
I. 081 
1.969 
0.288 
0.150 
0.238 
1.440 
2.053 
0.389 
0. 153 
0.306 
2.108 
2.145 
0.500 
0- 155 
0.420 
3.482 
2. 196 
0.604 
0.157 
0.629 
6. 550 

2.980 
0.334 

0.000 

0.021 

0.022 

0.201 

. .  

6 

90" 

1.978 
0.000 
0. 158 
0.099 
0.609 
1.980 
0.012 
0.177 
0.099 
0.616 
1.982 
0.018 
0.176 
0.098 
0.612 
1.987 
0.019 
0.170 
0.097 
0.609 
1.972 
0.077 
0. 166. 
0. 113 
0.685 

1.944 
0.167 
0.165 
0.114 
0.840 
1.942 
0.253 
0. 164 
0. 181 
1.057 
1.971 
0.341 
0. 164 
0.226 
1.399 
2.048 
0.445 
0. 167 
0.292 
2.038 
2-  134 
0.560 
0.170 
0.403 
3.380 
2.182 
0.667 
0.173 
0.608 
6.485 

3.052 
0.364 

1 12"30' 
- 

2.026 
0. OOO 
0. 148 
0.075 
0. 504 
2.028 
0.008 
0.166 
0.076 
0- 507 
2.030 
0.009 
0. 163 
0.075 
0.501 
2.030 
0.023 
0.156 
0.077 
0.516 
2.009 
0.116 
O. '53 
0.101 
0.646 

1- 974 
0.213 
0.152 
0. 132 
0.811 
1.958 
0.303 
0.152 
0.169 

1.978 
0.395 
0. 152 
0.214 
1.350 
2.045 
0.502 
0.155 
0.279 
1.968 
2.126 
0.620 
0. 160 
0.385 
3.277 

0.72 2. 
0.163 
0.584 
6.403 

3' 122 
0.396 

1.020 

135" 

TABLE 5 (Continued)/8p 
1 

2.071 
0.000 

0.05 O. "1 
0.408 
2.072 
0.003 
0.128 
0. os9 
0.407 
2.076 

4.003 
0.124 
0.057 
0.401 
2.068 
0.037 
0.119 
0.065 
0.444 
2.043 
0.149 
0.117 
0.090 
0. 596 
2.005 
0.251 
0. 117 

0.770 
1.978 
0.345 
0. 117 
0. 158 
0.977 
1.988 
0.440 
0.117 
0.203 
1.304 
2.046 
0. 550 

0.121 

0.125 

O- 1.90 26i 
2.120 
0.670 
0.124 
0.371 
3.193 
2. 159 
0.779 
0.127 
0.564 
6.131 

3.177 
0.423 

.. . 

157"30' 

2.104 

0.062 
0.000 

0.3 O. O t 8  1 

2.105 
-0.003 
0.06 
0.04% 
0.356 
2. 108 

4.012 
0.067 
0.047 
0.351 
2.095 
0.052 
0.064 
0. 057 
0.413 
2.067 
0.170 
0.064 
0.082 
0.568 

2.029 
0.275 
0.064 
0.113 
0- 749 
1.994 
0.372 
0.064 
0.150 
0.957 
1.998 
0.470 
0.065 
0.19s 
1.282 
2.050 
0.582 
0.066 
0.258 
1.878 
2.117 
0.704 
0.068 
0.360 
3.145 
2 . 1  53 
0.813 
0.071 
0.551 
6.292 

3.213 
0- 442 

180" 

2.117 

0.045 
0.338 
2.118 

-0.006 

0- 045 
0.332 

4 . 0 1 7  

0.044 
0.329 
2.104 
0.054 

0.055 
0.398 
2.076 
0- 174 

0.079 
0. 5.52 
2.038 
0.280 
0.000 
3. 110 
0.735 
2.001 
0.377 
0.000 
0.146 
0.938 
2.001 
0.476 
0.000 
0. 191 
1.255 
2. 054 
0.589 

0.252 
1.845 

0.712 

0.351 
3. 103 
2- 154 
0.821 

0.539 
6.252 

3.218 
0.446 

0. OM) 
0.000 

0.000 

2.120 

0.000 

0.000 

0.000 

0.000 

2. 121 

0.000 

0.000 

- 
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. .. _ _  

E 

0.0 

0. 1 

0. 2 

0.3 

0.4 

0. 5 

0.6 

0. 7 

0. 8 

0.9 

1.0  

F 
FZ 

.. . - 

0" 
-. - - 

1.919 
0.000 
0.000 
0.118 

1.918 
0.000 
0. 000 
0.118 
0.641 
1.9'5 
0.004 
0.000 
0. 119 
0.644 
1.917 
0.013 

0.654 
1.961 
0.027 

0.124 
0.718 

2.034 
0.041 
0.003 
0.127 
0.820 

2. 138 
0.060 

0. 128 
0.961 
2.231 
0.077 

0. 130 
1.155 
2.286 
0. 144 
0. 160 
I .  722 
2.321 
0.216 

0.217 
2- 965 
2.341 
0.283 

0.319 
5.480 

3.609 
0. 170 

0.644 

0.000 
0 .121  

0. om 

0.000 

0.000 

0.000 

0.000 

0.000 

22"30' 
_____ 

1.97 
0.oou 
0.076 
0.115 
0.634 
I .  921 
0.002 
0.077 
0.116 
0.633 

A: :A2 
0.075 
0.117 
0.637 
1.920 
0.019 
0.072 
0.1'9 
0.644 
1.962 
0.033 
0.068 
0.121 
0.708 

2.033 
0.051 
0.065 
0.124 
0.807 
2.136 
0.066 
0.064 
0.125 
0.938 
2.228 
0.085 
0.063 
0. 127 
1.129 
2.284 
0.157 
0.061 
0.159 
1.701 
2.319 
0.229 
0.060 
0.215 
2.942 

0.29 

0.31 
5.475 

3.642 
0.175 

2.33j 

0- 053 

-~ 

- _-- 
45" 

1.932 
0. 000 
0. 146 
0. 106 
0. 604 
1- 930 
0.008 
0.148 
0.108 
0.610 
1-93 1 
0.018 
0. 142 
0.110 
0.622 
1.929 
:: :;i 
0.112 
0.630 
1.967 
0.050 
0.128 
0. 114 
0.681 

2.032 
0.068 
0. 122 
0.116 
0.764 
2. 130 
0.081 
0. 118 
0. 116 
0.867 
2.220 
0.112 
0.117 
0.121 
1.063 
2.277 
0. 194 
0. 114 
0.155 
1.643 
2.313 
0.266 
0.112 
0.210 
2.876 
2- 332 
0.338 

5.459 

3.738 
0.190 

0.110 
0- 31s 

x = 7.448 
TABLE 5 (Concluded) 

& 

-i - 

67'30' 

1.946 
0.000 
0.203 
0.09 
0.54i 
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1.950 
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0.101 
0.581 
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O. 585 
1.976 
0.071 
O. 173 
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0.623 

0.087 
0. 162 
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0. 156 

0.753 
2.205 
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2.267 
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2.304 
0.323 
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0 .102  
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I 

6 
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'.9%4 
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0. s98 
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0. 167 
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0.319 
0. 098 
0.823 
2.237 
0.420 
0.119 
0.125 
1.269 
2.274 
0.512 
0.117 
0. '74 
2.432 
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a half  cone angle of 20° when x = 29.8 a l l  func t ions  when 5 2 0.05 a re  c lose  
t o  t h e i r ' v a l u e s  i n  the  corresponding conic flow. The l a y e r  of t h e  l a rge  values 
of entropy f 'unctions i n  t h i s  case i s  "compressed" d i r e c t l y  t o  t h e  surface of 
the body and consequently the  values of a l l  t h e  func t ions ,  except of t he  pres -  
sure ,  a t  t he  po in t  5 = 0 d i f f e r  sharply from t h e i r  values a t  adjoining po in t s .  
Depending on the  v a r i a t i o n s  i n  the  func t ions  wi th  coordinate  x we note the  
phenomenon of flow reexpansion. 
func t ions  p and p .  

It i s  most c l e a r l y  seen i n  t h e  examples f o r  

Figure 13 shows the  v a r i a t i o n  i n  t h e  slope of t he  tangent  t o  t h e  shock '  
wa7;e Fx a s  a func t ion  of the  coordinate  x. 

t i o n s  shown i n  t a b l e s  1, 2, 4 and a re  obtained i n  the  ca l cu la t ions  which con- 
s i d e r  the eqil i l ibrium chemical r eac t ions .  We observe the  unique behavior of 
Fx i n  the  region where t h e  shock wave i n t e r a c t s  wi th  t h e  r a r e f a c t i o n  wave 

fomed during the flow p a s t  a region wi th  a sharp v a r i a t i o n  i n  curvature .  The 
broken l i n e  i n  f i g u r e  13  shows the l i m i t i n g  values  of F . Table 4 shows the  

r e s u l t s  of the ca l cu la t ions  f o r  the  flow around t h e  body cons is t ing  of a bow 

Curves 1, 2, 4 correspond t o  var ia -  

X 

Figure 13. Var ia t ion  i n  t h e  s lope of t h e  shock wave 
a s  a func t ion  of coordinate x: broken l i n e  shows t h e  
l i m i t i n g  values;  numbers a t  the  curves coincide wi th  
the  numeration of t he  t a b l e s  f o r  t h e  r e spec t ive  
va r i a t ions .  
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cone with a half-angle  of 40° connected t o  a cyl inder .  
c a r r i e d  ou t  f o r  M, = 20 t ak ing  i n t o  account t he  equi l ibr ium chemical r e a c t i o n s  

and a l s o  neglect ing them (k  = 1.4) .  By comparing the  r e s u l t s  of t h e  t a b l e s  w e  
can see t h a t  i n  t h e  region with an in t ense  expansion of the flow the  most 
s i g n i f i c a n t  d i f f e rences  are observed i n  t h e  d e n s i t y  as w e l l  a s  i n  the pressure.  

The ca l cu la t ions  a r e  

Figures 14-19 p resen t  some graphs f o r  gasdynamic and thermodynamic func- 
t i o n s  obtained i n  c a l c u l a t i n g  t h e  three-dimensional flow around a body repre-  
sented i n  f igu re  14. The c a l c u l a t i o n s  w e r e  c a r r i e d  out  taking i n t o  account 
equi l ibr ium chemical r e a c t i o n s  w i t h  a Mach number of t he  unperturbed flow equal  
t o  M, = 20 and angles  of a t t a c k  a = Oo, 50r l o o .  The graphs of f i g u r e s  14-16 

show the  v a r i a t i o n  i n  t h e  func t ions  wi th  t h e  coordinate X. The v e r t i c a l  l i n e  
on the  a x i s  of t h e  absc i s sas  des igna te s  t h e  p o i n t  where the  g e n e r a t r i x  of 
the t r a n s i e n t  region i s  connected t o  the bas i c  cone ( t h e  connecting p o i n t  with 
the  bow cone has a coordinate  x = 1). 
5 = 0 a r e  drawn with a s o l i d  l i n e  while t h e  curves corresponding t o  t h e  coordi- 
nate 5 = 1 are drawn by a broken l i n e .  A very l a r g e  v a r i a t i o n  i n  a l l  func t ions  
takes  place i n  the region from x = 1 t o  x = 2 p a r t i c u l a r l y  on the  su r face  of t he  
body ( 5  = 0 ) .  D i r e c t l y  behind t h e  shock wave ( 5  = 1) the  v a r i a t i o n s  a re  a l s o  
qu i t e  s u b s t a n t i a l  but  more uniform. On t h e  surface of the body when x > 3 t h e  
funct ions are almost independent of t h e  coordinate x .  Behind the shock wave 
t h i s  phenomenon i s  observed much f a r t h e r  along the flow when x > 15.  A n  i n -  
t e r e s t i n g  f e a t u r e  associated wi th  the  behavior of t h e  func t ion  v i s  t h e  s l i g h t  
increase i n  i t s  value on t h e  shock wave when x > 1. We should a l s o  note t h e  
sharply defined maximum concentrat ion of t h e  ni t rogen oxide i n  the  region of 
the sharply expanded flow. I n  t h e  plane 8 = 0' we observe a s u b s t a n t i a l  re- 
expansion of t he  flow ( f i g .  15) .  

fi 
The curves corresponding t o  t h e  coordinate 

Figure 17 shows the  func t ions  p and w as they vary with t h e  coordinate 9. 
Figures 18 and 19 show the  v a r i a t i o n  i n  gasdynamic and thermodynamic funct ions 
depending on the value of the coordinate 5 f o r  d i f f e r e n t  values of x .  These 
graphs c l e a r l y  show the evo lu t ion  of the entropy l a y e r .  

Tables 5 and 6 p resen t  some c a l c u l a t i o n  r e s u l t s  f o r  three-dimensional flow 
around the body cons i s t ing  of a bow cone w i t h  a half-angle  of 46.90 and of a @  
cyl inder .  The connection p o i n t  corresponds t o  the  coordinate x = 1.925. The 
angle of a t t a c k  of t he  body i s  Q = 5 O .  
i s  M, = 20. The t a b l e  p re sen t s  d a t a  on the  gasdynamic funct ions for nine 
values of t h e  coordinate x ,  e leven values of t he  coordinate 5 and nine values 
of t h e  coordinate 8. 
coordinate of t h e  body surface r = G f o r  t hese  same sec t ions  when 5 = 0. The 
number k r ep resen t s  t h e  r a t i o  of t h e  enthalpy t o  the  i n t e r n a l  energy 

The Mach number of t h e  unperturbed flow 

Table 6 p re sen t s  t h e  a i r  composition, temperature and 

I n  t a b l e  6 the  value k i s  given behind t h e  shock wave i n  a l l  cases  ( 5  = 1). 
the case of a gas wi th  constant  s p e c i f i c  h e a t s  k = c / e  

P v' 

I n  
w e  note t h a t  t he  



I 
1 1 1 1 

1 -I_. -___I I __ 
5 7u 15 zL7 x 

Figure 14. Variation in velocity components as a 
function of coordinate x: solid lines are for body 
surface; broken lines are for shock wave surface. 
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Figure 15. Var ia t ion  i n  pressure and temperature as a 
fbnc t ion  of coordinate x: solid l i n e s  are f o r  t h e  body 
surface; broken l i n e s  a r e  f o r  t h e  shock wave su r face .  
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Figure 16. Variat ion i n  the  concentrat ion of 
n i t rogen  oxide as a func t ion  of coordinate x: 
s o l i d  l i n e s  are f o r  t h e  body surface;  broken 
l i n e s  are f o r  t he  shock wave su r face .  

quan t i ty  k - 1 changes by a f a c t o r  of two. Therefore,  t he  c a l c u l a t i o n  of such 
flows with some constant  "e f f ec t ive"  k l e a d s  t o  s u b s t a n t i a l  e r r o r s .  

I n  conclusion we note Lhat a l l  c a l c u l a t i o n s  c a r r i e d  ou t  i n  t h i s  s ec t ion  
u t i l i z e  the coordinates  x, 5 ,  8, where 

The computed values of  t h e  funct ions before they  were p r i n t e d  o u t  were /86 

A l l  t a b l e s  and graphs w i t h  the  r - G  i n t e r p o l a t e d  over e q u i d i s t a n t  values E=- 
exception of t a b l e  5 presen t  p r e c i s e l y  these values of t h e  funct ions.  Tab le  
5 shows the  values  of t h e  func t ions  from the  computation p o i n t s  w i th  equ id i s -  

t a n t  values y. 
@(x,  S) f l w h e n  1 .4  s x 

F - G '  

I n  t h e  c a l c u l a t i o n s  it was found t h a t  i n  the  given case 
2.4. The corresponding values  of @ are shown i n  
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Figure 17. Variation in pressure and circumferential velocity 
component as a function of coordinate 8: solid line is for the 
body surface; broken line is for the shock wave surface. 

Figure 18. 
component as a function of coordinate 5 .  

Variation in axial velocity 
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and atomic nitrogen as a function of coordinate 5. 
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1.276 
1.562 

3726 
0.006 
0.323 
0.645 

0.015 
1.321 
1.562 

3 506 

0.312 

0.649 

3 787 

0. 002 

0.012 

0.001 

0.018 
1.362 
1. 562 

3 529 

0.311 
0.649 

0.012 

0.001 

0.018 

1.562 

3533 

0.311 
0.649 

0.019 
1.280 
1.562 

3 507 
0.013 
0.309 
0.650 

0.019 
1.323 
1. 562 

3473 

0.312 
0.650 

0.018 

1.562 

I. 243 

0.012 

0.001 

0.001 

0.012 

0.001 

1.363 

TABLE 7 

3280 
0.028 
0.282 

0. 000 
0.022 
I. 248 
1.562 

3 260 
0.031 
0.275 
0.661 
0.000 

0.023 
1.284 
1.562 

3282 
0.029 
0.280 
0.660 
0.000 

0.023 
1.325 
1.562 

3271 
0.027 
0.284 
0.659 
0.000 

0.022 

1.364 
1.562 

0.659 

3073 
0.052 
0.239 
0.675 

0.025 
1.253 
1.562 

3081 
0.052 
0.239 

0.000 

0.675 

0.025 
1.289 
1.562 

3 w 9  
0.050 

0.243 
0.673 

0.025 
1.329 
I. 562 

3 147 
0.041 
0.259 
0.668 
0.000 

0.024 
1.365 
1.562 

0.000 

0.000 

-. . - 

135" 

2916 
0.078 
0.197 
0.691 

0.025 
?. 259 
1.562 

a962 
0.069 
0.211 
0.686 

0.025 

1.294 
1.562 

2972 
0.069 
0.211 
0.685 

0.025 
1- 332 
1.562 

0.059 
0.228 

0.000 

0.000 

0.000 

3036 

0.679 

0.025 
1.366 
1.562 

0.000 

_ _  

157"30' 

2815 
0-  oq7 
0.166 
0.704 

0.025 
I .  262 
1.562 

186 

0. 183 

0. 000 

0.056 

0.697 

0.025 
1.298 
1.562 

2898 
0.081 
0.192 
0.693 

0.025 
1.333 
1.562 

2929 
0.081 
0.192 
0.693 

1.367 

0.000 

0. 000 

0.000 

0.026 

I .  562 

180" 

2765 
0.107 
0.148 
0.710 

0.025 
1.265 
1.562 

2768 
0.109 
0. 146 
0.711 

0.025 
1.301 
1.562 

284 1 
0.093 
0.172 
0. p1 

0.025 
1- 335 
1.562 

2930 
0.080 
0.193 
0.692 
0.000 

0.026 
1.368 
I. 562 

0.000 

0.000 

0.000 

. -- 
~ 

180" 

0.800 
0.839 
0- 776 

0. 37 - 
0.317 

. 



table 7. By using this table we can go from the coordinate to the coordinate 

5 by means of the equation 5 = f when x < 1.4 and x > 2.4 and by means of the 
equation 

- 

11. Remarks on the Kopal Tables 

The Kopal tables consist of three volumes. The first volume presents the 
results for the axisymmetric flow around cones while the second and third pre- 
sent the corrections for the three-dimensional flow of first and second order, 
respectively. We should like to point out first that it is difficult to use 
these tables. Indeed, to find values of gasdynamic functions at some point in 
the flow it is necessary to select from the three volumes sixteen corresponding 
auxiliary coefficients and then carry out the calculations by using the Stone 
equations. Computation of an important characteristic of flow such as the posi- 
tion of the shock wave is associated with rather extensive calciilations. Further- 
more, it is not always possible to carry out these calculations at any point 
of the flow since the coefficients were not determined for the entire region of 
the flow. This, as we can easily see, is associated with the linearization ac- 
cording to the Stone method. 

The corrections for the second approximation are presented for a narrow 
range of Mach numbers and half cone angles. 

Furthermore, even for small angles of attack there is no basis to assume 
that the Kopal tables have sufficient accuracy since the Stone method does not 
take into account the singular behavior of the entropy function. Finally, there 
is a systematic error in the computation of the tables which has been pointed 
out in the work of A. Ferri (ref. 21). 

Table 8 presents the doubled values of the Bernoulli integral 210 com- /88 
puted by means of the Kopal tables tdking into account the second approximation 

e Kopal table I 
variation I 

IM, - 3.Q217 15; 
$" = 15" 20 
a = IO" 23 .so 

25.163" 

M, = 2.0666 30° 
0" - 25" 38" 
a = 10" 41.644" 
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Figure 21 

( the  accurate  value 210 f o r  t h e  assumed dimensionless funct ions i s  equal t o  6 ) .  

The arguments i n  the  t a b l e  are the  l a t i t u d e  and longi tude of the flow s p h e r i c a l  
coordinate system with i t s  o r i g i n  a t  t he  apex of t h e  cone. 

Figure 20 compares t h e  modulus of t h e  v e l o c i t y  vector,  pressure and dens i ty  
obtained by means of t he  Kopal t a b l e s  wi th  the  r e s u l t s  of our ca l cu la t ions .  The 
Kopal r e s u l t s  a r e  designated by small  c i r c l e s  f o r  M, = 3.022, & = l5O, Q: = loo, 

by crosses  f o r  M, = 2.067, & = 25O, a = loo and by t r i a n g l e s  f o r  M, = 4.075, 

& = loo, Q: = 5'. 

Stone method, by the  method of t h e  p re sen t  book and those obtained experiment- 
a l l y  ( r e f .  22) .  Unfortunately it i s  not  poss ib l e  t o  compare the remaining 
f inc t ions  on the surface of t h e  cone i n  t h e  flow with the experimental d a t a  
because such experimental d a t a  are absent .  

Figure 21 shows the pressure c o e f f i c i e n t s  obtained by the 
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CHAPTER 111. DESC?IIF'TION OF TABLFS FOR FLOW 
AROUND CIRCULAR CONES 

12. Construction of Tables 

The t a b l e s  contain the  f i e l d  flow near c i r c u l a r  cones i n  a supersonic /89 
gasflow with a constant  r a t i o  of s p e c i f i c  h e a t s  k = 1.4. 

The flow f i e l d s  a re  given i n  the  c y l i n d r i c a l  system of coordinates  x ,  r, 
9, where the  x axis i s  d i r ec t ed  along the  a x i s  of t h e  cone, while the  angle  9 
i s  measured from the  plane of symmetry. The semiplane 9 = 0 i s  s i t u a t e d  on 
the  windward s ide  ( f i g .  22). Due t o  s e l f - s i m i l a r i t y  of t he  flow, a l l  t h e  gas- 
dynamic q u a n t i t i e s  a re  func t ions  of only 4 and 8 where 

r - G ( x ,  - 6 )  
I.' (x, 6) - G (x, 6) ' E =  

Here G(x, 9) and F(x, 8 )  a re  d is tances  from the  a x i s  t o  the  si r face of t h e  cone 
and t o  the  shock wave. The t a b l e s  present  t h e  values  of t h e  axial  u, t h e  r a d i a l  

X 

Figure 22 
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v and the  c i r cumfe ren t i a l  w components of t h e  v e l o c i t y  vector,  pressure p and 
dens i ty  p as func t ions  of 5 and 9. Values of these funct ions are dimensionless 
and are r e f e r r e d  t o  t h e  fol lowing q u a n t i t i e s :  v e l o c i t y  components--to t h e  
c r i t i c a l  v e l o c i t y  of sound ccr, densi ty-- to  t h e  d e n s i t y  of t he  unperturbed flow 

p, and t he  pressure t o  p,ccr. 

Mach number of t h e  unperturbed flow M,, t h e  h a l f  cone angle & and the  angle of 
a t t a c k  a. 

The parameters o f  t h e  t a b l e  a r e  as follows: The 

The t a b l e s  c o n s i s t  of two p a r t s  and of two appendices. For convenience 
the f i rs t  p a r t  contains  t h e  flow f i e l d s  near  c i r c u l a r  cones f o r  t h e  case of  
axisymmetric flows (a = 0 ) .  
c a l c u l a t i o n  r e s u l t s  f o r  flow around c i r c u l a r  cones wi th  various angles of a t t a c k .  
Appendix 1 contains  t h e  values of gasdynamic func t ions  obtained by i n t e r p o l a t i n g  
the r e s u l t s  of t h e  second p a r t .  Appendix 2 p resen t s  t h e  values of  aerodynamic 
c o e f f i c i e n t s  computed f o r  a l l  v a r i a t i o n s  contained i n  the t a b l e s .  

The second bas i c  p a r t  of t he  t a b l e s  contains  t h e  

Tables of t h e  f i rs t  p a r t  are presented f o r  Mach numbers M, equal  t o  2, 3, 

4, 5 ,  6, 7 and angles  & from 5 O  t o  50° i n  s t e p s  of 5'. 

page shows the  Mach number M,, while values of & a r e  shown i n  t h e  f i r s t  upper 

l i n e  of the t a b l e .  Values of t he  coordinate 5 are presented i n  the  v e r t i c a l  
column on the  l e f t .  For a given & f o u r  numbers correspond t o  each value of 5 :  

u, v, p, p, s i t u a t e d  from the  t o p  down i n  t h e  ind ica t ed  order.  The t a b l e s  a l s o  
give the value of F equal  t o  t h e  s lope of  t he  shock wave wi th  r e s p e c t  t o  the 
axis of the  cone. 

The heading on each 

X 

The second p a r t  of t h e  t a b l e s  p re sen t s  v a r i a t i o n s  f o r  Mach numbers M, equal 

t o  2, 3, 5, 7. 

5', while the  angles  of a t t a c k  Q vary from 5 O  t o  20' i n  s t e p s  of 5'. 
Appendix 1 contains  t a b l e s  f o r  Mach numbers equal  t o  4 and 6 obtained by quad- 
r a t i c  i n t e r p o l a t i o n .  The heading of each page i n  t h e  second p a r t  of the t a b l e s  
and i n  Appendix 1 show t h e  values K, &, a .  The values of t he  angle 8 from Oo 

t o  180° i n  s t eps  of  llol5' a r e  shown i n  t h e  t a b l e s  along t h e  h o r i z o n t a l  d i r ec -  
t i o n  while t h e  values of 5 from 0 t o  1 i n  s t e p s  of 0.05 are shown along t h e  
v e r t i c a l  d i r e c t i o n .  
u,  v, w, p, p, s i t u a t e d  from t h e  t o p  down i n  t h e  ind ica t ed  order.  A t  t h e  singu- 
l a r  po in t  5 = 0, 9 = 180°, two values of each func t ion  are presented correspond- 
ing t o  the  l i m i t i n g  t r a n s i t i o n s  s -+ 0, 9 = 1800 and s = 0, 8 + 1800. 
group of numbers refers t o  t h e  l i m i t i n g  t r a n s i t i o n  over 9. For each value of 

9 i n  the t a b l e s  t h e r e  i s  a value F, =am, equal  t o  the tangent  of t he  angle 

between t h e  x a x i s  and t h e  g e n e r a t r i x  of t h e  shock wave i n  t h e  given meridian 
plane.  

The angles  BK vary i n  the  t a b l e s  from loo t o  40' i n  s t e p s  of 

/90 

For each p a i r  (5, 9) t h e r e  are f i v e  corresponding numbers: 

The r i g h t  

ax 
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Appendix 2 p r e s e n t s  the values of aerodynamic c o e f f i c i e n t  coJ cN and cm 

i n  a system of coordinates  f i x e d  w i t h  r e s p e c t  t o  t h e  cone 

0 

The moment c o e f f i c i e n t  c i s  computed r e l a t i v e  t o  t h e  apex of t h e  cone. The 

c o e f f i c i e n t s  c c i n  t h e  f low system of coordinates  are determined by /91 
conventional equat ions of  t r a n s i t i o n  and K = cy/cx. 

e f f i c i e n t s  are  r e f e r r e d  t o  t h e  product of t h e  area of t h e  cones' base and t h e  

v e l o c i t y  head fiG2q. 
where x i s  t h e  he igh t  of  t he  cone. 

m 

x.' Y 
Values of aerodynamic co- 

The moment c o e f f i c i e n t  i s  r e f e r r e d  t o  t h e  product .rcG?xq 

I n  conclusion w e  p r e s e n t  some equations u s e f u l  i n  the  p r a c t i c a l  calcula-  
t i o n s  when the  p re sen t  t a b l e s  are u t i l i z e d .  

L e t  py, pT be t h e  t abu la t ed  values. 

su re  of t he  unperturbed flow i s  expressed by the  well-known equat ion 

The r a t i o  of t h e  pressure t o  the  pres-  

The r a t i o  of temperatures i s  given by the equat ion 

For assigned values xJ  5 ,  8, t h e  d i s t a n c e  from t h e  cone axis i s  determined by 
t h e  equat ion 
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13. Accuracy of t he  Tables 

The t a b l e s  are computed by t h e  d i r e c t  method described i n  Sect ion 7. 
Constant E i n  i n e q u a l i t y  (7.2), which determines the  accuracy of t h e  s o l u t i o n  
of t he  s e l f - s i m i l a r  d i f f e r e n c e  equations,  w a s  var ied over a wide range from 

10-3 t o  It w a s  shown t h a t  t h e  optimum value of t h e  constant  i s  equal  t o  

and a l l  t a b l e s  w e r e  computed wi th  th i s  value. With t h e  accepted s e t t i n g  

of t h e  i n i t i a l  funct ions,  t h e  value 8 = 10-5 provided f o r  t he  r e l a t ive  accuracy 
i n  the s o l u t i o n  of the d i f f e rence  equations which w a s  of t he  o rde r  of several  
thousands of one percent .  The constant  no i n  t h e  i n e q u a l i t y  (7.2) w a s  chosen 
equal t o  50. 

Accuracy of t h e  s o l u t i o n  of t h e  d i f f e r e n t i a l  equat ions w a s  con t ro l l ed  by 
various methods. I n  each vers ion shown i n  t h e  t a b l e s  t h e  r e a l i z a t i o n  of t h e  
Bernoul l i  i n t e g r a l  w a s  checked a t  24 nodes of t h e  mesh. The system used i n  the 
ca l cu la t ions  i s  not  divergent  and t h e  Bernou l l i  i n t e g r a l  i s  not an a lgeb ra i c  
r e s u l t  of t h e  d i f f e rence  equat ions.  Therefore t h e  accuracy of r e a l i z i n g  t h e  
Bernoul l i  i n t e g r a l  cha rac t e r i zes  the accuracy of t he  s o l u t i o n  of t h e  d i f f e r e n -  
t i a l  equations.  I n  most v a r i a t i o n s  t h e  Bernou l l i  i n t e g r a l  a t  t h e  nodes, which 

did not adjoin a s i n g u l a r i t y  p o i n t ,  w a s  s a t i s f i e d  wi th  an accuracy of per-  
cent .  A t  nodes adjoining a s i n g u l a r i t y ,  t he  accuracy of r e a l i z i n g  t h e  Bernoul l i  

i n t e g r a l  drops and i n  34 v a r i a t i o n s  the  e r r o r  i s  

t i o n s  it does not exceed 7 ~ l O - ~  percent .  

a = 10'; M, = 3, & = 2 5 O ,  Q: = 20°; M, = 5 ,  % = 2 5 O ,  a = 20°, t h e  e r r o r  reaches 

1 percent and extends t o  nodes f a r t h e r  away from the s i n g u l a r i t y .  

percent. '  I n  nine var ia -  

I n  the  v a r i a t i o n s :  M, = 2, & = 15O, 

More than 30 percent  of t h e  computed vers ions were s e l e c t i v e l y  checked /92 
t o  assure  t h a t  they s a t i s f y  the  l a w  of maso conservation. For t h i s  purpose the  
gasflow rate  between t h e  shock wave and the  cone through a plane perpendicular  
t o  the ax i s  of t he  cone w a s  compared with the gasflow rate  i n  t h e  unperturbed 
flow. The d i f f e r e n c e  between these  two flow rates  i n  most checked ve r s ions  w a s  
a few hundredths of 1 percent .  I n  c e r t a i n  v a r i a t i o n s  t h e  d i f f e rence  i s  g r e a t e r  
but never exceeds 0.1 percent .  The constant  value of entropy on t h e  body i s  
maintained wi th  high accuracy. 

I n  add i t ion  t o  t h e s e  i n t e g r a l  checks, checks w e r e  a l s o  made for several  
vers ions t o  see t h a t  t h e  numeric s o l u t i o n  satisfies the  d i f f e r e n t i a l  equat ions.  
On the  average the  equat ions are s a t i s f i e d  wi th in  t h e  thirCj decimal place,  
which i s  i n  complete agreement w i t h  e r r o r s  obtained i n  i n t e g r a l  checks. 

I The l a t t e r  remark a l s o  r e f e r s  t o  t h e  seven v a r i a t i o n s  of  Appendix 1 s p e c i a l l y  
designated below. 
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Control of accuracy f o r  t h e  numerical s o l u t i o n  w a s  achieved by comparing 
ca l cu la t ions  w i t h  d i f f e r e n t  numbers of t h e  mesh po in t s .  A s  examples, tables 9 
and 10 show the  r e s u l t s  of c a l c u l a t i o n  with d i f f e r e n t  numbers of p o i n t s  along , 

t he  coordinate 5 .  The d i f f e rence  between t h e  func t ions  obtained when A 5  = 1/20 
and A 5  = 1/30 c o n s t i t u t e  s e v e r a l  u n i t s  of t h e  f i f t h  decimal place.  

A l l  checks made i n d i c a t e  t h a t  accuracy of t h e  obtained s o l u t i o n  i s  high i n  
a l l  v a r i a t i o n s .  We consider t h a t  a t  t he  p o i n t s  of t h e  mesh which d i f f e r  from 
the s ingu la r  p o i n t  and from those adjoining it, a l l  func t ions  are determined with 
an accuracy t o  w i t h i n  t h e  f o u r t h  o r  f i f t h  decimal p l ace .  A t  t h e  s i n g u l a r  p o i n t  
and a t  the adjoining p o i n t s ,  t he  accuracy i n  determining a l l  funct ions except 
pressure drops t o  t h r e e  decimal p l aces  while i n  t h e  vers ions s p e c i f i c a l l y  desig- 
nated above it drops even more. 

This r e s u l t  appears remarkable t o  us i f  we  bear  i n  mind t h a t  the d i f f e rence  
equations w e r e  standard and the s t e p s  were of constant  value up t o  the  s i n g u l a r  
po in t ,  while the p rov i s ion  f o r  t he  asymptotic na tu re  a t  t he  s i n g u l a r i t y  p o i n t  
was c a r r i e d  out  i n  the  most p r imi t ive  manner. The h igh  q u a l i t y  of  t h e  calcula-  
t i o n s  i n  the neighborhood of t h e  s i n g u l a r i t y  p o i n t  i s  i l l u s t r a t e d  by the  be- 
havior of t h e  entropy l e v e l  l i n e  (see f i g .  2 ) .  

I n  preparing t h e  t a b l e  f o r  publ icat ion,  d a t a  obtained were rounded off.  
but smoothing of func t ions  over d i f f e rences  w a s  no t  performed. 

Variat ions presented i n  Appendix 1 w e r e  obtained by i n t e r p o l a t i n g  over t he  
Mach number M, and a r e  l e s s  accurate .  This remark concerning t h e  accuracy does 

not  p e r t a i n  t o  t h e  seven v a r i a t i o n s  obtained by c a l c u l a t i o n  and presented i n  
Appendix 1 so as not  t o  d i s r u p t  t he  order  of t h e  bas i c  t a b l e s  (M, = 4, @ = 3 5 O ,  

a = 5 ,  O loo, 15O; M, = 4, & = bo0, a = P 3 0 ' ;  M, = 6, & = 40 0 ,  a = 50,  100; 

M, = 6, & = 450, Q: = P 3 o t ) .  

I n  t he  p r a c t i c a l  u t i l i z a t i o n  of t he  t a b l e s  it i s  permissible  t o  i n t e r -  
po la t e  a l l  parameters and coordinates .  
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W I 0 I P P 

0.0 

1.0 
0.5 

0.0  

0.5 
1.0 

0.0 
0.5 
1.0 

1.68714 

i 1.77766 
~ 1.73216 

1.72724 
1. 8201 
1. i; 2379 

1. i; 3477 
1. 9684 

1.87577 

+ E  

-* 

0' 

90' 
1 

180" 

0.0 

1.0 

0.0 

1.0 

0.0 

1.0 

0.s 

0.5 

0.5 

TABLE 9 
M, = 3.5, p, = 20°, a = 4" - 

6 

- 
0" 

90' 

180" 

- 

U I 
I I I 

1 
30 A t =  - 1 AE= - 20 

I 
30 A.E= - 1 

20 
A t =  - 

II I 
0.61408 
0. 50133 
0~40555 

0.62868 
0.53103 
0.44567 

0.65401 
0.56083 
0.47917 

1.03288 
0.99666 
0.90723 

0.82571 
0.80299 
0.73 520 

0.66455 
0.64046 
0.57781 

1.03286 
0.99666 
0.90722 

0.82570 
0.80299 
0.73520 

0.66452 

0.5777 
0.64048 

2-53 2* 6or8 54 
2.37366 

2.21928 
2.22664 
2.09339 

1.98485 
1.93318 
1.79614 
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0.2002 
1.2723 

2.2081 
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O. 1.26 19i2 1 

2. 2092 
0. 1469 
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I. 2629 

2.2102 
0.1383 
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1.2571 

2.2112 
0. 1304 
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I. 2506 

2.2121 
0. 1231 
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1.2438 

2.2131 
0. 1162 
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1.2366 

2.2140 
0.1098 

1.2290 
0. 1907 

2.2149 
0. 1037 

1.2210 
0. 1890 

10" 

2. 1394 
0.3772 
0. 298 
1. io23 

:: ;%e 
0.3296 
1.8015 

0.3570 

1.7993 

0.34 6 

1.7958 

2.  1465 
0.3387 
0. 3269 

2. 1430 

0. 3290 

2. 1448 

0.32i1 

1.791 1 

2. 1483 
0. 3301 
0. 32s5 
1.7855 

2 .  '499 
0.3218 
0.3238 
1.7789 

2. 1516 
0.3138 

1.7715 

2 .  1533 
0.3060 
0.3198 
1.7632 

2.1550 
0.2984 
0.3175 
1.7540 

2.1566 
0.2910 
0.3150 
1.7442 

0. 3219 

15" 

2.0440 
0. 5477 
0.5284 
2.4305 

2.0465 

2.4299 
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2.0489 
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2.0512 
0.5215 
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2.4246 

2.0536 
0.5132 
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2.4201 

2.0559 
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2.4146 
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0.4974 
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2.0628 
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0.5140 
2.3830 
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0.4676 
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2.3728 
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1.9189 
0.6984 
0.7940 
3.0370 

1.9220 
0.6900 
0.7938 
3.0363 

1.9250 
0.6818 
0.7931 
3.0344 

1.9280 
0,6738 
0.79 19 
3.0312 

0.6659 
0.7903 
3.0268 

1.9340 
0.6582 
0.7883 
3.02 14 

1.9369 
0.6507 
0.7860 
3.0149 

1.9399 
0.6433 
0.7833 
3.0075 

1.9428 
0.6361 
0.7802 
2.999 1 

1.9310 

:: %lei 
0.776 
2.9898 

1.9486 
0.6218 
0.773 1 
2.9795 

B K  
- 
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1.7660 
0.8235 
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3.5600 

1.7699 

3.5594 

1.7737 
0.8073 
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1.7774 
0.7995 
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1.7812 
0,7918 
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3.5499 
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3.5445 
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0.7769 
1.1107 
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0.7626 
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1.7994 
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1.0996 
3.5127 
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0.7486 
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~~ - 
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0.9175 
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1.4390 
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1.5986 
0.9014 
1.4976 
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3.9799 
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0.8861 
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1.4873 
3.9636 
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1.0067 

1.7712 

1.0215 
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2.8158 
I. 7536 
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L 8939 
t .  8074 
1.7434 

:: 3;i 
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0.723; 
0.8625 
3- 3571 
4.965s 

0.7343 
0.8537 
3.3562 
4.9649 
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3.3535 
4.9621 
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0. 377 
3.3493 
4.9s77 
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+. 9518 

3.773 1 
3.8234 
3.3372 
I 9448 
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3. i16y 
b 3295 
1. 9367 

3. 7908 >. 8106 
1.3209 
1. 9276 
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1.3115 
1.9176 

). 8074 '- 7990 
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M m = 5  

5" I 10" 

0. 55 

0.60 

0. 65 

0.70 

0.75 

0.80 
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0.1669 
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0.5041 
2.3499 

2.0743 
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2.2928 

0.9124 

4.4756 

1. 2766 
0. 8883 
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4.4609 

I .  2825 
0.8825 
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1.4819 
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0.772: 
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0.8089 
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0.8105 
1.4567 

1.4342 
0.2233 
0. 1229 
0.7986 
1.4415 

0.2128 
0. 1223 
0.7856 
1.4247 

0.7675 

0. 1237 

1.4422 

~ 

9o"OO' 

1. 3908 
0.3135 
0.1365 
0.8519 
1.5102 

1.3970 
0.3033 
0. 1346 

1.5035 

0.2934 

0.8361 

1.4094 
0.2837 
0.1313 
0.8276 
1.4794 

1.4157 

0.1300 
0.8187 
1.4680 

1.4221 
0.2648 
0. 1287 
0.8093 
1.4560 

1.4288 
0.2554 

0.7994 
1.4432 

1.43 57 
0.2459 
0. 1267 
0.7887 
1.429 5 

1.4431 
0.2360 
0. 1259 
0.7772 
1.4146 

1.4511 
0.2256 
0. 1253 
0.7645 
1.3980 

0.7788 

0.8442 

1.4032 

0. 1329 

1.4902 

0. 2742 

0. 1277 



M, = 2, S x  = 2O", a = 5" 

123"45' 
E 

0. DO 

0. os 

0. 10 

0 .1s  

0. 20 

0. 25 

0. 30 

0.35 

0.40 

0.45 

0. 50 

101'15 

1.3224 

o 1813 
0.8708 

~ 

0.4813 

1. 5290 

1. 3341 

0. 1742 
0.8723 

0.461 1 

1.5353 

1.3421 
0.4420 
0. 1677 
0.8 7 2 0  
1.5354 

1.3495 
0.4247 
0. 162 1 
0. s7c2 
1.5334 

1.3565 
0.4088 
0. 1571 
0. 8673 
1.5299 

1.3633 
0.3943 
0. 1527 
0: 863 5 

1.3698 

1.5252 

0. 3807 
0. 1488 
0. 8589 
1.5195 

1.3762 
0. 3681 
0.1453 
0.8537 
1. 5131 

1. 3824 
0.3563 
0. 1422 
0.8480 
1.5059 

1.3886 
0.34 50 
0.1395 
0.8418 
1.4981 

1.3946 
0.3344 

0.8352 
1 . 4 8 ~ 8  

0. 1371 

- .  

1 12'3C 

1.3337 
0.4854 
0.1733 
0.8173 
1.4993 

1.3458 
0.4664 
0. 1663 
0.8486 
1. 5062 

1.3534 
0.4480 
0. 1600 
c. 8482 
1. 5062 

1. 3605 
0.4314 
0. 1544 
0.8465 
1.5043 

1.3673 
0.4162 
0. '495 
0.8437 
1.5009 

1.3738 
0.4022 
0. 1452 
0.8400 

1.3801 

0.1414 
0.83 57 

1.3863 
0.3770 
0.1381 
0.8307 
1.4846 

1.3924 
0.3656 
0.1351 
3.8252 
1.4776 

1.3983 
3.3548 

-. 

1.4963 

0.3892 

1.4908 

3. 1324 

1.4731 
3.8193 

1.4043 '. 3444 
J. 1301 
). 8130 
L. 4620 

1.3!42 

0.1581 

1.4740 

1.3566 
0.4714 
0.1515 
0.8284 
1.4812 

1.3639 
0.4538 
0. 1456 
0.8278 
1.4809 

1.3707 
0.4378 
0 .1404  
0.8260 
1.4788 

1.3773 

0.1358 
0.8232 
1.4753 

1.3836 
0.4097 
0. 13iH 
0.8196 
1.4708 

1.3897 
0.3972 
0. 1283 
0 8153 
1 4654 

1.3957 
0.3855 
0.1252 
0.8104 
1.4592 

1.4016 
0.3744 
0. 1225 
0.805 1. 

1- 4524 

1.4074 
0.3640 

0.7994 
1.4450 

0.3540 
0. 1178 
0.7932 

0.4b92 

0.8273 

0.4232 

0.1200 

1.4132 

1.4371 

- 
135"OO 

1.3535 
0.4926 
0. 1360 
0.8112 
1.4534 

0.4758 
0.i302 
0.81 18 
1.4608 

1.3732 
0.4589 
0.1250 
0.8110 
1.4600 

1.7798 
0.4436 
0.1205 
0.8090 
1.4576 

1.3861 
0.4295 
0. 1165 
0.8061 
1.4540 

1.3663 

1. 3922 
0.4165 
0. 1130 
0.8025 
1.4493 

0.4044 

1.4439 

1.4040 
0.3931 
0. 1072 
0.7934 
1.4377 

1.4097 

0. 1048 
0.7882 

1.4154 

0.1027 
0.7825 
1.4237 

1.4210 
0.3625 
0.1008 

1.3981 

3 .79  O. log9 2 

0. 3824 

1.4310 

0. 3722 

0- 776s 
1.4159- 

3 
. - ~ - 

146"15' I 157"30 
I_ ___. 

1. 3612 
0.49s5 
0. 1079 
0.7990 
1.4378 

1.3742 
0.4796 
O . l O j 2  
0.799 1 
1.4451 

1.3808 
0.4633 

0.7980 
1.4438 

0.0990 

1. 3872 
0.4485 
0.0953 
0.7958 
1.4410 

1.3933 
0.4348 
0.0921 
0.7928 
1.4372 

f .  3992 
0.4222 
0.0893 
0.7891 
1.4324 

1.4050 
0.4105 
0.0868 
0.7848 
1.4269 

0.3994 

0.7800 

1.4163 
0.3890 
0.0827 
0.7748 
1.4139 

1.4219 
0.3791 
0.081 1 
0.7692 
1.4066 

1.4275 
0.3 697 
0.079 5 
0.7633 
1.3981 

1.4107 

0.0847 

1.4207 

1.3670 
0.4976 
0.0748 
0.7905 
I. 4269 

1. 3&? 

0.0715 
0.7903 
1.4341 

1.. 3865 
0.4666 
0.0686 
0.7888 
1.4323 

1.3927 
0.4522 
0. 0660 
0.7864 
1.4292 

0.4824 

1.3986 
0.4389 
0.0637 
0.7832 
1.4251 

1.4044 
0.4266 
0.0618 
0.7794 
1.4202 

1.4101 
0.4151 
0.0600 
0.7751 
1.4146 

1.4'157 
0.404 3 
0.0585 
0.7703 
I .  4083 

1.4213 
0.3941 
0.0572 
0.7651 
1.4015 

1.4268 
0.3 844 
0.0560 
0.7596 
1.3943 

1.4323 
0.375' 
D. 0550 

.- 

168"45' 

1.3706 
0.4989 

0.7855 

1.3838 

0. 0383 

1.4205 

0.4842 
0.0366 
0.7850 
1.4275 

I .  3900 
0.4687 
0 . 0 3 5 1  
0.7834 
1.4254 

1.3961 
0.4545 
0.0337 
0.7808 
1.4221 

0.44 14 
0.0326 
0.7776 
1.4179 

1.4077 
0.4293 
0.0316 
0.7737 

1.4133 
0.4180 
0.0307 

1.4072 

1.4019 

1.4129 

0.7693 

1.4188 
0.4073 

0.764s 

1.4243 
0.3972 
0.0292 
0.7593 
1.3940 

0.3876 
0.0286 
0.7537 
1.3868 

0.0299 

1.4009 

1.4298 

- ~. 

180'00' 
- 

1.3787 

0.7839 

0.4848 

0.7833 

0.5016 
0.0000 

1.4262 

1.3851 

0.0000 

1.4254 

1.3912 

0.0000 
0.7815 
1.4231 

0.4694 

1.3972 
0.4553 

0.7789 
0.0000 

1.4198 

1.4030 
0.4423 
0.0000 
0.7756 
1.4155 

1.4087 
0.4302 
0.0000 
0.7718 
1.4104 

1.4143 

0.7674 
1.4047 

1.4199 
0.4083 
0.0000 
0.7626 
1.3984 

1.4253 
0- 3983 

0.7573 
1.3915 

1.4308 
0.3888 
0.0000 
0.7518 
1.3842 

1.4362 

0.4189 
0.0000 

0.0000 

0.3796 
0.0000 

.. - - 
18O"OO' 

1.3718 

0.0003 

1.4183 

0- 4993 

0.7839 



AI, 2, = 2O", a = 5" 

E 

0. s5 

0.60 

0. 65 

0. 70 

0. 7s 

0. 80 

0. 85 

0. 90 

0.95 

1. 00 

F x  

101'15' I 112'30' 
- 

1.4007 
0.?241 
0. 1349 
0.8282 
1.4808 

I .  4066 
0.3'43 
0.8209 
1.471s 

0.3047 
0. 1312 
0. 8131 
1.4616 

I..{l88 
0. '953 
0. 1296 
0.8050 
1.4511 

1.4250 
0.2861 
0. 1282 
0.7964 
1.4401 

1.4314 
0. 1270 
0.7873 

1.4379 
0. 2678 
0. 1259 
0.7777 
1.4159 

1.4448 
0.2584 
0. 1249 
0.7674 
I. 4025 

1.4522 
0.2488 
0. 1241 
0.7561 
1.3878 

1.4602 
0.2385 
0.1234 
0.7436 
1.3714 

0.7907 

0. 1329 

1.4127 

0. 2770 

1. 4284 

1.4102 
0.3346 
0.8062 
1.4534 
1.4160 
0.3250 
0.1261 
0.7992 
1.4443 

0.3158 

0.7917 

1.4279 
o. 3067 
0. 1229 
0.7838 
1.4245 

1.4340 
0.2977 
0.1215 
0.7756 
1.4137 

0. 1279 

1.4219 

0. 1244 

1.4346 

A: 23 
0. 1203 
0.7668 
1.4023 

1.4468 
0.2798 
0. 1192 
0.7574 1.3900 

1.4537 
0. 1183 
0.7473 
1.3768 

1.4610 
0.261 1 
0. 1175 
0.7363 
1.3622 

1.4691 
0.2509 
0. 1168 
0.7239 
1.3458 

0.8026 

0.2707 

123"45' 

1.4189 
0.3444 
0. 1159 
0.7867 
1.4287 

1.4247 
0.3351 
0.1141 
0.7798 
1.4197 

1.4305 
0.3261 
0.1126 
0.7726 

.. 

1.4103 

1.4364 
0.3 '73 

0.7649 
1.4004 

1.4424 
0. 3086 

0.1112 

0. 1099 
0.7569 
1.3898 

1.4487 
0.2999 
0.1q88 
0.7483 
I. 3786 

1.4551 
0.291 I 

0.7391 
1.3665 

1.4620 
0.2820 
0. 1070 
0.7292 
1.3534 

1.4694 
0.2726 
0. 1063 
0.7183 
1.3389 

1.4776 
0.2623 
0.1056 
0.7059 
1.3224 

0. 1079 

0.8142 

135'00' 

1. 4267 
0.3532 
0.0991 

1.4076 

1.4323 
0.3442 
0.0976 
0.76i4 
1.39 8 

1.4381 
0- 3354 
0.0962 
0.7563 
1- 3895 

1.4439 
v. 3268 
0.0950 
0.7488 
1.3797 

1.4499 
0. 3182 
0.0939 
0.7409 
1.3692 

1.4560 
0.3097 
0.0930 
0.7325 

1.4625 
0.3010 
0.0921 
0.7235 
1.3461 

1.4693 
0.2921 
0.0914 
0.7136 
1.3331 
1.4768 
0.2827 
0.0908 
0.7028 
1.3185 

0.7701 

1.3581 

1.4851 

0.0902 
0.6904 

0.2724 

1.3019 

0.8248 

Q 

146" 15' 

1.4330 
0.3606 
0.0782 
0.7570 
1.3906 

1.4386 
0.3518 

0.7503 

1.4443 
0.3432 
0.07s9 
0.7433 
1.3727 
1.4501 
0.3347 
0.0750 
0.7359 
1.3630 

1.4560 
0.3263 

0.7281 
1.3526 

1.4621 
0.3178 
0.0733 

1.341s 
1.4686 
0. 3093 

1.3296 

1.4754 
0 3004 
0.0721 
0.701 1 
1.3166 

0.2910 
0.0716 
0.6903 
1.3020 

1.4914 
0.2807 
0.0712 
0.6778 
1.2851 

0.0770 

1. 3819 

0.074 1 

0.7198 

0.0727 
0.7109 

1.4829 

0.8338 

157"30' 

1.4378 
0.3661 
0. 0540 
0.7474 
1.3783 

1.4433 
0.3 575 
0.0532 
0.7408 
1.3696 

1.4489 
0.3490 
0.0525 
0.7339 
I. 3604 

1.4546 
o. 7406 
0. 0518 
0,7266 
1.3507 
1.4605 
0.3323 
0.0512 
0.71 88 
1.3404 

1.4667 

0.0507 
0.7105 
1- 3294 

1.4731 
0.3155 
0.0502 
0.7016 
1.3175 
1.4800 
0.3066 
0.0498 
0.6919 
1.3044 
I. 4876 
0.2972 
0.0494 
0.681 1 
1.2898 

1.4962 
0.2868 

0.6685 
I. 2727 

0.8407 

- 

0. 3240 

0.049 1 

168'45' 

1.4407 
0.3696 
0.0276 
0.7416 
1.3708 

I.. 4462 
0.3610 
0.0272 
0.7351 
1.3621 

1.4518 
0.3526 
0.0268 
0.7282 
1.3530 

1.4575 
0.3443 
0.0264 
0.7209 
1.3433 

1.4633 
0. 3361 
0. 0261 

1.3330 

1.4695 
0.3278 
0.025y 
0.7049 
1.3220 

1.4759 
0.3193 
0.0256 
0.6960 
1.3101 

1.4828 
0.3105 
0.0254 
0.6863 

1.4904 
0.301 1 
0.0252 
0.6 55 

1.4992 
0.2906 
0.0251 
0.6628 
1.2651 

0.8451 

~~ - ~ _ _  

0.7132 

1.2970 

1.2g23 

18O"OO' 

1.4416 

0.7397 
1.3683 

1.4471 
0.3622 

0.7331 
1.3596 

1.4527 
0.3538 
0.0000 
0.7262 
1.3505 

1.4584 
0.0000 
0.7190 

.~ _ _ ~  

0. 3708 
0.0000 

0.0000 

0.3456 

1.3408 

1.4643 
0.3373 

1.3305 

1.4704 
0. 3293 
0.0000 
0.7030 
1.3195 

1.4769 
0.3206 
0.0000 
0.6942 
I. 3076 

1.4838 
0. 3118 
0.0000 
0.6845 
1.2945 

1.4914 
0.3024 
0.0000 
0.6736 
1.2798 

1.5002 

0.0000 
0.7113 

0.2919 
0.0000 
0.6609 
1.2625 

0.8466 
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M, = 2 ,  pH. = 20°, a = 10" 

E 

0. 03 

0.05 

0. 10 

0. 15 

0. 20 

0.25 

0. 30 

0. 35 

0. 40 

0.45 

0. 50 

0"OO' 

1. 1765 
0,4282 
0.0000 
1.2348 
1.9501 

1. 1869 
0.4003 
0,0000 
1.2334 
1.9485 

1. 1968 
0.3750 
0.0000 
1. 2297 
1.9443 

1.2061 
0.3519 
0,0000 
1.2242 
1.9381 

1.2150 
0. 3307 
0.0000 
1.2172 
1.9302 

1.2236 
0. 3111 
0.0000 
I. 2092 
1.9211 

1.2320 
0.2928 
0.0000 
1.2002 
1.9109 

1 .2400  
0.2756 
0.0000 
1. 1905 
1.8998 

1.2479 
0.2595 
0.0000 
I. 1801 
1.8880 

1.2556 

1.1693 
1.8756 

1.263 1 
0.2297 
0.0300 

1.1579 
1.8626 

0.2442 
0.0000 

ll"15' 

1.1785 
0.4289 
0.0609 
I. 2261 
1.9403 

1. 1889 
0.401 1 
0.059 1 
1.2250 
1.9392 

1. 1987 
0.3760 
0.0575 
1.2215 
1.9353 

1.2081 
0.3530 
0.0560 
1.2163 
1.9294 

1.2170 

0.054 
1.2096 
1.9218 

1.2256 
0.3122 
0.0536 
1.2017 

1.2338 

0.0527 

1.9030 

__ 

0.3318 

1.9129 

0.2941 

1. 1930 

1.2419 
0.2771 
0.0518 
1.1835 
1.8921 

1.2497 
0.261 1 
0. 051G 
1.1733 
1.8805 

1.2574 
0.2459 
0.0503 
1.1626 
1.8683 

1.2649 
0.2314 
0.0497 

22'30' 

1. 1843 
0.4311 
0. 1203 
I .  2007 
1.9115 

1.1949 
0.4036 
0. 1167 
I. 2004 

I. 2046 
0.3788 

1.908 

0.3562 
0.1106 

1.9037 

I. 2228 
0.3354 
0,1080 
1. 1871 
1.8970 

1.2313 
0.3161 
0.1058 
1.1799 
1.8889 

1.2395 
0,2982 
0.1038 
1. 1718 
1.8796 

1.2474 
0.2815 
0.1021 
1. 1629 
I. 8694 

1.2551 
0.2657 
0.1005 

1.85 5 

1.9117 

0. 1135 
1.1974 

1.2139 

1. 1931 

1. ' 3 3  

1.2627 
0.2508 

1.8469 

1.2701 
0.2367 
0.0979 
1.1326 

0.0991 
1. 1432 

~ 

3945' 
~ 

1. 1939 

I. 1605 
1.8655 

I .  2046 

0.1715 
1. 1614 
1.8678 

:: :;;: 

0.4078 

1. 2143 

:: 22 
1. 1599 
1. 8665 

1.2235 
0.3614 
0. 1622 
1. 1565 
1.8628 

1.2322 
0.341 1 
0. 1584 
1.1515 
1.8573 

1.2406 

0 . 1 5 p  
1. 1453 
1.8504 

1.2486 
0.3050 
0.1520 
I .  1381 
1. 8422 

0.2887 
0.1493 
1.1302 
1.833 1 

1.2640 
0.2734 
0. 1470 
1.1215 
1.8232 

0. 3224 

1.2564 

1.2714 
0.2589 
0. 1449 
1.1122 
1.8126 

1.2787 
0.2452 

1. 1025 
0. 1430 

1. 8017 

0 

45"OO' 
. ~~ 

1.2069 
0.4393 

1. 1084 
1.8053 

0.4134 
0.2219 
1.11oq 
1.8103 

1.2275 

1. 1109 
1,8110 

1.2366 
0.3686 
0.2095 
1. 1089 
1.8091 

1.2451 
0.349' 

1.1052 
1.8052 

1.2533 

0.1998 
1.1003 
1.7998 

1.2611 
0.3 143 
0.1957 
1.0943 
1.7931 

1.2687 
0.2986 
0.1922 
1.0875 
1.7853 

1.2761 
0.2839 
0.1890 
1.0800 
1.7766 

1.2833 
0.2700 
0,1862 
1.0718 
I .  7672 

0. 2293 

1.2179 

0.3900 
0.2153 

0.2043 

0. 3310 

A: :;:a 
0. 1837 
1.061 1 

56" 15' 

I. 2231 
0.4452 

1.0481 
1.7347 

1.2344 
0.4205 
0.2664 

1.7427 

1.2439 

0.2581 
I. 0540 
1.7456 

1.2528 
0.3776 
0.2508 
1.0535 
1.7457 

1.261 1 
0.3590 
0.2444 
1.0513 
1.7437 

1.2690 
0.3418 
0.2386 
1.0478 
1.7399 

1.2766 
0.3258 
0.2336 

1.7347 

1.2839 

0.2291 

0. 2758 

1.0524 

0. 3981 

1.0432 

0.3109 

l*03i6 1.72 4 

1.2910 

0.2251 

1.7212 

1.2979 
0.2838 
0.2216 

0.2970 

1.0313 

1.0244 
1.7132 

1.3047 

0.2184 
1.0169 
1.7044 

0.2713 

67"30' I 78'45' 

1.2420 
0.4521 
0. 3148 
0.9838 
1.6579 

1.2538 

0.303 

1.6692 

1.2631 
0.4076 
0.2935 
0.9930 
1.6744 

0.4289 

0.9898 

1.2716 
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0.7842 

0.2790 

1.4219 

1.3883 
0.3869 

0.7804 
1.4194 

1.3934 
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0.7444 
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0.4994 
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0.4735 
0.0000 

0.7441 
1.3729 

1.4149 
0.4663 
0.0000 

0.7350 
I .  3609 

1.4226 
0.4587 
0.0000 

0.7249 
1.3475 

1.4313 
0.4504 

0.7 134 

1.0603 

0.0300 
0.7600 

0.0000 

0.0000 

1.3322 

- 

1 SO"00' 

149 



M, = 2, PK = 30°, a = 2'30' 

E 

0. 00 

0. 0s 

0. 10 

0. 1s 

0. 20 

0. 25 

0.30 

0.3s 

0.40 

0.4s 

0. 50 

0'00' 

0.9951 
0.5745 
1.4328 
2.1433 
1.0075 
0. 5536 

2. 1420 

1.0192 
0.5345 
0.0000 
1.4283 
2. 1385 

1.0305 

1.4234 
2. 1332 

1.0412 
0.5010 

2. 1264 

1.0516 
0. 4860 
0.0000 
1.4097 
2. 1185 

1.0616 
0. 4722 
0.0000 
1. 4014 

0.0000 

0.0000 
1. 4316 

0. 5170 
0.0000 

0.0000 
1.4171 

2. 1096 

0.4591 

1.3924 
2.0999 
1,0808 
0.4469 

2.0894 

1.0900 
0.4354 

1.3724 

1. 0713 

0.0000 

0.0000 
1. 3827 

0.0000 

2.0783 

1.0990 
0.4244 
0.0000 
1.3617 
2.0667 

-. - 
1 1'15' 

0.9957 

1.4308 
2.1411 

1.0082 
0.5540 
0.0148 
1.4296 
2.1400 

1.0200 
0. 5350 
0.0146 
1.4264 
2. 1365 

I. 0312 
0.5175 

- 
:: :Ti; 

0.0145 
1.4214 
2. 1313 

1.0419 

0.0143 

2. 1245 

1.0523 

O.SOl5 

1.4152 

0.4866 
0.0141 

2. 1166 

1.0623 
0.4727 

1.3995 
2. 1078 

1.0720 
0.4597 
0.0138 
1.3905 
2.0980 

1.0814 
0.4475 
0.0136 
I. 3808 
2.0876 

0.4360 
0.0135 
1.3706 
2.0765 

1.0997 
0.4250 

1.3599 
2.0649 

1.4078 

0.0139 

1.0907 

0.0134 

22'30' 

0.9976 

~~ 

0. 5760 
0.0291 

2. '34 

0.5554 
0.02yo 
1.4237 

1.4248 

1.0104 

2. 1341 

1.0221 

0.0287 
1.4205 
2. 1308 

1.0333 
0. 5190 
0.0284 
1.4156 
2. 1256 

0.5364 

1.0441 
0. 5030 
0.0280 
1.4094 
2. 1189 

1.0 44 
0.0277 
1.4021 
2.1111 

1.0644 
0.4743 

1. 3939 
2. 1023 

0.4614 
0.0271 
1.3850 
2.0926 

1.0834 
0.4492 
0.0268 
1.3754 
2.0823 

1.0926 

1.3652 
2.0713 

1.1016 
0.4268 
0.0264 
1.3546 
2.0597 

0.4H82 

0.0274 

1.0740 

:: 2% 

33'45' 

1.0006 
0.5777 

1.4153 
2. 1245 

1.0140 

0.0422 
1.4142 
2. 1247 

I. 0257 
0.5387 
0.0418 
1.4111 
2. 1214 

I. 0368 
0.5214 

2. 1164 

1.0475 
0. 5055 
0.0408 
1.4002 
2. 1098 

I. 0578 
0.4938 
0.0403 
1.3930 
2.1021 

I. 0677 
0.4770 
0.0398 
1.3849 
2.0934 

1.0773 
0.4641 
0.0394 
1.3761 
2.0839 

1.0867 

0.0390 
1.3666 
2.0736 

1- 0959 
0.4406 

1.3565 
2.0628 

1.1048 

1.3460 
2.0513 

0.0423 

0.5576 

0. 0413 
1.4063 

0.4520 

0.0387 

0.4298 
0.0383 

6 

45'00' 

1.0047 
0.5801 

1.4025 
2.1108 

1.0188 
0.5605 
0.0539 
1.401 

0.0540 

2.1121 

0.541 l. 0308 
0.0534 
1.3985 
2. 1090 

1.0415 
0.5247 
0.0527 
1.3938 
2.1041 

1.0521 
0. 5089 
0.0521 
1.3879 
2.0977 

1'. 0624 
0.4942 
0.0514 
1.3808 
2.0901 

1.0722 
0.4806 
0.0509 
1.3729 
2.0816 

1.0818 
0.4678 
0.0503 
1.3642 
2.0722 

1.0911 
0.4558 

1.3548 
0. 0498 

2.0621 

1.1002 
0.4445 
0.0493 
1.3450 
2.0513 

1.1091 

1.3346 
2.0401 

O. 0.04 4387 9 

56'15' 

1.0097 
0.5830 
0.0638 
1.3872 
2.0943 
1.0246 
0.5642 
0.0636 
I .  3863 
2.0969 

1.0363 
0.5456 
0.0630 
1.3834 
2.0940 

1.0473 
0. 5287 
0.0622 
1.3789 
2.0892 

1.0578 
0.5'30 
0.0615 
1.3730 
2.0830 

1.0680 
0.4985 
0.0607 
1.3661 
2.0756 

1. 0778 
0.4850 
0.0600 
1.3584 
2,0672 

1.0873 
0.4724 
0. OS94 
1.3498 
2. OS80 

1.0965 
0.4605 
0. 0588 
1.3407 
2.0481 

1.1055 
0.4492 
0.0582 
1.3309 
2.0375 

1. 1144 
0.4386 
0. 0577 
I. 3208 
2.0264 

67'30' I 78'45' 

I 
. . 

~ 

1.0155 
0.5863 
0.0712 

2.0757 

0.5683 
0.071 1 
1.3692 
2.0798 

1.3700 

1.0314 

1.0429 

0.0703 

2.0771 

0.5500 

1.3664 

1.0539 
0. s332 
0.0695 
1.3620 

1.0643 
0. 5178 
0.0686 
1.3563 
2.0665 

1.0744 
0. so34 
0.0678 
1.3496 

2.0725 

2.0592 

1.0841 

0.0670 

2. os10 

1.0935 
0.4775 
0.0662 
1.3336 

1.1027 
0.4658 
0.0655 
1.3247 
2.0322 

1.1116 
0.4547 
0.0649 

2.0218 

1.1204 
0.4441 
0.0643 
1.3051 
2.0108 

0.4901 

1.3420 

2.0419 

1.3151 

- -  

I. 0217 
0.5899 
0.0760 
1.3s17 
2.0558 

1.0388 
0.5729 
0.0758 
1.3509 
2.0616 

0.554 l. 0508 
0.0751 

2.0591 
1.3483 

1.0611 
0. 5382 
0.074 1 
1.3440 
2.0546 

0.5229 

1.3385 

1.0714 

0.0732 

2.0487 

1.0814 
0. 5087 

1.3319 
2.0416 

1.0910 
0.4955 

1. 3245 
2.033 6 

1. 1003 

0.0706 
I. 3163 
2.0247 

1.1094 
0.4716 
0.0699 
1.3075 
2.0150 

1.1182 
0.4606 
0.0692 
1 2981 
2.0048 

1.1269 
0.4502 
0.0685 
a. 2883 

0.0723 

0. 0714 

0.4832 

1.9940- 

90"OO' 
- 
~ 

1- 0283 
0' 5937 
0' 0779 
1 3331 
2' 0356 

1' 0466 
0' 5777 

2' 043 1 

1' 0579 
0' 5598 

0' 0778 
1 '  3324 

0' 0770 
1' 3298 
2' 0406 

1' 0686 
0' 5434 
0.0760 
1- 3256 
2' 0363 

0' 5283 
0.0750 
1' 3202 

1.0887 
os143 
0 5741 
1.3138 
2.0236 

1- 0982 
0.5013 
0.0732 
1.3065 
2.0156 

1.1074 

1.2985 
2.0069 

1.1164 
0.4776 
0.0711; 
1.2899 
1.9974 
1.1252 
0- 4667 
0.0708 
1.2807 
1.9873 

1.1338 
0.4564 
0- 0701 
1- 271 1 
1.9766 

1' 0789 

2' 0305 

0.4891 
0- 0723 

__ ~- 



M, = 2, SK = 30", a = 2"30' 

E 
-- 

0. ss 

0. 60 

0. 65 

0. 70 

0.7s 

0.80 

0. 85 

0. 90 

0.9s 

1. 00 

F x  

0"OO' 

1. 1079 
0.4140 
0.0000 
1.3505 
2. 0545 
1. 1167 

1.3389 

I .  1253 
0.3944 
0.0000 
1.3269 
2.0289 

1. '339 0.3852 
0.0000 
1. 3146 
2.0154 

0.3763 

2.0015 

1.1510 
0. 3676 

1. 2889 
1.9872 

1. 1595 
0.3591 

1.2754 
1.9723 
1. 1681 
0.3508 

1.2615 
1.9570 
1. 1768 
0.3425 

1.9410 

I. 1857 
0.3344 
1.2323 
1.924s 
I. 0990 

0.4040 
0.0000 

2.0419 

1. 1424 

0.0000 
1. 3019 

0.0000 

0.0000 

0.0000 

0.0000 
1. 2472 

0.0000 

_ _  

1 l"15' 

1. 1086 
0.4146 
0.0133 
1.3487 
2.0528 

1. 1173 
o. 4046 
0.0132 
1.3371 
2.0+0., 

1.1260 
0.3951 
0.0131 

2.0272 

1. '345 
0. 3858 
0.0130 

2.0138 

1. 3252 

1. 3129 

1. 1431 
0.3769 
0.0130 
1. 3003 
1.9999 

1. 1516 
0.3682 
0.01 29 
1.2872 
1.9855 
1. 1601 
0.3598 0.0128 

1.9707 
1. 1687 
0.3515 
0.0128 
1.2600 
1 9554 

1. '774 
0.3432 
0.0127 
1.2456 
1.9395 
I .  1863 
0.3351 
0.0127 
I. 2308 

1.0993 

1. 2738 

1: 9229 

1.1105 
0.4164 
0.0261 
1- 3435 
2.0477 
I. 1192 
0.4065 
0.0259 

2.0352 

1.1278 
0.3970 
0.0258 
1.3202 
2.0222 

1. 1364 
0.3878 
0.0256 
1.3079 
2.0088 

1.1449 
0.3789 

1.2953 
1.9950 

1.1534 
0. 3703 
0.0253 
1.2824 
I. 9807 

1. 1619 
0.3618 
0.0252 
I .  2690 
I. 9660 

1.1705 
0.3535 
0.0250 
1.2553 
1.9507 

0.3453 
1.2410 
1.9349 
1.1880 
0.3372 
0.0248 

1.9184 

I .  1003 

1. 3320 

0.0254 

1. 1792 

0.0249 

1.2262 

1. 1136 
0.4195 
0.0380 
1.3351 
2.0394 
1.1223 
0.4096 
0.0377 
1.3537 
2.0270 

0.4001 
0.0375 
1.3120 
2.0141 

1. 1394 

1 299Y 
2.0009 

1. 1479 
0. 3821 
0.0370 

1. 1309 

0. 3910 
0.0372 

1.2874 
1. 9871 

1. 1563 
0. 373 5 
0.0368 
1.2745 
1.9730 
1. 1648 
0.3651 
0.0366 
1.2613 
1.9583 

0.3569 
0.0364 
1.2476 
1.9431 
1. 1820 
0.3487 
0.0362 
1.2335 
1.9274 

0.3406 
0.0361 
1.2188 
1.9110 

I. 1019 

1. 1734 

1. 1909 

6 

45"OO'. 

1. 1179 
0.4235 
0.0485 
1.3238 
2.0283 

1. 1265 
0.4137 
0.0481 
1.3126 
2.0160 

1.1350 
0.4043 
0.0478 
1.3010 

1. 1435 
0.3952 
0.0474 
1.2890 

1. 1519 
0. 3864 
0.0471 
1.2767 
1.9765 

1. 1603 
0. 3779 
0.0469 
1.2640 
1.9625 

1. 1688 
0.3696 
0. 0'166 
1.2509 

1.1773 
0.3614 
0.0464 
1. 2374 
1.9329 
1. 1859 
0.3533 
0.0462 

1.9173 

1.1947 
0.3452 
0.0460 
1.2089 
1.9010 

I .  1041 

2.0033 

1.9901 

1. 9480 

1. 2234 

~ 

56'15' 

1. 1230 

0.0572 
1.3101 

1. 1316 
0.4187 
0.0567 
1.2991 
2.0026 

I. 1401 
0.4094 
0.0563 
1.2877 

0.4284 

2.0147 

1.9901 

1. 1485 
0.4004 
0.0559 
1.2759 
1.9771 
I .  1569 
0.3917 
0.05 56 
1. 2638 
1. 9636 

1. 1652 

0.0552 

1.9497 
1. 1736 
0.3750 
0.0549 

1.9353 
1.1821 
0.3668 
0.0546 
1.2250 

0. 3832 

1. 2513 

1.2383 

1. 9204 

1. 1907 
0.3588 
0.0544 
1.2112 
1.9049 

1.1994 
0.3508 
0.0541 
1. 1968 
1.8888 

I. 1067 

67"30' 

I. 1290 
0.4341 
0.0637 
1.2947 
1.9993 

1. '375 
0.4245 
0.0632 
1.7838 
1.9874 

1. '459 
0.4153 
0.0627 
1.2726 
1.9750 
1.1542 
0.4064 
0.0623 
1.2610 
1.9622 

1. 1625 
0.3977 
0.0619 

1.9489 

I. 1708 
0.3893 
0.0615 
I .  2368 

1.2491 

1.9352 
1. 1792 
0.381 1 
0.061 1 
1.2241 

1.1876 
0.373 1 
0.0608 
1.2109 
1.9062 

1. 1961 
0.3651 
0.0605 

I. 8908 

1.2048 
0.3572 
0.0602 
I. 1830 
1.8748 

I. 1098 

1. 9209 

1. 1972 

78045' 

1- ' 3 5 5  
0.4402 
0.0679 
1.2781 

1.1439 
0.4307 
0.0673 
1. 2 6 i +  

1.1522 
0.4216 
0.0668 
1.2564 
1.9587 
I. 1605 
0.4128 
0.0663 
1.2450 
1.9460 

1. 1687 
0.4043 
0.0659 
1.2333 
1.9329 

1. 9827 

1. 9709 

1. 1770 
0. 3960 
0.0654 
1.2212 
1.9193 
1. 1853 
0.3878 
0.0650 
1.2086 
1.9053 
1. 1936 
0.3798 
0.0647 
1.1957 
1.8907 

1.2021 
0.3719 
0.0643 
1.1822 

I .  2108 
0.3640 
0.0640 
1.1682 
1.8595 
1.1131 

1.8754 

_ _  

90"OO' 

I .  1422 
0.4466 
0.0695 
1.2610 
1.965s 
I .  1506 
0.4372 
0.0689 
I .  2506 
1.9539 
I. 15S8 
0.4282 
0.0683 
1.2397 

1. 1670 
0.4195 
0.0678 
I. 2285 
1.9293 
1.1752 
0.4111 
0.0673 
1.2170 
1.9163 

1. 1834 
0.4028 
0.0669 
1.2050 

1. 1916 
0.3948 
0.0665 

I. 8890 

1. '999 
0.3869 
0.0661 
1. '799 
1.8745 
1.2084 
0.3790 
0.0657 
I .  1666 
1.8594 
I .  2170 

0.0654 

1.9418 

1.9029 

1. 1927 

0.3712 

1.1527 
1.8436 

I. 1165 



M, = 2, FK = 30", a = 2"30' 

E 

0.00 

0.05 

0. 10 

0. 15 

0. 20 

0. 25 

0. 30 

0. 35 

0.40 

0.45 

0. so 

10 1'1 5' 

1.0349 
0.5975 
0.0769 
1.3149 
2.0157 

1.0544 
0 .5825  
0.0767 
1.3142 
2.0250 

1.0656 
0. 5649 
0.0759 

2.0225 

1.0762 
0.5487 
0.0750 
1. 3076 
2. oiS3 

1,0863 
0.5338 
0.0740 

2.0126 

1.0961 
0.5199 

I .  2960 
2.0057 

1. 1055 
0. 50?1 
0.072 1 
1.2888 
1.9979 

1. 1146 
0.4950 

1.2809 

I .  1235 
0.4836 
0.0705 
1.2725 
1- 9799 

1.1321 
0.4729 
0.0697 
1.2635 
1.9699 

1. 3117 

1. 3023 

0.0730 

0.0713 

1. 9892 

1.1407 
0.4627 
0.0590 
1.2540 
1.9594 

1 12"30' 

1.0412 
0.601 1 
0.0728 

1.9970 

1.0620 
0.5872 
0.0726 
1.2971 

1. 2978 

2.0079 

1.0731 

0.0719 
0. 5698 

1.2946 
2.0055 

1.0835 
0.5538 
0.0710 
1.2906 

1.0935 
0.5390 
0.0701 
I .  2853 
1.9955 

1. 1032 
0. 5'54 
0.069 1 

2.0012 

1. 2791 
1.9887 

1.1125 
0. 5126 
0.0683 
1.2721 
1.9810 

1.1215 
0.5007 
0.0674 
1.2643 
1.9724 

1.1303 
0.4895 
0.0667 
1.2560 
1.9632 

1. 1389 
0.4789 
0.0659 

1.9533 
1.2471 

;: :sa 
O- 1- 237 063 
1.9429 

123"45' 

1.0471 

0.0658 
1.2s25 
1.9801 

1.0691 
0.5916 

1. 2S17 
1.9926 

1.0800 
0.5743 
0.0651 
1.2792 

1.0903 
0. 5585 
0.0642 
I. 2752 
1.9857 

1.1002 
0.5439 
0.0634 
1. 2700 
1.9801 

1.1097 
0.5304 

1.2638 
1.9733 

1.1181) 
0. 5178 
0.0617 
1.2569 
1.9656 

0.5060 
0.0609 

1.9571 

1.1366 
0.4949 
0.0602 
I. 2410 
1.9479 

I. 1451 
0.4844 
0.0596 
1.2322 
1.9381 

1.1535 
0.4745 
0.0590 
1.2230 
1.9278 

-. 

0.6045 

0. 0657 

1. 9900 

0.0625 

1. 1279 

1.2492 

135'00' 

I. 0523 
0.6075 
0.0562 
I. 2693 
1.9656 

1.0753 
0. 5954 
0.0561 
1. 26S5 
1.9794 

1.0861 
0.5783 
0.0556 
I. 2659 
1.9767 

1.0963 
0. 5626 
0. os49 
1.2619 
1.9724 

1. 1061 
0. 5482 
0.0541 
1.2568 
1.9667 

1.1155 
0.5348 
0. 0534 
1.2506 
1.9599 

1. 1246 
0.5223 
0.0527 
1.2437 

1. '335 
0.5107 
0.0520 
I. 2362 
1.9138 

1.1421 
0.4997 
0.05 14 
1.2280 
1.9346 

1.1506 
0.4893 
0.0508 
I .  2193 
1.9249 

1.1589 
0.4794 
0.0503 

1.9146 

_. 

1.9522 

1.2102 

6 

1 4 6" 1 5' 

1. oj66 
0.6100 
0.0443 
I .  2587 
1.9538 

1. OS05 
0. 5986 
0.0443 
1.2578 
1.9688 

1.0911 
0.5816 
0.0438 
1.2552 
1.9660 

1. 1013 
0. 5661 
0.043 3 
1.2512 
1.9616 

1. 1109 
0. 5518 

1.2460 
1.9559 

1. 1203 
0. 5385 
0.0421 
1.2400 
1.9491 

1. 1293 
0. 5261 
0.0415 
1. 2331 
1.94 '4 

I .  1381 
0. 514.5 
0.0410 
1.2256 
1.9329 

1.1467 
0.5036 
0.0405 
1.2175 
1.9238 

1.1551 
0.4933 
0.0401 
I. 2089 

1.1633 
0.4835 
0.0396 
I. 1998 
1 * 9039 

0.0427 

1. 9141 

157'30' 

1.0598 
0.61 18 
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11.1, = 3, pH = 40', a = 2'30' 
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i. 6930 
0.7750 
0.6778 
0.9459 
3.1928 

1.6920 
0.7766 
0.6821 
0.9601 
3.2485 

0.6523 

0.7722 

2'30' 

1.7478 
0.8091 
0.6193 
0.6627 
2.4300 
1.7488 
0.8112 
0.6230 
0.6748 
2.4900 

1.7493 
0.8134 
0.6265 
0.6873 
2.5492 

1.7493 
0.8157 
0.6298 
0. 7000 
2.6077 

1.7489 
0.8181 
0.6330 

2.6657 

1.7481 
0.8206 

0.7130 

0.6359 
0- 7263 
2.7232 

:: q: 
0.63 7 
0.7399 
2.7804 

1.7457 
0.8258 
0.6413 
0.7538 
2.8373 

1.7440 
0.8286 
0.6438 
0.7680 
2.8940 

0.83 14 

0.7825 
2. 9505 

0.6665 

1.7421 

8.6460 

_- 

123" 5' 

1.8055 
0.8468 
0.5811 
0.5'75 

1.8058 

0.5877 
0.5287 
2.2018 

1.8055 
0- 8527 
0.5840 

2- 2575 
1.8047 
0.8558 
0.5851 
0.5518 
2.3125 

0.8590 
0.5860 

2.3670 

1.8020 
0.8627 
0.5868 

2.4210 

1.8002 
0.8657 
0.5873 
0. 5889 
2.4746 
1.7981 
0.8693 
0.5876 
0.6018 
2.5281 

2.1451 

0.8497 

0.5401 

1.8035 

0.5639 

0.5762 

1.7958 

0.5879 
0.8730 

2.5814 
0.6150 

;: g-2; 
0.5880 
0.6286 
2.6346 

0.6817 

135'00' 

1.8624 
0.8754 
0.5222 

i. 8896 

1.8620 
0.8784 
0. sals 
0.4134 
1.9382 

1.8612 
0.8816 
0.5206 
0.4230 
1.9859 

1.8599 
0.8850 
0. 5194 
0.4329 

1.8582 
0.8885 
0.5180 
0.443 1 
2.0797 

1.8562 
o. 8922 
0.5164 
0.4535 
2.1261 

1.8539 
0.8961 
0. 5147 
0.4643 
2.1724 

i. 8514 
0.9001 
0.5128 
0.4754 
2.2186 

1.8485 
0.9043 
0.5 109 
0.4867 
2.2648 

1.8426 
0.90 6 
0.5088 
0.4983 
2.3112 

0.6949 

0.4041 

2.0331 

F 

6 

146" 15' 

0. il 924 165 
0.4419 
0.3208 
1.6734 

1- l159 
0. 947 
0.4395 
0.3274 
1.7090 

0. 973 
0.4368 
0.3343 
1.7442 

1.9134 
0.9002 
0.4338 
0.3415 
1.7792 

0.9034 
0.4306 
0.3490 
1,8142 

1.9095 

0,3568 
1,8496 

1.9071 
0,9108 
0.4237 
0.3650 
i. 8853 

1.9044 
0,9148 
0,4201 
0,3735 
1,9215 

1.9015 

0,4164 
0.3824 
1.9583 
1.8983 
0.9235 
0,4126 
0.3915 
1,9957 

0.7054 

1. $149 

1,9117 

0.9070 
0.4272 

0.9191 

157'30' 

1.9612 
0.9028 
0.3293 
0.2718 
1.5375 
1.9612 
0.9033 
0.3267 
0.2747 
1.5546 
1.9609 

0.3238 
0.2778 
1.5714 
1.9603 
0.9053 
0.2811 
1.5882 

1.9594 
0.9067 
0.3173 
0.2846 
1.6054 

1.9583 
0.9085 

0.2884 
1.6232 

1.9569 
0.9106 
0.3099 
1.6418 

1.9552 

0.3059 
0.2969 
1.6615 

1- 9532 
0.9160 
0.3018 

1.6826 

1.9509 
0.9193 
0.2976 

1.7051 

0.7068 

0.9041 

0.3207 

0.3136 

0.2925 

0.9131 

0.3017 

0.3070 

- 

168'45' 

1.9846 

0.1779 
0.2549 
1.4978 

1.9849 
0.9166 
0.1761 
0.2554 
1. 5010 

1.9852 
0.9162 
0.1744 
0.2558 
1 5038 

1.9855 
0.9157 
0.1725 
0.2562 
1.5063 

1.9859 
0.9152 

0.2566 
1.5085 

1.9862 
0.9147 
0.1682 
0.2569 
1.5104 

i. 9866 

0. 1659 

1.5122 

I. 9870 
0.9135 
0. 1635 
0.2576 
1.5138 

0.9171 

0.1704 

0. 9141 

0- 2573 

0.9130 1.9874 
0.1609 
0.2579 
1.5154 
1.9878 

0.1581 
0.2582 
1.5169 

0.6990 

0.9124 

~ 

180"OO' 18O"Oo' 

1.9921 
0.923 1 
0.0000 
0.2506 
1.4874 

1- 9923 0.3227 
0.0000 
0.2505 
1.4868 

1.9927 0.9222 
0.0000 
0.2502 
1.4858 

1.9931 
0.9215 

1.4 44 

1.9937 
0.9205 
0.0000 
0.2494 
1.4824 

1.9945 
0.9194 
0.0000 
0.2488 
1- 4798 

1.9954 
0.9179 
0.0000 
0.2480 
1.4763 

1.9965 

0.0000 
0.2199 

0.9161 
0.0000 
0.2469 
1.4717 
1.9981 
0.9138 
0.0000 
0.2455 
1.4656 

2.0001 
0.9110 
0.0000 
0.243 5 
1.4573 
0.6917 

~ 
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AIoo= 5, FK=30', a =5' 
.~ 

OOOO' - 
1.4831 
0.8563 

1.8898 
4.3129 

1.4882 
0.8474 
0.0000 
1.8894 
4.3122 

1.4934 
0.8387 

1.8882 
4.3 101 

1.4985 
0.8301 
0.0300 
1.886 1 
4.3068 

1.5035 
0.8217 
0.0000 
1.8833 
4.302 1 

1. 5086 
0.8134 
0.0000 

0.0000 

0.0000 

1.8797 
4.2963 

1.5136 
0.8052 

1.8754 
4.2893 

1.5186 
0.7972 
0. 0000 
1.8704 
4.2812 

1.5236 
0.7892 
0.0000 
1.8648 
4.2720 

1.5286 
0.7814 
0.0000 
1.8585 
4.2617 

0.0000 

1 1 O.15' 

1. 840 
0.1568 
0.02 19 
1.8812 
4.2988 

1.4899 
0.8484 
0.0246 
1.8808 
4.3027 

0.8397 
0.0262 
1.8796 
4.301 1 

1.5002 
0.83 12 

1.8775 
4.2981 

1. 5053 
0.8228 
0.0286 
1.8748 
4.2937 

1.5103 

1.8712 
4.2882 

1.5154 
0.8063 

1.8673 
4.2814 

1.5204 
0.7983 
0.0311 
1.8621 
4.2735 

1.5254 
0.7904 
0.03 18 
1.8565 
4.2645 

1. 5304 
0.7826 
0.0325 
1.8503 
4.2544 

1. 5353 
0.7749 
0.033 1 
1.8435 
4.2433 

1.4951 

0.0274 

0.8 145 
0.0295 

0.0304 

- 

22'30' 

I. 4866 
0.8583 
0.0432 
1.8558 
4.2572 

1.4948 
0.8513 
O.O.j82 
1.8555 
4.2746 

1.5001 
0.8427 
0.0515 
1.8543 
4.2744 

1. 5053 
0.8343 
0.0540 
a. 8524 
4.2724 

1. 5104 
0.8260 
0.0562 
1.8497 
4.2689 

1. 515s 
0.8178 
0.0580 
1.8463 
4.2641 

1. 5206 
0.8098 
0. OS97 
1.8422 
4.2580 

1.5256 
0.8018 
0.0612 
1.8375 
4.2507 

1.5305 
0.7940 
0.0626 
1.8321 
4.2423 

1. 5355 
0.7863 
0.0638 
1.8261 
4.2327 

1.5404 
0.7786 
0.0650 
1.8194 
4.2222 

~ 

6 
.. - 

33'45' I 45'00' I 56'15' 
- 

1.4910 
0.8608 
0.0629 
1.8150 
4.1902 

1.5029 
0.8560 
0.070 
1.8144 
4.2297 

1. 5084 
0.8477 
0.0750 
1.8138 
4.2317 

1.5'37 
0.8395 

1.8120 
4.2312 

0.0787 

1. 5189 
0. 8113 
0. cs 18 
1.8095 
4.2290 

0.8233 

1.8063 
4.2252 

0.8153 
0.0869 
1.8025 
4.2201 

1.5340 

1. 5240 

0.0845 

1. 5290 

1.5389 
0.7998 
0.091 1 
1.7929 
4.2063 

1. 5439 
0.7922 

4.1976 
O. 1.7 O g 3 0  71 

0.7 5f8 47 
0.0947 
1.7808 
4.1879 

1.4968 
0.8642 
0.0805 
1.7612 
4.1011 

1.5 139 
0.8625 
0.0898 
1.7611 
4.1704 

1.5196 
0.8545 
0.0959 
1.7602 
4.1751 

1.5250 
0.8464 
0. 1006 
1.7587 
4.1766 

1. 5303 
0.8385 
0.1046 
1.7564 
4. 1759 

1.5354 
0. 8305 
0. 1081 
1.7535 
4.1736 

1 5 4 7  
0.822 
0.1112 
1.7499 
4.1697 

1.5454 
0.8152 

1.7457 
4.1646 

1. 5503 
0.8076 
0. 1165 
1.7409 
4.1581 

1. 5552 
0.8002 
0.1188 
1.7355 
4.1505 

1.5600 
0.7928 
0.1210 
1.7296 
4. 1418 

0. 1139 

~ 

1.5041 
0.8684 
0.0953 
1.6972 
3.994 1 

1.5275 
0.8705 
0.1061 
1.6973 
4.1002 

1.5335 
0.8628 

I. 6965 
4.1080 

1.5390 
0.8550 
0.1191 
1.6952 
4.1115 

1.5443 
0.8473 
0. 1238 
1.693 1 
4.1125 

1.5494 
0.8396 
0.1279 
1.6905 
4.1116 

0.1134 

1.5544 

:: :i;; 
1.6 72 
4. 1091 

1.5593 
0.8246 
0. 1348 
1. 6833 
4.1052 

1.5642 
0. 8172 
0. 1377 
1.6789 
4.0999 

0. l. t 9 0  099 
0. 1405 
1.6739 
4.093s 

1. 5738 
0.8027 

1.6684 
0. 1430 

4.0859 

-~ 
67'30' 

I. 5125 
0.8732 
0.1066 
1.6264 
3.8743 

1. 5433 
0.8798 
0. t 186 
I. 6265 
4.023 1 

1.5495 
0.8724 
0. 1269 
1.6259 
4.0338 

1.5552 
0.8649 
0.1333 
1.6247 
4.0393 

1.5605 

0. 13 6 
1.6229 
4.0419 

1. 5656 
0.8499 
0.1431 
1.6205 
4.0424 

1.5705 
0.8425 
0. 1472 
1.6175 

1.5754 
0.835 

1.6140 
4.0383 

I. 5802 
0.8281 
0. 1541 
1.6099 
4.0342 

0.8554 

4. 0411 

0.15oi 

1. 5849 
0.8210 
0. 1571 
I. 6053 
4.0288 

1. 5896 
0.8140 
0-  1599 
1.6002 
4.0222 . _  

78'45' 

1.5217 
0.8786 
0.1141 
1.5520 
3.7470 

1.5608 
0.8901 
0.1268 
1.5522 
3.9433 

1.5673 
0.8830 
0.1358 
1.5518 
3.9565 

1. 5729 
0.8757 

1. 5507 
3.9637 

1. 5782 
0.8684 

1.5491 
3.9676 

1.5833 
0. 8612 
0. 1533 
1.5469 
3.9692 

. .  

0. 1427 

0. 1484 

1.5882 

0. 1576 
1.5442 
3.9690 

1. 5930 
0.8469 0.1614 

1.5409 
3.9671 

1.5977 
0.8400 
0.1649 
1. 5371 
3.9638 

1.6024 
0.83 1 

1.5329 
3.9592 

1.6069 
0.8263 

1.5282 
3.9534 

0.8540 

0. 16iO 

0. 1709 

90'00' 

1.5315 
0.8842 
0.1172 
1- 4776 
3.6177 

1.5795 
o 9011 
0.1302 
1.4778 
3.8653 

I. 5860 
0.8943 
0. '397 

3: 1;:; 
1.5917 
0.8872 
0.1469 
1.4765 
3.8885 

1.5969 
0.8800 
0.1527 

3. 932 

1.6019 
0. 8730 
0.1578 

3. 955 

1.6068 
0.8660 
0. 1622 
1.4704 
3.8957 

1.6115 
0.8591 
0.1661 
1.4674 
3.8944 

1.6161 
0.8523 
0.1696 
1.4638 
3.8917 

1.6206 
0.8456 
0.1728 
1.4599 
3.8876 

1.6251 
0.8390 
0. '757 
1.4554 
3.8823 

1.4750 

1.1729 
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-- 

E 
~~ 

c. 55 

0. 60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

Fz 

0"OO' 

I. 5386 
0.7660 

1. 8441 
4.2381 

1.5436 
0.7584 

1.8360 
4.2248 

1.5486 
0.7509 
I. 8273 
4.2104 

1.5536 
0.7435 
1.8180 
4. 1951 

1.5587 
0,7361 

1.8031 
4. 1788 

0.0000 

0.0000 

0.0000 

0.0030 

0.0000 

1.56?7 

1.7976 

0. 7287 
0.0000 

4. 1615 

1. 5688 

I. 7866 
4. 1432 

1. 57-10 
0.7140 

1.7749 
4. 1239 

1.5792 
0.7067 
0.0000 
I. 7626 
4. 1035 

1.5844 
0.6993 

1.7497 
4.0820 

0. 7213 
0.0000 

0.0000 

0.0000 

0. 7192 

11"l 

1. 5403 
0.7673 
0,0337 
1. 8360 
4.2311 

1. 5453 
0.7597 
I. 8280 
4.2180 

1. 5503 
0.7523 
0.0347 
I. 8194 
4.2038 

1.5553 
0.7448 
0.0352 
I. 8102 
4. 1887 

1: 5603 
0.7374 
0.0356 
1.8004 
4. 1726 

0.0342 

1.5654 
0.7301 

1. 7900 
0. 0361 

4. 1554 

1. 5705 
0. 7228 
0.0365 
1.7790 
4. 1373 

1. 5756 
0.7155 
0.0369 

4.11 2 

1. 5808 
0. 7082 

1.7553 
4.0979 

I .  5860 
0.7008 
0.0376 
1.7425 
4.0766 

0.7193 

1 . 7 7 4  

0. 0372 

22"2 

M, = 5 ,  ?x  = 30", a = 5" 

' I 33"45' 

1.5454 

0.0661 
I. 8122 
4.2106 

1.5503 
0.7636 
0.0672 
I. 8044 
4. '979 

1.5553 
0.7562 
0. 0652 
1.7960 
4. 1843 

1. 5603 
0.7489 
0.059 1 
1.7870 
4. '697 

I .  5652 
0.74'5 
0.0700 
1.7775 
4.1541 

0. 7711 

1. 5702 
0.7343 
0.0708 
1.7674 
4. 1374 

1.5753 

0.0716 
1.7567 
4. 1198 

0. 7270 

0.719 goi 
0.0724 
1.7454 
4.1011 

1.5855 
0,7126 

1.7335 
4.0814 

1. 5907 
0.7053 
0.0738 
1.7211 
4.0607 

0.7193 

0. 073 1 

1.5537 
0.7773 
0.0963 
1. 7739 
4. '771 

1. 5585 
0.7699 
0.0978 
1.7664 

1.5634 
0.09?2 

1.7554 
4. 1524 

I. 5683 
0.7554 
0. 1005 

4. 1386 

1.573' 
0.748' 
0.1018 
1. 7-107 
4. 1238 

1. 5782 
0.7410 
0. 1030 

4. '079 
I. 583 1 

0.7339 
0. 1042 

4.091 1 

1. 5881 
0. 7268 
0. 1052 
1.7099 
4.0732 

1.5932 
0- 7197 
0. 1063 
1.6985 
4. os43 

1.5983 
0.7126 
0. 1073 
1.6865 
4,0343 

0.7195 

4. 1653 

0.7626 

1.7498 

1. 7310 

1. 7207 

6 

45"OO' 

I. 5648 
0.7856 
0.1230 

4.1321 

I. 5696 
0. 7784 

I .  7160 
4.1212 

1.5745 

0. 1267 
1.7085 
4.1094 

1.5793 
0. 764 I 
0. 1284 
1.7004 
4.0965 

1. 5841 
0.7571 
0. 1299 
1. 6.117 
4. os26 

1.5889 
0.750 1 
0. 1315 
1. 6825 
4.0678 

0.743 1 

1. 6728 
4 . 6 1 9  

0. 7362 
0. 1342 
1. 6626 
4.0350 

1. 6036 
0.7293 
0. 1355 
1.6518 
4.0170 

1. 6086 

1.6404 
3.9980 

0.7197 

1. 723 1 

0. 1249 

0.7712 

1.5938 

0. 1329 

1. 5987 

O. 0. 7228 136 

56'15' I 67'30' 
I 

1. 5532 
0. 7sS6 
0.1475 
1. 655s 
4.0674 

1. 5880 
0. 7S17 
0. 1496 
1. 6487 
4.0566 

1. 59'T 
0.774b 
0.1515 
1.6411 
4.0447 

1. 5974 
0.7679 
0.1534 
I.  6330 
4.03 19 

1. 6021 
0.7611 
0. 1551 
1. 6244 
4.0180 

I. 6068 
0. 7543 
0. 1567 
1. 6153 
4.0032 

1. 61 16 
0.7476 
0. 1583 
I. 6057 
3.9573 

I. 6164 

0. 1598 
1. 5955 
3.9704 
1.6212 
0.7341 
0. 1612 
1.5849 
3.9525 
0.7198 

0. 7408 

0. 1624 

4,0145 
1.5946 

1.5989 

1. 5885 
4. 0057 

I .  6035 
0.7935 
0. 1671 
1.58l9 
3.9959 

1. 6081 
0.7ShY 
0, 1692 
1.5749 
3.9850 

O. 0. sOsi 164 

1. 6127 
0. 7802 
0. 1712 
1. 5673 
3.9731 

1.6172 
0.7736 
0. 1730 
1. 5593 
3.9603 

1. 6218 
0.7670 
0. 1748 
1.5508 
3,9464 

I.  6265 
0. 7604 
0. 1764 
1. 5418 
3.93 16 

I. 6311 
6.7539 
0. 17So 
1.5324 
3.9157 

I. 6358 
0.7473 
0. 1795 
1. 224 

0.7200 

3. H 987 

78"45' 1 9O"OO' 

1.6115 
0. 8196 
0. 1736 
1. 52ja 
3.9465 

0. s129 

1. 5173 
3.9385 
I. 6205 
0. 8064 
0. 1784 
1.5112 
3.9295 
I. 62.19 
0 . 7 y 9  
0. IS26 
1. So46 
3.9194 
1. 6294 
0. 7.134 
0. 1826 
1.4976 
3. 9383 

1.6338 

0. 1846 
I. 4901 
3.8963 

1. 6383 
0.7806 
0. 1864 

1. 6160 

0. 1761 

0.7870 

3. Is= 333 

1. 6428 
0.7743 
0. 1881 
1.4738 
3. 8692 

1.6473 
0.7679 
0. 1897 
1.4650 

I .  6519 
0.7616 
0. 1912 
1.4557 
3.8381 

0.7200 

3.8542 

1.6295 
0. 8325 

3. b759 

1.6339 
0. S260 
0. IS39 
1. 4453  
3. 86S4 

I .  63S3 

0. 1832 
1.4;9? 

1.6426 

0. iSj3 
1.4334 
3. 8503 

I. 6470 
0. 8071 
0. 1873 
1.4268 

O. 1. +so 17? 

0. s197 

3.8598 
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o 8960 
:. pi 
3: ;:35 
1. .;359 

0.5336 
1.5444 
3.780s 

1.4393 
0.8887 
0. 5407 
1.5476 
3.8060 

0. b851 
0.5474 
I. 5506 
3.8302 

1.4470 
o 8816 
0.5537 
1.5536 
3.8532 

1.4506 
2.8781 
0 5597 
1.5564 
3.8752 

1.4539 
0.8747 
0. 5654 
1. 5592 
3.8961 

1.4571 
0.8714 

0.8923 

1.4433 

0.5708 
1.5618 
3.9161 

1.4601 
0.8682 
0.5760 
1. 5644 
3.9352 
o 9266 

I .  4850 
0.94 70 
0.5005 
1.3437 
3. 5520 

1.4895 
0.9436 
0% 5077 
1.3469 
3.5799 

1.4937 

0. 5145 
I. 3500 
3.6061 

0.9402 

1.4976 
0.9369 
0.5207 
1.353 1 
3.6309 
1.5012 
0,9336 
0.5265 
1.3561 
3.6542 

1.5046 
0.9304 
0.5320 
1.3591 
3- 6764 

1.5077 
0.9274 
0.5371 
I .  3621 
3.6976 
1.5106 
0.9244 
0.5418 
I. 3650 
3- 7178 

1. 5'34 
0. 5463 
1- 3679 
3.7371 
I. 5160 
0.9187 
0. 5 5 ~ 5  
1-37" 
3.7557 
0.9236 

0.9215 

123'45' 

1.5421 
0.9903 
0.4643 
I. 1784 
3.3991 

1. 5463 
0.9869 
0.4705 
1.1807 
3.4230 
1.5502 
0.9836 
0,4761 
1.1830 
3.445 1 

1.5538 

1.1852 
3.4657 

1.5571 
0.9772 
0.4860 

3.4850 

1. 5602 
0.9742 
0.4903 
1. 1895 
3.5031 
1.5631 
0.9713 
0.4943 
I. 1916 
3. 5203 
I. 5658 
0.9684 
0.4979 
1.1937 
3. 5366 
I. 5683 
0- 9657 
0.5013 
1.1958 
3- 5522 

1. 5707 
0.963 1 
0. 5044 
1. 1960 
3- 5670 
0.9183 

- -. 

0.9804 
0.4813 

1. 1873 

~- - _ _  

135'00' 
- 

1. 594 1 
1.0283 
0.4086 
I. 0460 

1.5980 
1.0248 
0.4135 
1. os67 
3- 29 14 
1.6016 
I. 0214 
0.4i79 

3.3064 

3.2748 

1.0478 

1.6049 
1.0181 

I. 0485 
3.3200 

1.6081 

0.4252 

3.3324 

1.6111 
1.0118 

1.0499 
3.3437 
1.6139 
1.0088 

1.0505 
3.3542 
1.6165 
I. 0060 
0.4335 
1.0511 
3.3639 
1.6190 
1.0032 
0.4357 
1.0517 
3- 3729 
1.6214 
I. 0006 
0.4376 
1.0522 
3.3814 
0.9106 

0.42 17 

1.0149 

1. Q492 

0.4283 

0.4310 

- - 

Q 

14ci0i5' 

1.6376 
I. 0602 
0.3325 
0.9484 
3.1835 
1.6411 
1.0566 
0.3359 
0. W 7 8  
3.1912 

1.6444 
0.3388 
0.9470 
3- 1975 
1.6476 
1.0496 
0.3414 
0.9462 
3.2026 

I .  6507 
1.0463 
0.3436 
0.9452 
3.2068 

1.6536 
1.043P 
0.345'5 ' 
0.9442 
3.2101 

1.6564 
1.0399 
0.3471 
0.9430 
3.2126 

1. 6592 
1.0369 

3.2145 
1.6618 
1.0339 
0.3497 
0.9405 
3.2157 
I. 6644 
I. 0310 
0.3506 
0.9391 
3.2164 

0.9011 

1. 0530 

0.3485 
0.9418 

_ _  

157'30' 1 .  IGS"45' 

1. 6694 
1.0853 
0.2354 
0.8838 
3.1232 

1.6726 
1.0816 
0.2374 
5.68lr) 
3. 1226 

1.6758 
I. 0780 

3.1210 

1.6788 
1.0744 
0.2405 
0.8776 
3.1186 

I. 6818 
1.0710 

0.8752 
3.1155 

1.6848 
1.0676 

0.8727 
3.1116 

I. 6877 
I. 0643 
0.2435 
0.8700 
3.1071 

1.6905 
1.0610 

0.8672 
3.1020 

1.0578 
0.2446 
0.8642 

I. 6962 
1.0546 
0.2450 
0.8611 
3.0900 
0.8918 

0.2391 
0.8798 

0.24 17 

0.2427 

0.2441 

1- 6934 

3.0963 

I. 6882 
1.1018 
0.1221 
0.8478 
3.0883 

1.6912 
1.0981 
0.1229 

3.0823 

1.6942 
1.0944 
0.8422 
3.0756 
I. 6972 
1.0908 

3.0684 

1.7002 

0.8359 
3.0606 

1.7032 
1.0838 
0.1251 

3. OS23 
1.7061 
I. 0803 
0.1254 
0.8288 
3.0433 

1.0768 
0.1257 
0.8250 
3.0338 
I. 7122 
1.0734 
0.1258 
0.8210 
3.0237 
1.7152 
1.0699 
0.1259 
0.8167 
3.0129 

0.8853 

0. 8451 

0. 1237 

0. 1243 
0.839 1 

1. 0873 
0. 1247 

0.8324 

1.7091 

4 s0'00' 

1.6945 
1.1074 
0. coo0 
0.8360 
3.0761 

1.6975 
1. 1037 
0.0000 
0.8330 
3. c683 

1.7004 
1.1001 
0.0000 
0.8298 
3.0600 

1.7034 
I. 0965 
0.0000 
0.8265 
3.0512 

1.7064 
1.0929 
0.0000 
0.8230 
3.0418 

1.7094 
1.0894 

0.8 192 
3.0320 

1.7124 
I. 0858 
0.0000 
0. 8153 
3.0216 

1.7154 
I. 0823 
0.0000 
0.8112 
3.0106 

1.7185 
1.0788 
0.0000 
0.8068 
2.9990 
1.7216 
1.0752 
0.0000 
0.8022 
2.9867 

0.8828 

0.0000 

180"OO' 



M, = 5, PK = 40°, a = 5" 

E 

0.00 

0.35 

0.10 

0. 15 

0.20 

0 . 2 5  

0.30 

0.35 

0.40 

0.45 

0. 50 

0'00' 1 11'15' I 22'30' 

l.Ox71 
0. bb7o 
0.0000 
2. 8034 
4.7912 

1.0647 
0.8780 

2. 8028 
4.7904 

1.0723 
0.8692 
0.0000 
2.8009 
4.7881 

1.0798 
0.8606 
0.0000 
2.7979 
4- 7845 

1.0872 
0.8522 
0.0030 

2.7938 
4.7795 

1.0945 
0.8440 
0.0000 
2.7887 
4.7732 

1.1018 
0.8361 

2 7826 
4.7657 

0.0000 

0.0000 

0.82 l 0 l 0  3 
0.0000 
2.7756 
4.7572 

I. 1161 
0.8207 
0.0000 
2.7677 
4.7475 

1.1231 
0. 8133 
0.0000 

2.7590 
4- 7368 

I. 1302 
0.8060 
0.0000 
2.7495 
4.7252 - 

1.0581 
0.8878 
0.0213 
2.7939 
4.7796 

1.0667 
0.8797 
0 . 0 2 4 5  
2.7933 
4.7833 

1.0743 

0.0264 
2.7915 
4.7815 

1.0818 
0.8624 

2.7885 
4.7781 

I. 0892 
0.8541 
0.0292 
2.7845 
4.7734 

I. 0966 
0.8459 

2.7794 
4.7674 

1. 1038 
0.8380 

2.7733 
4.7601 

0.8302 
0.0322 
2.7664 
4.7517 

1.1181 
0.8227 

2.7586 
4.7423 

1.1252 
0.8153 

2.7499 
4.7318 

1.1322 
0.8080 
0.0345 
2.7405 

0.8709 

0.0279 

0.0303 

0.0313 

1.1110 

0.033 1 

0.0338 

4.7203 

1.0609 
0.8902 
0.04 19 
2.765? 
4- 7454 
I. 0725 
0.8847 
0.0480 
2.7654 
4.7624 

I. 0803 
0.8761 
0.0519 

4.7620 

0.8678 
0.0549 
2.7608 
4.7595 

1.0954 
0.8595 
0.0574 
2.7569 
4.7556 

2.7637 

1.0879 

1.1027 
0.8515 
0.0596 
2.7520 
4.7502 

I. 1099 
0.8437 
0.0616 
2.7462 
4.7436 

1. 1171 
0.8360 
0.0634 
2.7394 
4.7358 

I. 1242 
0.8285 
0.0650 

4.7269 

1.1312 
0.8212 
0.0665 
2.7234 
4.7169 

I. 1382 
0.8140 
0.0679 

4.7059 

2.73 18 

2.7142 - 

6 

33'4.5' 

1.0657 
0.8941 
0 . 0 6 ~ 9  
2.7210 
4.6902 

1.082 1 
0.8928 
0.0698 
2.7206 
4.7292 

1.0901 
0.81147 
0.0755 

4.7308 
2.7190 

1.0978 
0.8765 
0.0799 
-2.7163 
4.7299 

I .  1053 
0,8685 
0.0836 
2.7126 
4.7271 

1. 1127 
0.8636 
0. 0868 
2.7080 
4.7228 

1. 1199 
0 8529 
0. 0896 

4 7171 

1. 1271 
0.8454 
0.0922 
2.6959 
4.7102 

0.8380 
0.0946 
2.6886 
4.7021 

1.1411 
0.8308 
0.0968 
2.6805 
4.6929 

1. 1480 
0. 8238 
0.0988 
2.6717 
4. 6827 

2. 7024 

1. 1341 

4 5'00' 

1.0721 
0.8996 
0.0777 
2.6615 
4.6166 

I. 0952 
0.9040 
0.0890 
2.6612 
4.6859 

1.1035 
0.8962 
0.096 j 
2.6598 
4.6900 

I. 1113 
0.8884 
0.1020 
2.6573 
4.690Y 

1.1188 
0.8806 
0. 1067 
2.6539 
4.6897 

1. 1262 
0.8730 
0. 1109 
2.6495 
4. 6867 

1. '334 
0.8655 
0. 1145 
2.6442 
4.6822 

I .  1405 
0.8581 
0.1179 
2.6381 
4.6763 

1. '475 
0.8509 
0.1209 
2.6312 
4.6693 

1. '544 
0.8438 
0.1236 
2.6235 
4.6611 

1. 1612 
0.8369 
0.1262 
2.6151 
4.6518 

5(i015' 1 67'30' 1 78'45' 

1.0799 
0.9061 
0.0916 
2.5903 
4.5282 

1.1114 
0.9178 
0. 1048 

4.6353 

0.9105 
0. 1136 
2. 5889 
4.6423 

2. ,5301 

1. 1199 

1. 1279 
0.9030 
0.1204 
2. 5867 
4.6452 

1. 1355 
0.8955 
0. 1261 
2.5835 
4.6455 

1. 1428 
0.8830 
0. 1310 
2- 5795 
4.6439 

1.1500 
0.8808 
0. '3 54 
2.5746 
4.6407 

I. 1570 
0.8736 
0- '393 
2.5688 
4.6360 

I. 1639 
0.8666 
0. 1428 
2.5624 
4.6301 

1. 1707 
0.8597 
0. 1461 
2. 5551 
4.6229 

1.1774 
0.8529 

2. 5472 
4.6146 

0. 1491 

I. 0689 
0.9137 

2.5111 
4.4288 

1. 1302 
0.9138 
0. 1167 
2 .51  10 
4.5808 

0.9270 
0. 1267 
2. 5099 
4.5907 

0.1020 

1. 1390 

1. 1470 
0.9198 
0.1345 
2.  5079 
4. 5955 

I. 1546 
0.9126 

2.5050 
4.5974 

1.1619 
0.9054 
0. 1464 
2.5013 
4.5971 

I. 1690 
0.8983 
0. 1513 
2.4967 
4. 5350 

1. 1760 

0.1557 
2.49 14 
4. s914 

1.1828 
0.8845 
0. 1596 
2.4853 
4.5865 

I. 1895 
0.8778 
0. 1633 
2.4785 
4.5803 

0. 1409 

0. 8914 

1. 1961 

0. 1666 

4 5730 

0. 8712 

2.4711 

1.0988 
0.9220 
0.1084 
2.4274 
4.3229 

1.1510 
0.9S'S 
0. 1241 
2.4274 
4.5261 

I .  1601 
0.9452 
0.1352 
2.4265 
4.5384 

1. 1681 
0.9383 
0.1436 
2.4246 
4.5448 

1.1757 
0.9313 
0 . l S O S  

4.5479 

1.1529 
0 9244 
0. 1565 
2 4184 
4.5487 

2.4219 

1. 1899 
0.9175 

2..4142 
4. 5475 

1.1968 

0.1664 

0. 1617 

0.9107 

2.4092 
4.5448 

1.2034 
0.904 1 
0. 1706 
2.4035 
4.5407 

1.2100 
0.8976 
0.1745 
2.3971 
4.5353 

1.2165 
0.8912 
0. 1780 

4 5 2 8 8  
2.3901 

- 

-~ 

--__ 

90'00' 

1.1092 
0.9307 
0.1106 
2.3430 
4.2149 

1. '733 
0.9705 
0.1269 
2.3430 
4.4746 

1.1824 
0.9644 
0.1385 
2.342 I 
4.488s 

1. 1904 
0.9578 
0. '473 
2.3404 
4-  4960 

1. '979 
0.9510 
0.1546 
2.3379 
4.4999 

1.2050 
0.9442 
0. 1608 
2.3346 
4- 5013 

1.2119 
0.9376 
0. 1662 
2.3305 
4. so07 

1.2186 

0.1710 
2.3258 
4.4986 

1.2251 
0.9245 
0. '753 

4.4949 

I. 2315 
0.9182 

2.3144 
4- 4900 

0.9120 
0.1828 

0.93 10 

2.3204 

0. 1792 

1.2378 

2.3078 
4 4839 

~ - .  



M, = 5, BK = 40", a = 5" 

0'00' 

1.1371 
0.7988 

2.7392 
4.7125 

- ~ ~~ 

0.0000 

1. 1441 
0.7918 
0.0000 
2.7282 
4.6990. 
1.1510 
0.7849 

2.7165 
4.6846 

1.1579 

0.0000 

0.7782 
0.0000 
2.7041 
4- 6694 
1. 1647 
0.7715 
0.0000 
2.6911 
4.6533 

1. 1716 
0.7%3 

2.6774 
4.6363 

0.7585 

0.0000 

1. 1784 

0.0000 
2.6630 
4. 6186 

1.1852 
0.7521 

2. 6481 
4.6000 

1.1921 
0.7457 

2.6325 
4.5807 

0.7395 
2.6162 
4. 5605 
1.1009 

0.0000 

0.0000 

1. 1989 

0.0000 

11'15' 

1. 1392 
0.8009 
0.0352 
2.7303 
4.7078 

1. 1461 
0. 7'1 i t )  

o:0358 
2.7194 
4.6945 

1. 1530 
0.7870 

2.7078 
0.0364 

4.6802 

1. 1598 

0.0369 
2.6955 
4.6651 

1.1667 
0.7736 
0.0375 
2.6826 
4.6492 

1.1735 
0.7671 
0.03 79 
2.6690 
4- 6324 

I. 1803 
0.7606 

4.6148 

I. 1871 

0.03 9 
2.6399 
4. 5964 

1. 1939 
0.7479 
0.0393 
2.6244 
4. 5772 
1.2008 
0.7417 
0- 0397 
2.6083 
4. 5572 
1.1007 

0.7803 

0. 0384 
2.6547 

0.7543 

22'30' 

1. 1451 
0.8070 
0.0691 
2.7042 
4.6940 

1.1520 
0.8000 

4.6811 

1.1588 
0.7932 
0.0715 
2.6822 
4.6673 

1. 1656 
0.7866 
0.0726 
2.6702 

O. 2.693 070% 

4.6527 

1. 1724 
0.7800 
0.0736 
2.6575 
4.6372 

1. 1792 
0.773 5 
0.074 5 
2.6442 
4.6208 

1. 1859 
0.7671 
0.0754 
2.6303 
4- 6037 

1. 1927 
0.7608 
0.0763 
2.6157 
4.5857 

1.1995 
0.7545 
2.6006 
4. 5669 
1.2062 
0.7483 

2.584 
4- 5473 

0.077 1 

0- 077g 

1.1001 

33"4 5' 

1. 1548 
0.8168 
0.1007 
2.6621 
4.6715 

1.1616 
0.8100 
0. 1024 
2.6518 
4.6594 

1. 1684 

0.1040 
2.6409 
4.6463 

1.1751 
0.7967 
0.1056 
2.6293 
4.6324 
1.1818 

0. 1071 
2.6171 
4.6176 

1. 1885 
0.7838 
0.1084 
2.6042 
4.6019 

1. 1952 
0.7775 
0. 1098 
2. 5908 
4.5854 

1.2018 
0.7713 
0.1110 
2.5767 
4.5681 

1.2085 
0.7651 

2.5620 
4. 5500 
1.2152 
0.759? 
0. 1133 
2. 5468 
4.5311 
1.0992 

0. 8033 

0.7902 

0.1122 

1.1680 
0.8301 
0.1286 
2.6060 
4.6415 

1.1747 

0.1308 
2.5962 

1. 1813 
0.8169 

4.6181 

1. 1880 
0.8104 

2.5748 
4.6050 

1.1945 
0.8040 
0. 1367 
2.563 1 
4. 5911 

0.7978 

2.5508 
4. 5763 

0.8234 

4.6303 

0. 1329 
2.5858 

0. 1348 

1.2011 

0. 1384 

1.2076 
0.7916 
0. 1401 
2. 5379 
4. 5606 

1.2142 
0.7855 
0. 1416 
2.5245 
4.5442 

I. 2207 
0.7794 
2.5105 
4.5269 
I. 2272 
0.7734 
0. '445 
2.4958 
4.5088 

0. 1431 

1.0978 

. .  - 
303 

56"15' 

I. 1841 
0.8463 
0.1519 
2.5386 
4.6053 

0.839 l. 190i; 
0. 1545 
2. 5294 
4. 5951 

0.8334 
0.1569 
2. 5195 
4. 5838 

1. 1972 

1.2037 
0.8271 
0. 1592 

4.5717 
1.2101 
0.8208 
0. 1613 

2.5091 

2.4980 
4.5586 

I. 2165 

2.4864 
4.5447 
1.2229 
0.8087 
0. 1653 
2.4742 
4.5300 
1.2293 
0.8027 
0. 1671 
2.4614 
4.5145 

1.2357 
0.7968 
0.1688 

0.8147 
0. 1634 

2.4481 
4.4981 
1.2420 

0.1705 
2.4342 
4.4809 

1.0960 

0. 7910 

. 

67"30' 

I. 2026 
0.8648 
0.1697 
2.4630 
4. 5646 

1.2090 
0.8584 
0.1726 
2.4 54s 
4. S S P  

1.2154 
0.8522 
0.1753 
2.4450 
4.5449 
1.2217 
0.8461 

2: 4351 
4.5336 
1.2280 
0.8400 
0.1801 
2.4247 
4. 5214 

1.2343 
0.8340 
0.1824 
2.4 137 
4. 5084 

1.2405 
0.8282 
0. 184.4 
2.4022 
4 .494s  
I. 2467 
0.8223 
0. 1864 

0. 1778 

2.3902 
4.4798 

1.2529 
0.8166 
0.1883 
2.3776 
4- 4643 
1.2591 
0.8109 
0.1901 
2.3644 
4.4480 

1- 0937 

____ 

78'45' 

1.2228 
0.8849 
0. 1813 
2.3825 
4.5211 

1.2291 
0.8787 

2.3743 
4.5125 

1.2353 
0.8726 
0.1872 
2.3656 
4.5028 

1.2415 
0.8667 
0. 1898 
2.3563 
4.4923 

0. 1843 

1.2476 
0.8608 
0. 1923 
2.3464 
4.4808 
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M, = 7, 1. = 20", a = 5" 
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0.1193 
0.8134 
3.5248 

1.9907 
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3.2202 

2 .019~;  
0.9079 
0.0000 
0. 5041 
3.2153 

2.0215 
0.9039 
0.0000 
0. 5029 
3- 2096 

2.0234 
e. 9000 
0.0000 
0.5015 
3- 2034 

2.0253 
0.8962 
0.0000 
0.5000 

2.0273 
0.8924 
0.0000 

3.1889 

0.0000 

0. 0000 

2.01 10 

0.0000 

2.0133 

0.0000 

3.1964 

0.4983 

- 

- 

180'00' 

1.8492 

0.0000 
0.8623 

0.5079 
1.93s3 
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0. ss 

0. 60 

0.65 

0.70 

0. 75 

0.80 

0.85 

0. 90 

0.95 

1.00 

F, 

- ~- 
lOl"15' 

1.8839 
0.8087 
0.3539 

- 

2 
1.8866 
0.8046 
0.3597 
0; 9279 
3.9036 
1.8892 

1.8917 
0.7966 
0.3703 
0.9286 
3.9402 
1.8941 
0.7927 
0.37 2 

3.9565 
0.9288 

0.7 l. 8t69 8 
0.3798 

3.9717 
1'. 8986 
0.7851 
0.38 2 
0.9218 

1.9008 

0.9289 

3.9857 

0.3884 

3.9987 

0.7778 

0.7814 

0.9287 

1.9028 

4.010 

1.9049 

0.39 1 
0.9281 
4.0219 

0. 5654 

0- 77y 

_ _  

hi, = 7, PI( = 25", a I 10" 
. .  

1 12'30' I 123"45' I 135"oO' 
0. l. %165 274 
0. 4400 

0. 4102 

0. 099 3.7110 

0. 452 

3.731 

0. 501 

3.7496 

1.9237 
0.8162 
0. 546 
3.7662 

1.9259 
0.8126 
0. 588 

3.781 

0.1108 

0. 1112 

0.1111 

1. 280 

0.3628 
0.81 16 
3.7958 
1. 300 
0. 2056 
0. 665 

3.8090 

1. 320 

0. 700 

3.8212 

0.8091 

0. ill7 

0. s 022 
0. 1 117 

0.4734 

0. 4765 

0. 117 
3- 8324 
1.9357 
0.7957 
0. 115 
3.8429 

0.5654 

P 

1.9473 
0.8443 
0.3 130 
0.7101 
3.5564 

1. 497 

0.3 174 

3.5724 

0. 370 

0.21406 

0.7103 

1. 3519 

0.710;f 3.586 

1.3541 
0. 335 
0.3253 

3.5999 
1. 561 
0.8301 

0.710 

0.3215 

0.7104 

0.3287 

3.6111 

0.3319 
0.7103 
3.6226 

0. l. Fo0 235 

0.2202 

0.3348 
0.7101 
3.6324 
1. 618 

0.3376 
3.6412 
0.7098 

0. 8636 171 
0.3401 
0.7095 
3.6492 

0.3425 
0.7091 
3.6564 

0.5647 

1.9750 
0.8589 

3.4234 

0. 553 

3.433 

1- 9793 
c. 8518 

O- 0.629 2723 
1.1772 

0.629g 
0.2764 

3.4424 
1. 814 

0.2 24 
0.6285 
3.4499 

0. 449 
0.2850 
0.6279 
3.4563 

1. 852 

0.2873 
0.6272 
3.4616 

I .  9871 

0.6264 
3.4660 

0.483 

1. z833 

0.3416 

0.8383 
0.2894 

0.291 
0.625% 
3.4696 

1. 907 

0.6246 
3.4723 

0.8320 
0.2931 

0.2947 
0.6236 
3.4743 

0.5633 

6 

146"15' 

1. 981 
0.171 1 
0.2197 

3.31 1 

2. ooo1 
0.8674 
0.2222 
0.5685 
3- 3214 
2.0022 
0.8639 
0.2244 
0.5674 
3.3235 
2.0041 
0.8604 
0.2263 
0.5663 
3.3245 
2.0061 
0.8569 
0.2281 
0.5650 
3.3245 

2.0079 
0.8535 
0.2296 
0.5636 
3.3236 
2.0098 
0.8502 
0.23 10 
0.5622 
3.3218 

2.0116 
0.8469 
0.2322 
0.5606 

0. 56i4 

3.3192 
2.0135 
0.8436 
0.2333 
0.5589 
3.3 159 
2.0153 
0.8404 
0.2342 
0.5571 
3.3118 

0.5613 

,I 57"30' 
P 

2.0152 
0.8805 
0.15 4 
0.5211 
3.2423 
2.0172 
0.8768 
0.1559 
0.5267 
3.239" 
2.0191 
0.8732 
0- 1573 
0.5251 
3.2352 

0.5234 
3.2304 
2.0230 
0.8661 
0. 1594 

3.2247 

0.8626 
0.1603 
0.5'95 
3.2182 

2.0268 

0.1611 

3.210 

2.0287 
0.8557 
0.1617 
0.5152 
3.2027 

2.0306 
0.8522 

3,1939 
2.032 

0.5103 
3.1842 

0.5593 

0. 5215 

2.0249 

0.8592 

0.5171 

O. 0.512 1624 

0.8 88 
0.1828 

- . .  

168"45' 

2.0256 
0.8866 

2.0276 

0.0805 
0.8829 

0. 5025 
3. 1889 

2.0295 
0.8793 
0.0811 
0.5006 
3. 1809 

2.03 14 
0.8 57 
0. oil6 
0.4985 
3.1721 

2.0333 
0.8721 
0.0821 
0.4962 
3.1626 

:: ill; 
0.0825 
0.4939 
3.1523 

0.082 
0.4914 
3.1413 

0.8613 
0.0831 
0.4887 
3.1295 
2.0411 

0.485 
3.1170 

2.0432 

0.4828 
3.1035 

' 0. 5577 

2.0392 

0.8877 
0.0 34 

O- 0.0 35 

180"OO' 

:: 3; 

:: 3:; 

0. OOOO 

3.1807 
0.4965 

0.0000 
0.4946 3.1710 

2.0330 
0.8814 
0. 0000 
0,4925 
3.1623 

2.034i 
0.877 

0.4903 
3.1522 

2.0368 
0.8741 
0. OOOO 

0. oooo 

0.4879 
3.1413 

2.0387 
0.8705 
0.0000 
0.4854 
3.1298 

0.8669 

0.4828 

2.0407 

0.0000 

3.1175 
2.0427 

0.0000 
0.8633 

0.4799 
3.1045 

2.0447 
0.8596 
0. oooo 
0.4769 
3- 0906 

0.8559 

0.4738 
3.0758 

0.5571 

2.0468 

0. oooo 

18O"OO' 
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illm = 7, PK = 25", a = 15" 

E 

0. 00 

0. 05 

0. 10 

0.15 

0. 20 

0. 25 

0. 30 

0. 35 

0. 40 

0.45 

0. 50 

0"OO' 

1.5202 
0.7089 
0.0000 
2.3822 
5 2329 

1. 5244 
0.6998 
0.0000 
2.3818 
5.2322 

1.5287 
0. 6307 
0.0000 
2.3834 
5.2301 

1. 5330 
0.6817 

5. 2267 

1. 5373 
0.6728 
0.0000 

2.3752 
5.2219 

1. 5417 
0.6639 
0.0000 
2.3713 
5.2157 

1 5461 

- 

0.0000 
2. 3782 

0. 6550 
0.0000 
2.3666 
5.2083 

1.5505 
o 6462 
0.0000 
2.3610 
5. '996 

1.5549 
0.6374 

2.3546 
5.1895 

1.5593 
0.6287 
0.0030 
2.3474 
5.1782 

1.5638 
0.6200 
0.0030 

0. oooo 

:: 23 

1 l"15' 

1.5226 
0.7100 
0.0648 
2.3477 
5. 1786 
1. 5280 

0.0693 

5 1 70 

1 5325 
0 6927 
o 0728 
2.3464 
5.1879 

1.5370 
0.6838 

0.7015 

2.3175 

1. 5414 
0.6750 
0.0787 
2.3417 
5.1842 

1. 5459 
0.6663 
0.0814 
2.3382 
5.1801 

1.5503 

2- 333 
5.1746 

1.5547 
0.6 89 
0.0163 
2.3286 
5. 1677 

1- 5591 
0.6402 
0.0887 
2.3226 
5.1594 

1.5636 
0.6316 
0.0909 

5. 149 

1.5680 
0.6231 

O. 0.0 6576 3p 

2.3153 

2.30 O- 0911 4 
5. 1?90 

~~ 

22"30' 

1. 5299 
0.7134 

5.019 

1.5387 

2.2477 
5.0540 

0. 1283 
2.247% 

0.7067 
0.1367 

0.69 l. 5480 5 
0. '435 
2.2473 
5.0635 

1.5489 
0.6901 
0.1495 
2.2462 
5.0695 

1.5536 
0.6818 
0.1550 
2.2443 
5. 073 1 

I. 5582 
0.6714 
0. 1602 

5.0748 
2.2417 

I. 5628 
0.6651 
0. 1651 

2. 5.074 238i 
1.5673 
0.6568 
0. 1698 
2.2342 
5.0732 

1.5718 
0.6486 
0. 1743 
2.2295 
5.0701 

1.5762 
0.6404 

2.2240 

1.5806 
0.6322 

0. 1787 

5.0657 

O. 2.217 lS2i 
5.0599 

6 

33'45' 1 45"OO' 

1- 5419 
0.1890 
2.0901 
4.7661 

1.5562 
0- 7153 
0.2004 

0.7190 

4.840 2- Oq18 

I. 5627 
0.7080 
0.2100 
2.0920 
4.8638 

1.5683 

0.2185 
2.0920 
4.8807 

0.692 
0.2264 

0.7004 

1. 5735 

2.0914 
4.8940 

1.5784 
0.6851 

2.0902 

1.5832 
0.4774 
0.2408 
2.0884 

0. 2338 

4.9047 

4.9132 

1.5878 
0.6698 
0.2475 
2.0859 
4.9199 

1.5923 
0.6622 
0.2540 
2.0829 
4.9250 

I .  5968 
0.6546 
0.2603 
2.0793 
4.9285 

2.0750 
4.9306 

1. 5585 
0.7267 
0.2 5) 

4.4348 
1.5802 

0.258 

4.5596 
1.5882 

0.2703 
1.8937 
4.5994 

1. 5947 
0.714 
I.  8950 
4. 6300 

1.6005 
0.7077 
0.2906 
1.8959 
4- 65% 

1. ,6059 
0.7009 
0.2998 
1.8963 

1.6109 
0.6941 
0.3086 
1.8963 

1.6157 
0.6873 

I .  8958 

1.6202 
0.6805 

4.7294 

1. 6247 
0.6738 
0.3329 
1.8934 
4.743 1 

1.6290 
0.6670 

1. 916 
4.7552 

1.8496 

0. 7269. 

1.8912 

0.7209 ' 

0.2808 

4.6775 

4.6969 

0.3 170 

4.7141 

O. 1. i2s1 949 

0. $405 
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56" 15' 

1.5794 
0.7365 
0.2965 
1.6620 
4.0464 
I. 6100 
0.7414 
0.3094 
I .  6652 
4.2261 

1.6198 
0.7370 
0.3226 
1.6682 
4.2847 
1.6274 
0.7317 
0.3345 
I. 6709 
4.3304 

1.6339 
0.7262 
0.3457 
I. 6732 
4.3 693 

1.6397 

- 

0.7204 
0.3562 
1-6753 
4.4039 
1.6450 
0.7146 
0.3662 
1.6771 
4.4353 

1 649 

1 67 5 
4.4642 

1.6545 

1.6797 
4.4910 

1.6589 
0.6972 
0.3 41 
I. 6806 
4.5160 

1.663 1 

0.402 
I. 6811 
4- 5394 

0 7081 
0 3729 

0.7030 
0.3851 

0.6914 

- 

- 

67'30' 
~ ~~ 

1.6042 

0.3406 
0.7480 

3. l. %242 239 

0.75 l. 6488 4 
3. 8 587 
0.3514 
1. 282 

1.6567 
0.7557 
0.3651 

3.9361 
1.6655 
0.7518 
0.3778 
1.4359 
3.9971 
1.6727 

0.3 97 
1.4396 
4.0497 

1.6790 
0.7429 
0.4011 
1 4430 
4.0970 
1.6845 
0.7383 

1.4464 
4.1405 
1 6896 
0.7335 
0.4223 
1 4895 
4.1 11 

1.69 2 
0.7228 
0.4323 
1.4525 
4.2 195 

1.6985 

1.4554 
4.2560 

1.7025 
0.7193 
0.4513 
1.4581 
4.2908 

1.4321 

0- 7475 

0.4119 

0.7240 
0.4420 

78"45' 

1.6323 
0.7612 

3.1906 

1.6840 
0.7774 
1.1962 
3.4769 

1.6979 
0.7766 
0.3964 
1.2007 
3.5721 

1.7079 
0.7742 
1.2052 
3.6473 
I. 7158 

- 

0.3763 
1. 1917 

0. 3830 

0.4092 

0.771 1 
0.4214 
1.2097 
3.7124 

I. 7225 
0.7677 
0.4330 
1.2142 
3.7713 

0.7641 
0.4441 
1.2186 
3.8259 

1.7335 
0 7605 
0 4547 
I 2231 
3.8774 

1.7283 

1.7381 
0.7568 
0.4650 
1.2275 
3.9263 

1.7423 
0.7532 
0.4749 

3.9733 

I. 7461 

0.4 45 
I. 2363 
4.0186 

1. 2319 

0.719s 

- 
90"OO' 

1.6633 

0.4021 
0.9768 
2.7682 

1.7266 

0.4028 
0.9815 
3.1000 

1.7426 
0.799 1 
0.9862 
3.2111 

1.7537 

0.4274 
0.9910 
3.2986 

1.7622 
0.7962 
0.4393 
0.9959 
3.3745 

1.7693 
0.7939 
0.4507 
1.0009 
3.4431 

1.7752 
0.7913 
0.4617 
1.0059 
3. 5069 

0.7887 

3.5671 

1.7849 

0.7756 

0.7981 

0.4151 

0.7980 

1.7804 

0.4722 
1.0111 

0.7860 

1.0163 
3.6246 

0.4823 

1.7889 
0.7833 
0.4920 
1.0216 
3.6800 

1*'7r5 
0.7 07 
1.0270 
3.7337 

0.5014 



M,=7, p K =  25", a =  15" 

O"O0' 

I .  5683 
0.6113 

2. 3307 
5.1518 

1.5728 
0.6027 
0.0000 
2.3211 
5. 1366 

1. 5774 
0. 5940 

5.1202 

I .  5820 
0.5853 

2.299 5 
5.1025 

1.5867 
0. 5767 
2.2875 
5.  083 5 

1. SY 14 
0. 5680 
0 0000 
2 .  2747 
5.063 1 

1. 5961 
0.5593 
0.0000 
2.261 1 
5.0414 
1.6010 
0. 5506 
0.0000 
2.2466 
5.0183 

I .  6053 

2.2312 
4.9938 
1.6109 
0.5329 
2.2150 

0. 5656 

0.0000 

0.0000 
2.3107 

0.0000 

0.0000 

0. 541 
0.0000 

0.0000 

4.9678 

- 

-. - 

1 l"15' 

1.5725 
0.6145 
0.0952 
2.3001 
5.1268 

1.5770 
0.6060 
0.0973 
2.2910 
5.1'34 
1. 5815 
0.5975 
0.0993 
2.2812 
5.0987 
1. 5861 
0.5890 
0.1013 

5.0826 

1.5907 
0.5804 
0. 1032 
2.2591 
5.0653 

1. 5954 
0.5719 
0. 1051 
2.2469 
5.0466 

1. 6001 

0. 1069 
2.2339 5.0266 

1.6049 
0. 5547 
0. 1087 
2.2201 
5.0052 
1.6097 
0. 5461 
0. 1105 
2.2054 

- 

2. 2705 

0.5633 

4.9824 
1.6146 
0. 5374 
0. 1122 

495 2. 1838 1 

0. 5658 

. -. 

22"30' 

1.5851 
0.6240 
0. 1870 
2.2108 

- 

5.0527 

1. 5895 
0.6159 
0.1911 
2.2032 
5.0442 

1.5939 
0.6078 
0.1950 
2.1949 
5.0345 

1. 5984 
0. 5996 
0. 1988 
2. 1859 
5.0234 
I .  6028 
0.5915 
0.2026 
2.1761 
5.01 10 

1.6073 
0.5834 
0.2062 
2. 1656 
4,9972 
1. 6118 
0.5752 0.2098 
2. 1544 
4.9821 

1.6164 
0. 5671 
0.2134 
2. 1424 
4.9657 
1.6210 
0.5588 
0.2168 

4.947 2- 129i; 
I .  6257 
0. 5506 
0.2202 
2.1161 

0.5667 
4-9284 

~. - 

- 

33"45 -- 
I. 6055 
0.6395 0.2722 
2.0702 
4.93 13 
I .  6098 
0.6320 
0.2780 
2.0648 
4.9307 
1.6140 
0.6245 
0.2836 
2. 0588 
4.9287 
1.6183 
0.6170 
0.2891 
2 . 0 5 2 2  
4.9254 
1.6225 
0. 6095 
0.2944 
4.920 2 .  0443 
I .  6267 
0.6020 
0.2997 2.0371 
4.9149 
I. 6309 
0.5946 
0.30 9 

4.9077 
1.6352 
0.5870 
0.3099 
2.0194 
4.899 1 

1.6394 
0, 5795 
0.3 149 
2.0096 
4. 8892 

1.6437 
0.5720 
0. 3198 
1.9991 
4.8778 
0. 5680 

2.0216 

___ 

8 

45"OO' 

1.6331 
0.6603 
0.3478 
1.8893 
4.7659 
1.6372 
0.6536 
0.3550 
1.8865 
4.7753 
1.6413 

I. 8832 
4.7833 
1.6452 
0.6403 
0. 689 

4.7901 

-- 

0.3 O. 6%70 20 

1.4795 

1.6491 
0.6337 
0.3755 
1.8753 
4.7956 

1.6530 
0.6271 
0.3821 
1.8706 
4.7999 
1.6568 
0. 6205 
0.3885 
1 .  8654 
4.8029 
1.6606 
0.6139 
0.3949 
1.8597 
4.8046 

1.6644 
0.6073 
0.401 1 
1.8535 
4.8051 
1. 6681 
0.6006 
0. 072 

4.8042 

0. 5699 

1. 1 467 

-~ -. 

56" 15 

I. 6671 
0.6857 
0.41 12 
1.6813 
4.5614 
I. 6709 
0.6800 
0.4195 
1.6813 
4.5821 

- 

1.6747 
0.6743 
0.4275 
1.6809 
4.6015 

I .  6783 
0.6687 
0.4353 
1.6802 
4.6197 
1.6818 
0. 6631 
0. 430 

4.6367 

1.6852 
0.6575 
0.4505 
1.6779 
4. 6526 

1.6885 
0.6519 
0.4579 
1.6762 
4.6674 
I .  6918 
0.6464 
0.4651 
1.6742 
4.6811 

I .  6950 
0.6408 

I. 6718 
4.6937 
I.  6982 
0.6353 
0.4792 
1.6690 
4.7051 

0.5724 

1. 2 792 

0.4722 

. .  

- 

67"30' 

1.7063 
0.7147 
0.4604 
1.4607 
4.3243 

1.7099 
0.7100 
0.4693 
1.463 1 
4.3565 

0.7054 
0.4779 
1.4654 
4.3875 
1.7164 

0.4863 
1.4675 
4.4175 

1.7195 
0.6964 
0.4946 
1.4694 
4.4464 

1.7224 
0.6919 

4.4744 
1.7252 
0.6875 
0.5105 

4.5015 

1.7279 
0.68 1 

1.4742 
4. 5277 

1.7304 
0.6787 
0. 5258 
1.4754 
4. 5.530 

1.7329 
0.6744 
0. 5332 
1.4764 
4.5774 

0.57s2 

__= 

1.7132 

0.7009 

0. 5026 
1. 4712 

1.4728 

0. 5 1 i 2  

- 

-L__ 

78'45' 

1.7496 
0.7459 
0.4938 
1.2406 
4.0626 

1.7528 
0.7423 
0.5029 
1.2450 
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4.9616 

1.4279 
1.Ob25 
0. coo0 
1.9727 
4. 95s.t 

1.4324 
1.0777 
0. 0000 
1.9660 
4.9385 

1.4369 
1.0730 
0.0000 

1.9590 

1,4414 
1.0684 
0. 0000 

1.9516 
4.9125 

1.4459 
1.0639 
0.0000 

1. 3438 
4. 984 

1.4503 
1. 0594 

4 .8  37 

1.4548 
1.0549 

1.9270 
4.8683 

1.4592 
1.0505 
0.0000 
1.9181 
4.8521 

1.0461 

4.9258 

0.0000 
1 . 9 p  

0.0000 

1.4637 
0.0000 

4. l. ilO@ 353 

1.0214 

180'00' -- 

l -  
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TABLES OF GASDYNAMIC FUNCTIONS OBTAINED BY INTEBPOLA!JXON 

E 

0. 00 

0.05 

0. 10 

0.15 

0.20 

0.25 

0.30 

=. 35, 

0.40 

0.4s 

0.50 

M, = 4, P K  = lo", Q = 2'30' 

0'00' I 11'15' 

1.999 
0.352 

0.462 
1.776 

0.336 
0.462 
1 775 
2.005 
0.322 

0.461 
1.772 
2.007 
0.309 

0.459 
1.768 

0.296 

0.457 
1.762 
2.012 
0.284 
0. coo 
0.454 
1.755 
2.015 
0.273 

0.452 
1.747 
2.017 
0.262 

0.448 
1.739 
2.019 
0.252 

0.445 
1.729 

0.242 

0.441 
1.719 
2.024 
0- 233 
0. OOO 
0.437 
1.709 

0.000 

2.002 

0.000 

0.000 

0.000 

2.010 

0.000 

0.000 

0. om 

0. OOO 

2.022 

0. OOO 

2.000 

0.020 
0.352 

0.461 
1.771 

0.337 
0.019 
0.460 
1.771 
2.005 
0.322 
0.019 
0.459 
1.768 
2.008 
0- 309 
0.018 
0.458 
1.763 

2.002 

2.010 
0.296 
0.018 
0.455 
1.758 
2.013 
0.284 
0.018 
0.453 
1- 751 
2.015 
0.273 
0.017 
0.450 
1.743 
2.017 
0.263 
0.017 
0.447 
1.735 

0.252 
0.017 
0.444 
I .  726 

0.243 
0.017 
0.440 
1.715 
2.024 
0.233 
0.016 
0.436 
1.70s 

2.020 

2.022 

22'30' - 
2.001 
0.352 
0.040 
0.456 
1.758 
2.004 
0.337 
0.03 9 
0.456 
1.757 
2.006 
0.322 
0.038 
0.455 
1- 755 
2.009 
0.309 
0.037 
0.453 
1.751 
2.011 
0.297 
0.036 
0.451 
1.745 
2.014 
0.285 
0.03 5 
0.449 
1.739 
2.016 
0.274 
0.035 
0.446 
1.731 
2.018 
0.263 
0.034 
0.443 
1.723 

0.253 
0.033 
0.439 
1- 714 
2.023 
0.244 
0.033 
0.436 
1.704 
2.025 
0.234 
0.032 
0.432 
1.693 

2.021 

- 

- 
33'45' 
P 

2.002 
0.353 
0.058 
0.448 
1.736 
2.005 
0.337 
0.057 
0.448 
1.736 
2.008 
0- 323 
0.055 
0.447 
1.734 

0.310 
0.054 
0.446 
1.730 

0.29 2- O1i 
0.053 
0.444 
1- 725 
2.015 
0.286 
0.052 
0- 442 
1- 7'9 
2.018 
0.275 
0.051 
0.439 
1.712 
2.020 
0.265 
0.050 
O. 436 
1. 704 
2.022 
0.255 
0.049 
O* 433 
1.695 
2.025 
0- 245 
0.048 
0. 29 
1.286 
2.027 
0.236 
0.048 
0.425 
1.67s 

2.011 

-. 

6 

45'00' 

2.005 
0.353 
0.075 
0.438 1.708 
2.008 
0.338 
0.073 
0.438 
1- 709 

0.324 
0.071 
0.438 
1.707 
2.013 
0.311 
0.069 
0.436 
1.704 
2.015 
0.299 
0.068 
0- 434 
1.699 
2.018 
0.288 
0.066 
0- 432 
1.693 

0.277 
0.065 
0.430 
1.686 
2.022 
0.267 
0.064 
0.427 
1- 679 
2.025 
0.257 
0.063 
0.424 
1.670 
2.027 
0.247 
0.062 
0.421 
1.661 
2.029 
0.238 
0.061 
0.417 
1.651 

- 

2.010 

2.020 

~ - 

56'1 5' I 67'30' 
2.007 
0.354 
0.089 
0.427 
1.674 

0- 339 
0.087 
0.427 
1.676 
2.013 
0.325 
0.084 
0.426 
1.675 
2.016 
0.312 
0.082 
0.425 
1.672 
2.018 
0.300 
0.080 
0.423 
1.667 
2.020 
0.289 
0.079 

2.011 

0. 21 
1.252 
2.023 
0.279 
0.077 
0- 419 
1.656 
2.025 
0.269 
0.076 
0.416 
1.648 
2.027 
0.259 
0.074 
0.413 
1.640 
2.029 
0.250 
0.073 
0.410 
1.632 
2.032 
0.241 
0.072 
0.407 
1.622 

. ~ - 

2.011 
0.354 
0.100 
0. 14 
i .  236 
2.014 
0.340 
0.098 
0.414 
1.639 
2.017 
0.326 
0.095 
0.413 
1.639 
2.019 
0.314 
0.093 
0.412 
1.636 
2.021 
0.302 
0.090 
0.411 
1.632 
2.024 
0.291 
0.088 
0.409 
1.627 

0.281 
0.086 
0.407 
1.621 
2.028 
0.271 
0.085 
0.404 
1.615 
2.030 
0.262 
0.083 
0.402 
1.607 
2.032 
0.253 
0.082 
0.399 
1.599 
2.035 
0.244 
0.081 
0.396 
1- 590 

2.02b 

78'45' 

2.014 
0.355 
0.108 
0.400 
1. s97 
2.018 
0.341 
0.105 
0.401 
1.601 
2.020 
0.328 
0.102 
0.400 
1.601 
2.023 
0.316 
0.099 
0.400 
1.599 
2:025 
0.304 
0.097 
0.398 
1. s9s 
2.027 
0.294 

0.396 
1. 591 
2.029 
0.284 
0.093 
0.394 
1.585 
2.032 
0.274 
0.091 
0.392 
1. 579 
2.034 
0.265 
0.089 
0.390 
1- 572 
2.036 
0- 257 
0.088 
0.387 
1. s64 

_ _  
~ __ 

. 0.095 

2.038 

0.087 
0.384 
1.555 

0.248 

90'00' 

2.018 
0.355 
0.112 
0.387 
1.558 

0.342 

1.563 
2.024 
0- 329 
0. 106 
0- 387 
1- 563 
2.026 
0.318 
0.103 
0- 387 
1.562 
2..029 
0.307 
0.386 
1. ss8 
2.031 
0.296 
0.098 
0- 384 
1. 554 
2.033 
0.287 
0.096 
0.382 
1.549 
2.03 5 
0.278 
0.094 
0.380 
1.543 
2.037 
0.269 
0.092 
0.378 
1.536 
2- 039 
0.260 
0.090 
0.375 
1. s29 
2.041 
0.252 
0.089 
0.372 
1.521 

2.022 

O. 0.38 Io! 

0. I00 



E 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0. 90 

0. 95 

1. 00 

FZ 

O"O0' 

2.026 
0. 224 
0. 000 
0.433 
1.697 

2.029 
0.215 
0.000 
0.429 
1.685 

2.031 
0.206 
0.000 
0.424 
1.672 

2.033 
0. 197 

0.419 
1.659 

2.036 
0. 188 
0. 000 
0.414 
1.644 

2.038 
0. 179 

0.409 
I .  629 

2.041 
0.171 

0.403 
1. 613 

2.043 
0. 161 

0.397 
1. 595 
2.046 
0.152 

0.390 
1.576 

2.049 
0.142 

0.383 
1. 554 

0.308 

0.000 

0. 000 

0.000 

0. 000 

0. 000 

0. 000 

11'15' 

2.027 
0.224 
0.016 
0.432 
1.693 

2.029 

0.016 

I .  681 

2.031 
0.206 
0.016 
0.423 t .  668 

2.034 
0.191 
0.016 
0.418 
1.655 

2.036 
0.189 
0.01.5 
0.413 
1.641 

2.038 
0. 180 
0.015 
0.408 
I .  625 

2.041 
0.171 
0.015 
0.402 
1: 609 

2.044 
0.162 
0.015 
0.396 
1.592 

2.047 
0. 152 
0.015 
0.389 
1. 573 
2. OS0 
0.142 
0.015 
0.382 
1.551 

0- 309 

0.215 

0.428 

22"30' 

2.028 
0.225 
0.032 
0.428 
1.682 

2.030 
0.216 
0.032 
0.424 
1.670 

2.032 

0.031 

1. 65 

2.035 
0.199 
0.031 
0.414 
1.644 

2.037 
0.190 
0.031 
0.409 
1.630 

_ _  - 

0.207 

0 . 4 3  

2 . 3 9  
0. 1 1 
0.031 
0.404 
1. 615 

2.042 
0. 173 
0.030 
0. 399 
1. 599 

2.  045 
0. 164 
0 . o p  

1.5 2 

0. 154 

0.3 O. O r  6 
1.563 

2.051 
0.144 
0.030 
0.378 
1.542 
o. 310 

0.3i3 

2.047 

- 

33'45' 

2.029 
0.227 
0.047 
0.422. 
1.664 

2.03 1 
0.218 
0.046 
0.417 
1.653 

2.034 
0.209 
0.046 
0.413 
I .  641 

2.036 
0.201 
0.046 
0.408 
1. 627 

2.038 
0.192 
0. 045 
0.404 
I .  614 

2.041 
0.184 
0. 045 
0.398 
1. 599 

2.043 
0. 175 
0. 045 
0.393 
1.583 
2.046 
0. 166 
0- 044 

I .  566 
0.387 

2.049 
0. 157 
0.044 
0.381 
1. 547 

2.052 
0.147 
0- 044 
oe.373 
1.527 
0 .  311 

6 

45"OO' 

2.031 
0.229 
0.060 
0.413 
1.641 

2.033 
0.221 
0.059 
0.409 
1.629 

2.036 

0. os9 
0.405 
1.618 

2.038 
0.204 
0.058 

I. 605 

2.040 
e. '95 
0.058 
0.396 
1.591 

2.043 
0. 187 
0.057 
0.391 
1.577 

2,045 
0.178 
0.057 
0.386 
I .  562 

2.048 
0. 170 
0. OS7 
0.380 
1. 545 
2.051 
0. 160 
0.056 
0.373 
1.527 

2. 054 
0.150 
0.056 
0.366 
1.506 

0.314 

~ 

0.212 

0.401 

389 

56" 15' 

2.034 
0.232 
0.071 
0.403 
I .  612 

2.036 
0.224 
0.070 
0.399 
1.601 

2.038 
0.216 
0.070 
0.395 
1.590 

2.040 
0.207 
0.069 
0.391 
1. 578 

2.043 

0.387 
1.565 

2.045 
0. 191 
0.068 
0.382 
1. 551 

2.048 
0. 183 
0.067 
0.377 
1- 536 
2. 050 
0. 174 
0.067 
0.371 
1. 519 

2. 053 
0.165 
0.067 
0.365 
1.502 

2.056 

- 
~ 

:: 38 

:: 22 
0- 358 
1.481 

0.317 

67"iO' 

2.037' 
0 . 2  6 

1 . 5  0 

2.039 
0.228 
0.079 
0.389 
1.570 
2.041 
0.220 
0.078 
0.385 
1. !is9 

2.043 
0 .212  

0.077 
0.381 
1. 547 
2.046 
0.204 
0.076 
0.376 
1.534 

2.048 
0. 196 
0.076 
0.372 
1.521 

2.050 
0.187 
0.075 
0.367 
1.50'6 

2.053 
0. 179 
0.075 
0.361 
1.491 

2.056 
0. 170 
0.074 
0.356 
1.'473 

2. 059 
0.160 
0.074 
0.349 
1- 453 
0.320 

0. oio 
0.322 

- 
78'45' 

2.040 
0.240 
0.085 
0.381 
1.546 

2.042 
0.232 
0. os.+ 
0.377 
1. 536 

2.044 
0.224 
0.083 
0.374 
1.526 

2.046 
0.216 
o 082 
0. 370 
1.514 

2.049 
0.208 
0.082 
0.366 
1.502 

2.051 
0.201 
0.081 
0.361 
1.489 

2. 053 
0.193 
0.080 
0.356 
1- 475 

2.056 
0. 184 
0.080 
0.351 
1. 460 

2- 059 
0.175 
0.079 
0.345 
1.443 
2.062 
0. 166 
0.079 
0.339 
1.423 

0.3'4 

- 
9o"oo' 

2.343 
0.244 
0.088 
0.369 
1.512 

2.045 
0.236 
0.0h7 
0.366 
1.552 

2.048 
0.229 
0. os5 
0.362 
1.492 

2.050 
0 .221  
0.084 
0.359 
1.481 

2.052 
0.214 
0.084 
0 . 3 5 5  
1.469 

2.054 
0.206 
0. 083 
0.350 
1.457 

2.  OS7 
0.198 
0.082 
0.346 
1.443 

2- 059 
0. 190 
0.082 
0.341 
1.428 

2.062 
0.181 
0.081 
0.335 
I.  411 

2.065 
0.171 
0.081 
0.329 
1- 392 
0.328 

_-  



M, = 4, PK = lo", a = 2"30' 
~~ 

0.327 
1.384 ~- 

~ 

E 

1. 370 

0. 00 

0. 05 

0. 10 

0. 15 

0. 20 

0. 25 

0. 30 

0. 35 

0. 40 

0. 45 

0. 50 

. .  

10 1 ' 15' 

1 . 4 5  

1 12'30' 

2.022 

0.112 
0.356 

0.375 
1.522 

2.026 
0.343 
0.109 
0.375 
1.528 

2 . 0 2 8  
0 . 3 3  1 
0.105 
0.375 
1.528 

2.030 
0 . 3 2 0  
0 .102  

0.375 
1. 526 

2 . 0 3 2  
0. 303 
O.OL)9 

0.374 
1.523 

2 . 0 3  j 
0. 299 
0.097 
0.37' 
1 .  S L Y  

2.037 
0.2C)lJ 

0.095 
0.370 
1. 514 

2 .039  
0.281 
0. 093 
0.368 
1. 508 

2.041 
0.272 
0.091 
0.366 
1.502 

2.043 
0.264 
0.089 
0.363 
1.495 

2.045 
0.256 
0.088 
0.361 
1.487 

2.025 
0.357 
0.107 
0.364 
1.489 

2.029 
0.344 
0.104 
0.365 
1.4Y5 

2 . 0 3 2  
0 . 3 3 2  

0.364 
1.495 

2.034 
0 . 3 2 2  
0.098 
0.364 
1.493 

2.036 
0.311 
0.095 
0.363 
1.490 

2.038 
0.302 
0. 092 
0. 361 
1.486 

2.040 
0.293 
0.090 
0.3 59 
1 . 4 8 2  

2.042 
0.284 
0.088 
0.358 
1.476 

2.044 
0.276 
0.087 
0.355 
1.470 

2.046 
0.268 
0.085 
0.353 
1.463 

2.048 
0.260 
0.084 

0. 100 

0.350 

~- 

123"45' 

2.029 
0.357 
0.098 
0.355 
1.460 

2.033 
0.345 
0.095 
0.355 
1.467 

2.035 
0.334 
0.092 
0.355 
1.466 

2.037 
0.324 
0.089 
0.354 

2.039 
0.314 
0.086 
0 . 3 5 3  
1.462 

2.041 
0.305 
0.084 
0.352 
1.458 

2.043 
0.296 
0.082 
0.350 
1.453 

2.045 
0.287 
0.080 

1.447 

2.047 
0.279 
0.078 
0.346 
1.441 

2.049 
0.272 
0.077 
0.344 
1.434 

2,051 
0.264 
0.076 
0.341 
1.427 

- 

1.465 

0.348 

- 

135'00' 

2.032 
0.358 
0.084 
0.347 
1.437 

2.036 
0.346 
0.081 
0.347 
1.443 

2.038 
0.335 
0.079 
0.347 
1.443 

2.040 
0.325 
0.076 
0.346 
1.441 

2.042 
0.316 
0.074 
0.345 
1.438 

2.044 
0.307 
0.072 
0.344 
1.434 

2.046 
0. 298 
0.070 
0.342 
1.429 

2. 048 
0.290 
0.069 
0. 340 
1.423 

2.050 
0.282 
0.067 
0.338 
1.417 

2.052 
0.275 
0.066 
0.336 
I. 410 

2.054 
0.268 
0.065 
0.333 
1.403 

6 

146"15' 

2.035 
0.358 
0.067 
0.341 
1.419 

2.039 
0.347 
0.065 
0.341 
1.425 

2.041 
0.337 
0.062 
0.341 
1.424 

2.043 
0.327 
0.060 
0.340 
1.422 

2.045 
0.318 
0.058 
0.339 
1.419 

2.047 
0.309 
0.057 

1.415 

2.049 
0.301 
0 .055  

1.410 

2.051 
0. 293 
0.054 
0 .334  
1.404 

2.052 
0.285 
0.052 
0.332 
1.398 

2.054 
0. 278 
0.052 
0.330 
1.391 

2.056 
0.271 
0.051 

0. 338 

0.336 

157"30' 

2.036 
0.359 
0.046 
0.337 
1.406 

2.O41 
0.348 
0.045 
0.337 
1.413 

2 .04 i  
0.33 
0.043 
0.337 

2.045 
0.328 

0.336 

2.047 

0.335 

2.049 
0.311 
0.039 
0.333 
I. 401 

2.050 
0.302 
0.038 
0.331 
1.396 

2.052 
0.295 
0.037 
0.330 
1.390 

2.054 
0.287 
0.036 
0.328 

2.056 
0.280 
0.036 
0.325 
1.377 

2.058 
0.273 
0.035 

1.411 

0.O42 

1.409 

0. 319 
0. O40 

1.405 

1.384 

0. 323 

168"45' 

2.038 
0.359 

0.335 
1.399 

2.042 
0.348 
0.023 
0.335 
1.405 

2.044 
0.338. 
0- 022 

0.334 
1.403 

2.046 
0.329 

0.333 
1.401 

0.320 

0.332 
1.397 

2.050 
0.312 

0.330 
1.393 

2.051 
0- 304 
0.019 
0. 32 

2.053 
0.296 
0.019 
0.327 
1.382 

2.055 
0. 28 

0.325 
1.376 

2.057 
0.'281 
0.018 
0. 323 
1.369 

0.024 

0.021 

2.048 

0.020 

0.020 

1.382 

0. Oli 

2.059 
0.274 
0.018 
0.320 
I .  361 

180"OO' 

2.040 
0.359 

J. 334 
1.403 

2.043 
0.349 

0.334 
1.402 

2.044 
0.339 
0.000 

0.333 
1.401 

2.046 
0.329 
0.000 

0.332 
1.398 

2.048 
0.320 
0.000 

0.331 
1.394 

2.050 
0.312 

0.330 
1.390 

2.052 
0.304 

0.328 
1.385 

2.054 
0.296 

0.326 
1.379 

2.055 
0.289 

0.324 
1,373 

2.057 
0.282 

0.322 
1.366 

2. 059 
0.275 

0.319 

~ - 

0. 000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

18O"OO' 

2.039 
0.359 

0.334 
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2. "13 

123'45' 

2.032 
0. 358 
0.205 
0.315 
1.326 

2.037 
0.349 
0. 197 
0.317 
1.346 
2.040 
0.339 
0.190 
0.319 
1.353 
2.041 
0 . 3 3  1 
0. 184 
0.320 
1.357 

2.043 
0.323 0.178 
0.320 
1.359 

2.045 
0.316 
0. 173 
0.320 
I .  360 

2.046 
0. 309 
0. 169 
0.320 
1.360 

2.048 
0.302 
0. 165 
0.320 
1.358 
2.050 
0.295 
0.161 
0.319 
1.356 
2.051 
0.289 
0.158 
0.318 
1- 3 53 

2 .053  
0.283 
0. 155 
0.316 
1.349 

6 

135'00' 1 146'15' 
-_ 

2.038 
0.359 
0. '79 
0.304 
1.290 

2.044 
0 . 3 5 1  
0.172 
o 3 ~ 6  
1.310 

2.046 
0.343 
0. 165 
0.307 
1.315 

2.048 
0.335 
0. 160 
0.307 
1.318 

2.049 
0.328 
0.154 
0.308 
1 . 3  19 

2.051 
0.321 
0. 15 0  
0.3c8 
1.319 

2.052 
0.315 
0. 146 
0.307 
1.318 

2.054 
0.309 
0. 142 
0.306 
1- 317 

2.055 
0.303 
0.139 
0 . 3 0 5  
1.314 

2.057 
0.297 
0. 136 
0.304 
1.310 

2.058 
c. 291 
c. 134 
c. 303 
1.306 

2.043 
0.360 
0. 143 
0.297 
1.267 

2.050 
0 . 3 5 3  
0.137 
0.298 
1.286 

2.051 
0. 346 
0.132 
0.298 
1.289 

2 . 0 5 3  
0.339 

0.239 
1.291 

2.054 
0.333 

0.299 
1.291 

2.056 
0.327 
0. 119 
0.298 
I. 290 

2.057 
0.321 
0. 116 
0.298 
1.288 

2.058 
0.315 
0. 113 
0.297 
1.286 

2.060 
0.310 

0.296 
1.282 

2.061 
0.304 
0.108 
0.294 
1.279 

2.063 
0- 299 
0. 106 
0.293 
1.274 

0. 127 

0. 123 

0.110 

157'30' I 168'45' 
-- 

~ 

2.047 
0.361 

0.292 
1.253 

2.054 
0 . 3 5 5  
0.095 
0.293 
1.272 

2.055 
0.349 
0.092 
0. "3 
1.273 

2.057 
0.343 0.088 
0.293 
1.273 
2.058 
0.337 
0.085 
0.293 
1.272 

2. 059 
0 . 3 3  1 
0.082 
0.292 
I. 270 

2.061 
0.325 
c. 080 
0.291 
1.267 

2.062 
0.320 
0.078 
0.290 
1.264 

2.063 
0.314 
0.076 
0.289 
1.261 

2.065 
0.309 
0.075 
0.288 
1.256 

2.066 
0.304 
0.073 
0.286 
1.252 

0. 100 

- 

2.050 
0.361 
0.051 
0.290 
1.247 

2.057 
0. 356 
0.049 
0.290 
1.264 

2.058 
0.351 
0.047 
0.290 
1.264 

2.059 
0.345 
0.045 
0.290 
1.263 

2.060 
0.339 
0.043 
0.289 
1.261 

2.061 
0.334 
0. c42 
0.288 
1.258 

2.063 
0. 328 
0.041 
0.287 '. 2 5 5  

2.064 
0.323 0.040 
0.286 
1.252 

2.065 
0.318 
0.039 
0.285 
1.248 

2.067 
0.313 
0.038 
0.284 
1.243 

2.068 
0.308 
0.037 
0.282 
1.238 ~- .. 

~ 

1 180'00' 

2. 057 
0.362 
0.000 
0.290 
1.262 

2.055 
0.357 
0.290 
1.262 

2.059 
0.35 1 
0.000 
0.289 
:. 261 
2.060 
0.346 
0.289 
1.259 
2.061 
0.340 
0.288 
1.257 

2.062 
0 . 3 3 5  
0. 000 
0.287 
1.255 

2.063 
0.329 
0.000 
0.286 

' 1.252 

2.065 
0.324 
0.285 
1.248 

2.066 
0.319 
0.000 
0.284 
1- 244 
2.067 
0 . 3  14 
0.000 
0.282 
1.239 

2.069 
0.309 
0.281 

~~ 1.234- 

0.000 

0.050 

0.000 

0.000 

0.000 

.~ ~ - 
. .  

180'00' 

2.051 
0.361 
0. 000 
0.290 
1.245 

.~ - 
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101 "1 5' 

2.042 
0.259 
0. 174 
0 . 3 5 1  
1.457 
2.044 
0.253 
0. 172 
0.349 
1.451 

2.045 
0.246 
0,169 
0.347 
1,444 

2,047 
0.240 
0. 167 
0.344 
1.437 

2.049 
0.233 
0. 166 
0 .341  
1.429 

2.051 
0.227 
0. 164 
0. 338 
1.420 

2 . 0 5 3  
c. 220 
0. 162 
0 . 3 3 5  
1.410 

2.056 
0.213 
0. 161 
0 . 3 3 1  
1.398 
2.058 
0.206 
0. 160 
0.327 
1.386 

2. 0 6 1  
0. 198 
0. 159 
0.322 
1.371 

0.337 

1 12'30' 

2.048 
0.269 
o 167 
0 331 
1.396 
2.050 
0.262 
0. 164 
0.330 
1.391 
2.052 
0.256 
0. 162 
0 . 3 2 8  
1.385 

2.054 
0.250 
0. 160 
0.325 
1.378 

2. 055 
0.244 
0. 158 
0.323 
1.370 

2. 057 
a. 238 
0. 156 
0.320 
1.362 

0.231 
0.155 
0.317 
1.352 

2.062 
0.225 
0.153 
0.313 
1.311 
2.064 
0.218 
0. 152 
0.309 
1.329 
2.067 
0.209 
0.151 
0.304 
1. 314 

0.347 

- 

2.059 

123"45' 

2.055 
0.277 
0.152 
0.315 
1.344 
2.056 
0.271 
0.150 
0.313 
1.339 
2.058 
0.266 
0. 147 
0. 311 
1.333 
2.060 
0.260 
0.145 
0.309 
1.326 

2.061 
0.254 
0.144 
0. 306 
I. 318 

2.063 
0.248 
0. 142 
0 .303  
1.310 

2.065 
0.242 
0. 141 
0.300 
1.300 

2.068 
0 , 2 3 5  
0. 139 
0.297 
1.289 

2.070 
0.228 

0.293 
1.276 

0. 138 

2.073 
0.220 
0. 137 
0.287 
I.  260 

0.357 

135'00' 

2.060 
0.286 
0.131 
0.301 
1.302 

2.062 
0.280 
0. 129 
0.300 
1.296 

2.063 
0.275 
0.127 
0.298 
1.290 

2.065 
0.269 
0.125 
0.295 
I. 283 

2.067 
0.263 
0. 124 
0.293 
1.275 

2.069 
0.258 
0.122 
0. 290 
1. 267 

2.071 
0.252 

0.287 
1.257 

2.073 
0.245 
0.284 
1.246 

2.075 
0.238 
0.119 
0.280 
1.233 

2.079 
0.229 
0.118 
0.274 
1.216 

0.366 

-- 

0.121 

0. 120 

6 
146"15' 

2.064 

0. io4 
0.291 
1.269 

2.066 
0.288 

0.290 
1.264 

2.067 
0.283 
0.100 
0.288 
1.257 

2.069 
0.277 
0.099 
0.285 
1.250 

2.071 
0.272 
0.098 
0.283 
1.243 

2.073 
0.266 
0.097 
0.280 
1.234 
2.075 
0.260 
0.096 
0.277 
1.224 

2.077 
0.254 
0.095 
0.274 
1.213 

2.080 
0.246 
0.094 
0.269 
1. 199 
2.083 
0.238 

0.264 
1.182 

0.374 

- 

P- 

0- 293 

0.102 

0.093 

-. - 

157"30' 

2.068 
0.299 
0.072 
0.284 
1.246 

2.069 
0.294 
0.070 
0.282 
1.240 

2.071 
0.288 
0.069 
0.280 
1.234 
2.072 
0.283 
0.068 
0.278 
1.227 

2.074 
0.278 
0.068 
0.276 
1.219 

2.076 
0.272 
0.067 
0.273 

2.078 
0.266 
0.066 
0.270 
1.199 
2.081 

0.266 
1. 187 

2.084 
0.251 
0.065 
0.261 
1.172 

2.088 
0.240 
0.065 
0.254 
1. 1.51 

0.383 

- 

1.210 

:: 32 

168"45' 

2.070 
0.303 
0.036 
0.280 
1.233 

2.071 
0.298 
0.036 
0.278 
i. 227 

2.073 
0.292 
0..03 5 
0.276 
1.220 

2.074 
0.287 
0.01 5 
0.274 
1.213 

2.076 
0.282 
0.034 
0.271 
1.205 

2.078 
0.276 
0.034 
0.269 
1.196 

2.080 
0.270 
0.034 
0. 265 
1. 185 

2.083 
0.263 
0- 03 3 0.262 
1.173 
2.086 
0.255 
0 . 0 3 3  
0.257 
1.158 

2. 90 
0.244 
0.013 0.250 
1.136 

0.387 

~~ 

_ _ ~  
180"00' 

2.070 
c.304 

0.279 
1.229 

2.072 
0.299 

0.277 

2.073 
0.294 

0.275 

2.075 
0.289 
0.000 
0.27; 
1.208 

2.077 
0.283 
0.000 
0.270 
1.200 

2.079 
0.278 
0.000 
0.267 
1. 191 
2.081 
0.272 
0.000 
0. 264 
1.181 

0.265 
0.000 
0.260 
I. 168 

2.086 
0.257 
0.000 
0.256 
1. 153 

0.000 

0.000 

1.222 

0.000 

1.216 

2.083 

2.091 
0.246 
0.000 
0.249 
1.131 

0.389 

180"OO' 
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M m  = 4, PK = 15', a = 5" 

2.164 

0'00' 

_. 

11'15' 

.. 

1.864 
0.499 

0.792 
2.516 

1.867 
0.486 

0.792 
2.516 

1.871 
0.473 

0.791 
2.513 

1.874 
0.461 

0.789 
2- 509 

1.878 
0.449 
0.786 
2.504 

1.881 
0 . 4 3 8  

0.783 
2.497 
1.884 
0.427 
0.780 
2.489 

1 887 
0.417 

0.776 
2.480 

1.891 
0.406 
0.000 
0.772 
2.471 

1.894 
0.396 

0.767 
2.460 

1- 897 
0.386 

0.761 
2.448 

0.000 

@. 000 

0.000 

0.000 

0.000 

0.000 

0.020 

0.000 

0.000 

0.000 
0..737 
2.439 

t .864 
0.499 
0.031 
0.787 
2. so5 
1.868 
0.486 
0.031 
0.787 
2.505 

1.872 
0.473 
0.03 1 
0.786 
2.502 

1.875 
0.461 
0.03 1 
0.784 
2.499 

1.879 
0.450 
0.031 
0.782 
2.493 

1.882 
0.438 
0.03 1 
0.779 
2.487 
1.585 
0.428 
0.031 
0.775 
2.480 

1.888 
0.417 
0.031 
0.771 
2.471 
I .  892 
0.407 
0.03 1 
0.767 
2.461 

1.895 
0.397 
0.031 
0.762 
2.451 

1.898 
0.387 
0.031 

22'30' 

1.867 
0.500 
0.061 
0.772 
2.470 
1.871 
0.487 
0.062 
0.772 
2.473 

1.874 
0.474 
0.062 
0.771 
2.471 
1.878 
0.462 
0.062 
0.770 
2.468 

1.881 
0.451 
0.062 
0.767 
2.464 

1.885 
0.440 

0.765 
2.458 
I .  888 
0.429 
0.062 
0.761 
2.451 
1.891 
0.419 
0.062 
0.758 
2.443 

1.894 
0.408 
0.062 
0.753 
2.434 
1.898 
0.398 
0.062 
0.749 
2.423 

1.901 
0.389 
0.062 
0.744 
2.412 

0.062 

33'45' 

1.870 
0. 501 
0.090 
0.749 
2- 415 

1.875 
0.488 
0.091 
0.749 2.422 

1.879 
0.476 
0.091 
0.748 
2.422 

1.883 
0.464 
0.091 
0.747 
2.420 

1.886 
0.453 
0.091 
0.745 
2.416 

1.889 
0.442 
0.091 
0.742 
2.411 

1.892 
0.431 
0.091 
0.739 
2.405 
1.896 
0.421 
0.091 
0.736 
2.397 

1.899 
0.411 
0.090 
0- 732 
2.389 
1.902 
0.401 
0.090 
0.727 
2.380 

1.905 
0.392 
0.090 
0.723 
2.369 

45'00' 

1.876 
0.502 
0. 117 
0.718 
2.342 
1.881 
0.490 
0.118 
0.718 
2.355 
1.885 
0.478 
0.118 
0.718 
2- 356 
1.889 
0.466 
0.118 
0.717 
2 . 3 5 5  

1.892 
0.455 
0.117 
0.715 
2.352 

1.895 
0.444 
0.117 
0.713 
2.348 

1.899 
0.434 
0. 117 
0.710 
2.343 
1.902 
0.424 
0. 116 
0.707 
2.337 

1.905 
0.414 
0.116 
0.703 
2.329 
1.908 
0.405 
0.116 
0.699 
2.321 

1.911 
0.396 
0.115 
0.695 
2.312 

- - 

56" 1 5' 

1.882 
0.504 
0. 140 
0.682 
2.255 
1 889 
@. 492 
0.141 
0.682 
2- 275 

1.893 
0.480 
0.141 
0.682 
2.278 

1.896 
0.469 
0.140 
0.681 
2.278 

1.900 
0.458 
0.140 
0.680 
2.277 

1.903 
0.448 
0. 140 
0.678 
2.274 
1.906 
0.438 
0. '39 
0.676 
2.270 

1.909 
0.428 
0.139 
0.673 
2.264 

1.912 
0.419 
0.138 
0.670 
2.258 

1.915 
0.409 
0. 138 
0.667 
2.250 

1.919 
0.400 
0.137 
0.663 
2.242 

. .  
67'30' 

1.889 
0.506 
0.159 
0.642 
2. '59 
1.898 
0.495 
0.160 
0.6 3 

~ 

2.116 

i. 902 
0.483 
0- 159 
0.643 
2.191 

1.905 
0.472 
0.159 
0.643 
2.193 

1.909 
0.462 
0.158 
0.642 
2.192 

1.912 
0.452 
0.158 
0.641 
2.191 

1.915 
0.442 
0. 157 
0- 639 
2.187 

1.918 
0.433 
0. 156 
0.636 
2.183 

1.921 
0.423 
0- 1.55 
0.634 
2.177 

1*,924 
0.415 
0. 155 
0.630 
2.171 

1.927 
0.406 
0.154 
0.627 

78'45' 

1.898 
0.508 
0.173 
0.602 
2.060 

1.908 

0.173 

2.094 
1.912 
0.487 
0.173 
0.604 

1.915 
0.476 
0.172 
0.604 
2.103 

1.918 
0.466 
0.171 
0.603 
2.104 

1.922 
0.456 
0.170 
0.602 
2. 103 

1.925 
0.447 
0.169 
0.600 

1.928 
0.438 
0. 168 
0.598 
2. oq7 

1.931 
0.429 
0.167 
0.596 
2.092 

1.933 
0.420 
0.166 
0.593 
2.086 

0.498 
0.603 

2.100 

2.100 

1.936 
0.412 
0. 165 
0.590 
2.080 

!30'00' 

1.906 
0.510 
0.181 
0.563 
1.963 
1.918 
0.501 
0.181 
0.565 
2.003 

1.922 
0.490 
0.181 
0.565 
2.010 

I .  926 
0.480 
0. 180 
0.565 
2.013 

1.929 
0.470 
0. 178 
0.565 
2.015 

1.932 
0.461 
0.177 
0.564 
2.014 

1.935 
0.452 
0. 176 
0. 563 
2.013 

1- 938 
0.443 
0.175 
0.561 

1.941 
0.434 
0.173 
0. 559 
2.005 

1.943 
0.426 
0.172 
0. 556 

1.946 
0.418 
0.171 
0. 554 
1.994 

~~ 

2.010 

2.000 
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Ma = 4, PK = 15", a = 5" 

L 

6 

_ _ -  

0 5 s  

0. 60 

0.65 

0.70 

0.75 

0.80 

0. 85 

0.90 

0.95 

1.00 

F x  

0'00' 

I .  900 
0.377 
0.000 
0.756 
2.436 

1.904 
0.367 

0.750 
2.422 

1.907 
0.358 

0.744 
2.408 

1.910 
0.349 

0.737 
2.393 

1.913 
0.339 

0.730 
2- 376 

1.917 
0.330 

0.722 
2-  359 
1.920 
0.321 

0.714 
2.341 

1.924 
0.311 

0.706 
2.322 

1.927 
0.302 

0.697 
2.301 

1.93 1 
0.292 

0.687 
2.279 

0.387 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

1 l"15' 

1.901 
0.377 
0.031 
0 751 
2.427 

1.905 
0.368 
0.031 
0.746 
2.413 
1.908 
0.359 
0.031 
0.739 
2.399 
1.911 
0.349 
o 031 
0.733 
2.384 

1.914 
0.340 
0.031 
0.726 
2.368 

1.918 
0.331 
0.031 
0.718 
2.351 
1.921 
0.322 
0.031 
0.710 
2.333 

1.925 
0.312 
0.031 
0.702 
2.314 
1.928 
0- 303 
0.031 
0.693 
2.293 

1.932 
0.293 
0.031 
0.684 
2.271 

0.387 

- 

6 

22"30' I 33'45' I 45'00' 
-. - 

1.904 
0.379 
0.061 
0.738 
2,400 

1.907 
0.370 
0.061 
0.733 
2.388 

1.910 
0.361 
0.061 
0.727 
2.374 

1.914 
0.3 52 
0.061 
0.720 
2.359 

1.917 
0.342 
0.061 
0.713 
2.344 

1.920 
0.333 
0.061 
0.706 
2.327 

1.924 
0.324 
0.061 
0.699 
2.310 

1.927 
0.315 
0.061 
0.690 
2.291 

1.931 
0.306 
0.061 
0.682 
2.271 

1.934 
0.296 
0.061 
0.673 
2.249 
0.388 

I .  908 
0.382 
0.090 
0.718 
2.358 
1.911 
0.373 
0.090 
0.712 
2 346 

1.915 
0.364 
0.090 
0.707 
2.333 
1.918 
0.355 
0.090 
0.701 
2.319 
I. 921 

0.0 9 
0.694 
2.304 

1.924 
0.337 
0.089 
0.687 
2.288 

1.928 
0.328 
0.089 
0.680 
2.272 

1.93' 
0.319 
0.089 
0.672 
2.254 

1.935 
0.310 
0.089 
0.664 
2.234 

1.938 
0.301 
0.089 
0.655 
2.214 

0.391 

0.316 

1.914 
0.387 
0.115 
0.691 
2.301 

1.917 
0.378 
0.115 
0.686 
2.290 

0.369 
0.115 
0.680 
2.278 

1.924 
0.360 
0. "5 
0.675 
2.265 

1.927 
0.351 
0.114 
0.669 
2.251 

1.930 
0.343 
0.114 
0.662 
2.236 

1.933 
0.334 
0. 114 
0.655 

1.937 
0.325 
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0.668 

0.497 
1.770 
1.870 

0. 264 
0.499 
1.800 

1.875 
0.656 
0.266 
0.501 
1.817 

1.879 
0.649 
0.266 
0.502 
1.830 

1.883 
0.643 

0.503 
1.839 
1.886 
0.637 
0.264 
0. 504 
1.845 
1.889 
0.631 
0.263 
0.504 
1.850 

I. 892 
0.626 
0.261 
0. 504 
1- 854 

1.894 
0.620 
0.260 
0.504 
1.856 

1.897 
0.615 
0.258 
0.504 

- ~~ 

0.262 

0.662 

0. 265 

1.857 - 
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1.826 
0.664 
0.213 
0.464 
1.511 

I .  884 
0.677 
0.212 
0.465 
1.715 
1.891 
0.671 
0.215 
0.466 
1.738 

1.895 
0.665 
0.216 
0.467 

1.899 
0.658 
0.216 
0.468 
1.757 

I. 902 
0.652 
0.215 
0.468 
1.762 

1.905 
0.646 
0.214 
0.468 
1.765 

1.907 
0.641 
0.213 
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1.767 
I. 910 
0.635 

0.467 
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1.912 
0.630 
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0.466 
1.766 

1.915 
0.625 
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0.465 
1.765 
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0.444 
1.465 
I. 902 
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0.150 
0.445 
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0.152 
0.446 
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0.446 
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1.923 
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0.075 
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1.440 
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0.435 
1.683 
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0.434 
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1.922 
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1.925 
0.664 
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0.432 
1.683 

1.927 
0.659 
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0.431 
1.680 

1.929 
0.653 
0.077 
0.430 
1.676 

1.932 
0.648 
0.076 
0.428 
1.672 

1- 934 
0- 643 
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0.426 
I. 667 

1.937 
0.637 
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0.424 
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1.918 
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0.000 
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1.923 
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0.000 
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1.679 

1.925 
0.672 

0.429 
1.677 

I. 928 
0.666 

0.428 
1.674 

1.930 0.660 
0.090 
0.427 
I. 670 

1.932 
0.655 

0.425 
1.666 

1.935 
0.650 

0.424 
1.661 

1.937 
0.644 
0.422 
1.655 

1.939 
0.639 
0.420 

0.000 

0.000 

0. 000 

0.000 

0.000 
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0.565 
0.333 
0.699 
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1.835 
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1.837 
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0.6~7 
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0.327 
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1.851 
0.528 
0.327 
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2.274 

1.854 
0.523 
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0.685 
2.270 
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1 12'30' 

1.854 
0.585 
0.3 19 
0.621 
2.119 

1.857 
0.580 
0.318 
0.621 
2.121 

- 

1.859 
0.575 
0.317 
0.621 
2.123 

I. 862 
0.570 
0.316 
0.620 
2.124 

I. 864 
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0.315 
0.619 
2.124 
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0.314 
0.617 
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1.869 
0.555 
0.313 0.616 

1.872 
0.550 
0.312 
0.614 

2. 122 
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1.875 
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0.311 
0.612 
2.117 

1.877 
0.541 
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2.113 

0.537 
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1.878 
0. 598 
0. 294 
0.556 
1.978 
1.880 
0.593 
0.293 
0.555 
1.979 
1.883 
0.588 
0.291 
0.555 
1.980 

1.885 
0.584 
0.290 
0.554 
1.979 
1.888 
0.579 
0 .288  
0. 552 
1.978 

1.893 
0- 574 
0.287 
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1.977 

1.893 
0.569 
0.285 
0.549 
1.974 

1.895 
0.565 
0.284 
0.547 
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1.898 
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0.282 
0.545 
1.967 
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0.555 
0.281 
0.543 
1.962 
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1.899 
0.610 
0.257 
0.503 
1.857 
I. 902 
0.605 
0.255 
0. 502 
1- 857 

1.904 
0.600 
0.253 

.o. 501 

1.907 
0.595 
0.251 
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1.853 

1.909 
Q. 590 
0.250 
0.498 
1.850 

1.912 
v. 586 
0.248 
0.496 
1.846 

1.914 
0.581 
0.246 
0.494 
1.842 

1.917 
0.576 
0.245 
0.492 
I. 836 

I. 920 
0.571 
0.243 
0.489 
1.830 

1.922 
0.566 
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1.823 

0.554 
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.~ 
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1.762 
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0.615 
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1.759 
1.922 
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0.203 
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1.756 

1.925 
0.605 
0.201 
0.459 
1.751 
I. 928 
0.600 
0.200 

0.456 
1.746 

1.930 
0.595 
0. 198 
0.454 
1.740 

1.933 
0.589 
0. 196 
0.451 
1.733 

1.936 
0.584 
0.195 
0.448 
1.725 

1.939 
0.579 
0.193 
0.444 
1.716 

1.942 
0- 573 
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0.440 
1.706 

0.560 

157'30' 

1.93 1 
0.627 
0. 144 
O. 437 
1.695 

1.933 0.622 
0. '43 
0.435 
1.690 

1.936 0.617 
0.142 
0.433 
1.684 

1.939 0.612 
0. 140 
0.430 
1.677 

1.94 1 0.606 
0. 139 
0.427 
1.670 

1.944 
0.601 
0. 138 
0.424 
1.661 

1.947 
0.596 
0.137 
0.421 
I. 652 

1.950 
0.590 
0. 135 
0.417 
I. 642 

1.954 
0. 584 
0.134 
0.413 
1.630 

1.957 
0.577 
0.133 
0.408 
1.617 

0.565 

- 
168'45' 

1.939 
0 . 6 3 2  
0.074 
0.422 
1.656 

1.942 
0.627 
0.073 
0.420 
1.649 

1.944 0.622 
0.073 
0.417 
1.692 

1.947 0.616 
0.072 
0.414 
1.633 

1.950 
0.611 
0.071 
0.411 
1.624 

1.953 
0.605 
0.071 
0.407 
I. 614 

1.956 
0.599 
0.070 
0.403 
1.603 

1.959 
0.593 
0.069 
0.399 
1.591 

1.963 
0. 587 
0.068 
0.394 
1.577 

1.967 
0.580 
0.068 
0.388 
1.561 

0.569 

- - 

18O"OO' 

1.942 
0.631 

0.417 
1.643 

1.944 
0.629 

0.415 
1.635 

1- 947 
0.623 

0.412 
1.628 

1.950 
0.618 

0.409 
1.619 

1.953 
0.612 

0.405 
1.609 

1.956 
0.607 

0.401 
1.599 

1.959 
0.601 

0.397 
1.587 
I. 962 
0.594 

0.393 
1.574 
1.966 
0.588 

0.387 
1. 559 

1.971 
0.580 

0.381 
1.542 
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0.000 
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0.000 

0.000 
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0.000 
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AI, = 4, PK = 25", a = 5" 

0"OO' 

1.566 
0.730 
0. om 
1.433 
3.404 

1.571 
0.726 
0.000 
1.432 
3.404 

1- 576 
0.708 

1.431 
3.401 
1.582 
0.698 

0.000 

0.000 

3.39 l. 425 
1.587 
0.687 
0.000 
1.426 
3.393 

1.592 
0.677 
I. 422 
3.387 

1.597 
0.668 

1.418 
3.379 
1.601 
0.658 

1.412 
3.371 
1.606 
0.649 

1.407 
3.362 
1.611 
0.639 
1.401 
3.351 

I. 616 
0.630 

1.394 
3.340 

D. 000 

0. 000 

0.000 

0.000 

0.000 

0.000 

11'15' 

1.567 
0.730 
0.025 
1.426 
3- 392 

1.573 
0.720 
0.026 
1.425 
3.394 

1.578 
0.709 
0.027 
1.424 
3.392 

1.583 
0.698 
0.028 
1.422 
3.389 
1.588 
0.688 
0.029 
1.419 
3.384 

1.593 
0.678 
0.029 
1.415 
3.378 

1.598 
0.668 
0.030 
I. 411 
3.371 
1.603 
0.659 
0.030 
1.406 
3.363 
1.608 
0.650 
0.030 
1.400 
3.354 
1.613 
0.640 
0.031 
1.394 
3.343 

1.618 
0.631 
0.031 
1.387 
3.332 ~~ 

22"30' 

1. 570 
0.732 
0.049 
1.405 
3.357 

1. 577 
0.722 
0.053 
1.405 
3.366 
1.582 
0.711 
0. 054 
1.403 
3.365 

1.587 
0.701 
0.056 
I. 401 
3.362 

1.592 
0.690 
0. 057 
1.399 
3.358 

1.597 
0.681 
0.058 
1.395 
3.353 
1.602 
0.671 
0. 059 
1.391 
3.346 
1.607 
0.661 
0- 059 
1.386 
3- 338 
1.612 
0.652 
0.060 
1.381 
3.330 
I. 617 
0.643 
0.061 
1.375 
3.320 

1.622 
0.634 
0.062 
1.368 
3- 309 

33"45' 

1. s74 
0.734 
0.072 
1 372 
3.300 

1.584 
0.725 
0. a76 
1.372 
3- 321 

1.589 
0.714 
0.079 
1- 371 
3.321 

1.594 
0.704 
0.081 
1.369 
3.320 

1.599 
0.694 
0.083 
1.366 
3.317 

I. 604 
0.684 
0.084 
1.363 
3- 3 12 

1.609 
0.675 
0.086 
1.359 
3.306 
1. 614 
0.666 
0.087 
1.354 
3.299 
1.619 
0.656 
0.088 
1- 349 
3.291 
I. 624 
0.647 
0.089 
1.344 
3.282 

1.629 
0.639 
0.090 
1.337 
3.272 

- 

6 

45"OO' 

1.580 
0.737 
0.092 
1.328 
3.224 

1.593 
0.729 
0.098 
1.328 
3.261 

1.598 
0.719 

1.327 
3.263 
1.604 
0.709 
0.104 
I. 326 
3.263 
I. 609 
0.699 
0.106 
1.323 
3.261 

1.614 
0.690 
0.108 
1.320 
3.257 

1.619 
0.680 
0.110 
1.317 
3.253 

1.624 
0.671 
0.111 
1.313 
3.246 

1.629 
0.662 
0.113 
I. 308 
3.239 

1.633 
0.653 
0.114 
1.302 
3.231 

1.638 
0.645 
0.115 
1.296 
3.222 

0.102 

56" 15' 

1.508 
0.740 

1.277 
3.133 
1.604 
0.735 
0. i t 6  
1- 277 
3.189 
1.610 
0.725 
0.121 
1.276 
3.194 
1.616 
0.715 
0.124 
1.275 
3.195 
1.621 
0.705 
0. 126 
1.273 
3. '94 

1.626 
0.696 
0.128 
1.270 
3.192 
1.631 
0.687 
0.130 
1.267 
3.188 

1.635 
0.678 
0.132 
1.263 
3.183 
I. 640 
0.669 
0. '33 
1.258 
3.176 

1- 645 
0.661 
0. '35 
1.2s3 
3- 169 

I. 650 
0.652 
0.136 
1.248 
3.161 

_L_ 
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__ 
~ 

67'30' 

1. 597 
0- 744. 
0.123 

3- 032 
1.618 
0.741 
0.131 

3.110 

1.624 
0.73 1. 
0.135 

3. 116 

1.629 
0.722 
0.139 
I. 219 
3.119 

1.634 
0- 713 
0. 142 
1.217 
3.119 

1.639 
0.703 
0.144 
I. 214 
3.118 

1.644 
0.694 
0.146 
1.211 
3- "5 

1.649 
0.686 
0.148 
1.208 
3.111 

1.654 
0.677 
0.150 
1.204 
3.105 
I. 658 
0.'669 
0.151 
1. '99 
3- 099 

I. 663 
0.661 
0.152 
1.194 
3.091 

1.220 

1.220 

1.220 

78"45' 
_ _ ~  

I. 606 
0.749 
0.133 
1. 161 
2- 925 
1. 632 
0.748 

3- 027 
1.638 
0.739 
0.146 
1. 161 
3.035 

1.644 
0.729 
0.149 
1. 160 
3.039 

1.649 
0.720 
0.152 
1.158 
3.040 

1- 654 
0.711 
0. 155 
1. 156 
3.039 

1.659 
0.703 
0.157 
1.153 
3.037 
I. 664 
0.694 
0.159 
1.150 
3.034 
1.668 
0.686 
0.160 
1.146 
3.029 

1.673 
0.678 
0.162 
1.142 
3.023 

1.677 
0.670 
0. 163 
1.137 
3.016 
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I. 616 
0.754 
0.137 
1.102 
2.8f6 

1.648 
0.756 
0.145 
1.102 
2.944 

1- 654 
0.747 
0.150 

2.953 
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0.737 
0. 154 

2.957 
1.665 
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0.157 

2.959 

1.670 
0.720 
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1.098 
2.959 

1.674 
0.711 
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1.095 
2,957 

1.679 
0.703 
0.164 
1.092 
2.954 
1.684 
0.695 
0.165 
1.088 
2.950 
1.688 
0.687 
0.167 
I. 084 
2.944 

I. 692 
0.679 
0.168 
1.080 
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1.651 
0.570 
0.000 

1.331 
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0.064 
1.327 
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0 091 
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0.091 

1.643 
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0.605 
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1.298 
3.206 
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0.588 
0.094 
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3. 190 
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0.580 
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0.572 
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0.117 
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0. 118 
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3.151 

0.636 
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1.235 
3.141 
1.663 
0.628 
0.139 

3.129 
1. 668 
0.620 
0.140 
1.221 
3.1'7 

1.673 
0.612 
0.141 
1.213 
3. '03 

1- 677 
0.604 
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0.738 

1- 795 
3.724 

1.427 
0.729 

1.790 
3.716 

1.432 
0.720 

1.783 
3.706 

1.438 
0.711 

1.776 
3.696 

1.444 
0.703 
1.768 
3- 684 

0.000 

0.000 

0.000 

0. OOO 

0.000 

0.000 

0.000 

0. 000 

1 1'15' 

1.385 
0.799 
0.023 
1.805 
3.737 

1- 392 
0- 789 
0.025 
1.804 
3.740 

1.398 
0.779 
0.026 
1.803 
3.738 

1- 404 
0.769 
0.027 
1.800 
3.734 
1.410 
0.759 
0.028 
1.797 
3.730 

1.416 
0- 749 
0.029 
1.793 
3.724 
1.422 
0.740 

3.717 
1.428 
0.730 
0.030 
1.782 
3- 708 

1.434 
0.721 
0.031 
1.776 
3.699 

O. 1- 78 023 

1.440 
0.713 
0.031 
1.769 
3.689 

1.446 
0.704 
0.031 
1.761 
3- 677 - 

~~ 

22'30' 

1.388 
0.801 
0.046 
1.782 
3.704 

1.397 
0.792 
0. 050 
1.782 
3.714 

1- 403 
0.782 
0.052 
1.780 
3.714 

L40q 
0. 772 

1.77 
3.711 

1.415 
0.762 
0.056 
1.775 
3.707 

1.421 
0.752 
0- 057 
1.771 
3.702 

1.427 
0.743 
0.058 
1.766 
3.695 

1.433 
0.734 
0- 059 
1.760 
3.687 

1- 439 
0- 725 
0.060 
1.754 
3.678 

1.445 
0.716 
0.061 
1.747 
3.668 

1.451 
0.708 
0.062 
1.740 

0. "51 

3.657 

- 

33"45' 

1.393 
0.804 
0.067 
1.746 
3.649 

1.405 
0.797 
0.073 
1.745 
3.674 
1.411 
0.786 
0.077 
1.744 
3.675 

1.417 
0- 777 
0.079 
1.742 
3- 674 
1.423 
0.767 
0.082 
1.739 
3.670 

1.429 
0.758 
0.084 
1.735 
3.666 

1.435 
0.0 5 
3.660 

1.441 
0.0 7 
1.725 
3.653 

1.447 

1.719 
3.645 

1- 453 
0.722 
0.090 
1.713 
3.635 

1 - 4 9  
0.713 
0.091 

~ 

0.7f3 

0.7J9 

:: 3; 

1.731 . 

- 
6 

45"OO' 

1- 399 
0.808 
0.086 
1.698 

- 

3.576 

0. 03 
0.094 
1- 697 
3.621 

1.422 
0.793 
0.098 
1.696 

1.428 

1.415 

3.624 

0- 783 

1.694 
3.624 

1.434 
0.774 
0.105 
1.692 
3.622 

1- 440 
0.765 
0.107 
1.688 
3.618 

0.102 

1.446 
0.756 
0. 109 
1.684 
3.613 

1- 452 
0.747 

1.679 
3- 607 

1.458 
0.738 
0.113 
1.673 
3.600 

1.464 
0.730 
0.115 
1.667 
3. 591 

1.469 
0.721 
0.116 
I. 660 

0.111 

-~ 

56" 15' 

A: 82 
0.102 
1.640 
3.489 
1.428 
0.811 
0.111 
1.640 
3.558 

1.435 
0.801 
0.116 
1.639 
3- 563 
1.442 
0.792 
0.120 
1.638 
3- 564 

1.448 
0.782 
0.124 
1.635 
3- 563 

1.454 
0.773 
0.127 
I. 632 
3.561 
1.460 
0.764 
0.129 
I. 628 
3.557 

1.465 
0- 756 
0.132 
1.623 
3. 552 

1-471 
0.747 
0.134 
1.618 
3.545 

1.477 
0- 739 
0.136 
1.612 
3.538 

1.482 
0.73 1 
0.137 
I. 606 
3.529 

67'3C 

0. 17 
0.115 
1.577 
3.' 392 

A: 4:; 
3.4 51i 
0.124 

1.451 
0.810 
0.130 
1.576 
3.495 

: 827 
0.135 
1.575 
3.498 

1.463 
0.792 
0.139 
1.573 
3.498 

1.469 
0.783 
0.142 
1.570 
3.497 

1.475 
0.775 
0.145 
1.566 
3- 494 
1.481 
0.766 
0.147 
1.562 
3.489 
1.486 
0.758 
0.150 
1. 557 
3.484 

1.492 
0.750 
0.152 
1.551 
3.477 

1.497 
0.742 
0.154 
1.545 
-~ ~ 3.469.. 

78045' 

1.426 
0.823 
0.123 
1.510 
3.288 

1.460 
0.829 
0.133 
1.511 
3.415 
I. 468 
0.821 
0.140 
1.510 
3.424 

1.474 
0.812 
0.145 

3.42 
1.480 
0.803 
0.149 
1.506 

1.486 
0.794 
0.152 
1.504 
3.429 

1.492 
0.786 
0.155 
1.500 
3.425 

1.498 
0.778 
0.158 
1.496 
3.422 

1.503 
0.770 
0.160 
1.492 
3.418 

1. So9 
0.762 
0.162 
1.487 
3.411 

- -~ - 

1. 504 

3.428 

1.514 
0.754 
0.164 
1.481 
3.403 .- 

. _- 

90"OO' 
- 

1.437 
0.829 
0.126 

3.1 3 

1.478 
0.840 
0.137 
1- 441 
3.343 

1.485 
0.831 
0.144 
1.444 
3- 352 

0. 23 
0.149 
1.442 
3.357 

0. 14 
0.153 
1- 440 
3.359 

1- SO4 
0.806 
0.157 
1- 438 
3- 359 
1. y o  
0.797 
0.160 
1.435 
3- 357 

1.515 
0.789 
0.163 
1.431 
3.354 
1.521 
0.782 
0.165 
1.426 
3.349 
1.526 
0.774 
0.167 
1.422 
3.344 

1.531 
0.766 
0.169 
1.416 
3.337 

1.454 

1- $92 

1.598 
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M, 4, p, r j  30", a = 5" 

6 
E 

__ 

0. 5s 

0. 60 

0.65 

0.70 

0.7.5 

0.80 

0. 85 

0.90 

0.95 

1.00 

F ,  

0"OO' 

1.450 
0.694 
0.000 
I.  763 
3.672 

1.456 
0.686 

1.751 

1.461 

-- 

0. 000 

3.658 

0.677 

3.644, 

1.467 

0.000 
1.741 

0.669 
0.000 
1- 731 
3.629 

1.473 
0.661 
0. 000 
1.720 
3.613 

1.479 
0.653 
0.000 
1.708 
3.596 

1.485 
0.645 

3.578 

1.491 
0.637 
0.000 
1.683 
3. 559 

1.497 
0.629 

1.670 
3. 539 

1. 503 
0.621 

1.656 

0.762 

0.000 
1.696 

0. 000 

0.000 

3.518 

- 

11'15' 

1.451 
0.695 
0.032 
1.752 
3.665 

1- 4H7 
0.6 7 
0.032 
1.743 
3.652 

1.463 
0.679 
0.033 
1.734 
3.638 

1.469 
0.671 
0- 033 
1.724 

1.475 
0.662 
0.033 
1.713 
3.607 

1.480 
0.654 
0.033 
I .  701 
3.590 
1.486 
0.646 
0.034 
1.689 
3.572 

1.492 
0.638 
0.034 
1.677 
3.553 

1.498 
0.630 
0.034 
1.664 
3.533 

1. 504 
0.623 
0.034 
I. 650 
3.513 
0.762 

3.623 

- 

22'30' 

1.456 
0.699 
0.063 
1-73 1 
3.646 
1.462 
0.691 
0.064 
1.723 
3.633 
1.468 
0.683 
0.064 
1.713 
3.619 

1.474 
0.674 
0.065 
1.703 
3.604 

1.479 
0.666 
0.066 
1.693 
3- 589 

1.485 
0.658 
0.066 
I .  682 
3.572 

1.491 
0.651 
0.067 
1.670 
3. 555 

1.497 
0.643 
0.067 
1.657 
3.536 

1.503 
0.635 
0.068 
1.644 
3.517 

1.509 
0.627 
0.068 
1.631 
3.497 
0.762 

- 

33"45' 1 45"OO' 
- - -.  . - 

1- 464 
0.705 
0.092 
1.697 
3.614 

1.470 
0.697 
0.093 
1.689 
3.602 

1.4g5 
0.6 9 
0.94 
1.680 
3. $89 
1; 481 
0.681 
0.095 
I. 670 
3.575 

1.487 
0.673 

3.560 

1- 493 
0.665 
0.096 
1.649 
3.544 

1.498 
0.657 
0.097 
1.638 
3.527 

1. 504 
0.649 
0.098 
1.626 
3. 5c9 
1.510 
0.642 
0.099 
1.614 
3.490 
1.516 
0.634 
0.099 
1.601 
3.471 

0.763 

0.096 
I. 663 

1.475 
0.713 
0,117 
1,652 
3.571 
1.480 
0.705 
0.119 
1.644 
3.560 
1.486 
0.697 
0.120 
I.  636 
3.548 

1.492 
0.689 

1.627 
3.534 

1.497 
0.682 
0.122 
1.617 
3.520 

1. 533 
0.674 
0.123 
1.607 
3.505 
1.508 
0.666 

1.596 
3.489 

1.514 
0.659 
0. 125 
1. 585 
3.472 
1.520 
0.651 
0.126 
1.573 
3.454 
1.526 
0.643 

I.  560 
3.435 

0.764 

0.121 

0. 124 

0.127 

56" 15' 

1.488 
0.723 
0. '39 
1.599 
3.519 

1- 493 
0.715 
0.140 
1.591 
3. 509 

1.499 
0.707 
0.142 
1.583 
3.497 

1.504 
0.700 
0. '43 
1.574 
3.485 
1.510 
0.692 
0. '44 
1 . 5 6 5  
3.471 

1.515 
0.685 
0. 145 
1. 555 
3- 457 

0.677 

1.545 
3.442 
1.526 
0.670 
0. '47 
1.535 
3.426 

1.532 
0.662 
0.148 
1.523 
3.409 

1.538 
0.655 
0. '49 
1.511 
3.390 

0.765 

- 

1. 521 

0.146 

67"30' I 78'45' 
~ .~ - 

1. 503 
0.734 
0.155 
1.539 
3.460 
1. 508 
0.726 
0.157 
1. 531 
3.450 

1.514 
0.719 
0.158 
1.524 
3.440 

1.519 
0.711 
0.160 
1.516 
3.428 

1.524 
0.704 
0. 161 
1. 507 
3.415 

1- 530 
0.697 
0.162 
1.498 
3.402 

A: sa; 
0.163 
I.  488 
3.387 

1.540 
0.682 
0.164 
1.478 
3.372 

1. 546 
0.675 
0.165 
1- 467 
3.355 

1.551 
0.668 
0.166 
1.456 
3.338 
0.766 

1.519 
0.746 
0.166 
1- 476 
3.397 

1.525 
0.739 
0. 168 
1.468 
3.386 

1.530 
0.731 
0. 169 
1.461 
3.377 

1. 535 
0.724 
0.170 
1.453 
3.364 

1.540 
0.717 
0.172 
1.446 
3.355 

1- 545 
0.710 
0.173 
1.437 
3.34 1 

1.551 
0.703 
0. 174 
1.427 
3.326 

1.556 
0.696 
0.175 
1.419 
3.313 
1.561 
0.689 
0.176 
1.408 
3.297 

1.567 
0.681 
0- 177 
1.397 
3.279 

0.767 

90"OO' 

I .  536 
0.759 
0.171 
1.411 
3*329 
1.542 
0.752 

3. 320 
1.547 
0.744 

1.397 
3.310 
1.552 
0.737 

1.390 
3- 300 
1.557 
0.730 

1.383 
3.288 

1.562 
0.7'3 
0.177 
1.374 
3.276 

1.567 

0. 172 
1.404 

0.174 

0.175 

0.176 

0.716 
0.178 
I .  366 
3.263 

1. 572 
0.710 
0- 179 
1.357 
3- 249 

1. 578 
0.703 
0.180 
1- 347 
3.233 

1.583 

1.337 
3.217 

0.768 

:: Psf 
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M, = 4, PK = 30", a = 5" 

10 l"15' 

1.448 
0.836 
0.125 
1.380 
3.080 

1.497 
0.85' 

3.275 

1. 503 
0.842 
0. ' 43  
1. j s o  
3.2Sj 

1.510 
0.835 
0. 148 
1.378 
3.290 
1. 516 
0.825 
0.152 
1.377 
3.292 

0. Ijj 
1.380 

1. :22 
0. bi7 
0.156 
1.374 
3.132 

1.528 
0. So9 
0. 159 
1.371 
3.290 

1. 533 
0.801 
0.161 
1.367 
3.287 

1.538 
0.794 
0. 163 
1.363 
3.282 

1. 544 
0.7 6 
0. 165 
1.359 
3.277 

1.549 
0.779 
0. 167 
1.354 
3.270 

1.458 
0.842 
0. 119 
1 . 3 2 1  
2.985 

1.515 
0.862 
0.128 
I. 321 
3.214 

1. 522 
0.853 
0. 136 
I. 320 
3.223 

1.528 
0.845 
0. 141 
1.319 
3.228 

1. 534 
0.837 
0. '45 
1.317 
3.229 

1. 549 
0.828 
0. 148 
1.315 
3.229 

1. 545 
0.820 
0.151 
1.312 

1. 550 
0.813 
0. '53 
1.309 
3.223 

1.556 
0.805 
0.155 
1.305 
3.219 

I. 561 
0.798 
0. '57 
I. 300 
3. 213 

1.566 
0.791 
0. 159 
1. 295 
3.206 

3.227 

123"45' 

1.468 
0.847 
0.108 
1.269 
2.899 

1.532 
0.872 
0.117 
1.269 
3.162 

1. 539 
0.863 
0.123 
1.268 
3.170 

1. 545 
0.855 
0. 128 
1.267 
3. '73 

1.551 
0.847 
0. 132 
1.265 
3.174 

1.556 
0.839 
0.135 
1.263 
3. 173 

0. l .  i61 31 
0.137 
1.260 
3.170 

1.567 
0.823 
0.139 
1.256 
3. 166 

1.572 
0.816 
0.141 
1.252 
3.161 

1.577 
0. 809 

1. 24 
3.155 

1.581 
0.802 
0.144 
1.243 
3-  147 

0.14J 

_..__ 

. -~ 

135"OO' 

1.476 
0.852 
0.092 
1. 225 
2.827 

1.548 
0.881 
0.100 
1.225 
3.120 

1. 554 
0.872 
0. 106 
1.224 
3.126 

1. 560 
0.864 
0.110 

3.12 l. 22i 
1.565 
0.856 
0. 113 
1 .221  
3.127 

1.571 
0.848 
0.116 
1.218 
3- 12s  

1.576 
0.840 
0.118 
1.215 
3.122 

1.581 
0.833 
0.120 
1.212 
3.117 

1.586 
0.825 
0.121 
1.208 
3.111 

A: 3;; 
0.122 
1.203 
3. 104 

1.595 
0.811 
0. 124 
1. 198 
3.096 ____ 

.- 
6 

1 46"15' 

1.484 
0.856 
0.072 
1. 190 
2.768 

1.561 
0.888 
0.079 
1. 1go 

1- 567 

3.089 

0.880 
0.084 
1. 189 

1.572 
0.872 
0.087 
1.187 
3.092 

1.578 
0.863 
0.090 
1.185 
3.091 

3.092 

1.583 
0.856 
0.092 
1. 183 
3.087 

I .  588 
0.848 
0.093 
1.180 
3.083 

1. 593 
0.840 
0.095 
1. 176 
3.077 

1- 597 
0.833 
0.096 
1.172 
3.071 

1.602 
0.826 
0.097 
1. 167 

1.607 
0.819 
0.098 
1. 163 
3.055- 

3- 063 

157'30' 

1.489 
0.859 
0. 050 
1.165 
2.726 

1.571 
0.894 
0.055 
1.165 
3.068 

1.576 
0.886 
0.058 
1. 164 
3.069 

I. 582 
0.877 
0.060 
1.162 
3.067 

1.587 
0.869 
0.062 
1.160 
3.064 

1.592 
0.861 
0.063 
1.157 
3.060 

0. 54 
0.065 
1.154 
3 . 0 5 5  
1.601 
0.846 
0.065 
1.150 
3.048 

1.606 

1.146 
3.041 

1.611 
0.832 
0.067 
1.142 
3.033 

1.616 
0.825 
0.067 
1. 137 

1.597 

:: 22 

3.024 

168"45' 

1.492 
0.861 
0.025 
1.150 
2.700 

1.577 
0.898 
0.028 
1- 149 
3- 056 

1. 582 
0.889 
0.030 
I. 148 
3.055 

1.587 
0.881 
0.031 
1.147 
3. os2 

1.592 
0.873 
0.032 
1.144 
3.048 

1.597 
0.865 
0.032 
1.142 
3.043 

1.602 
0.857 

1.13 
3.037 

1.607 
0.850 
0.033 
1.135 
3.031 

I. 612 

0.034 
1.131 
3.023 

1,616 
0.836 
0.034 
1.126 
3.014 

1.621 
0.829 
0.034 
1.121 

3 . 0 0 5  

0.03j  

0:843 

180"00' 

1. 574 
0.908 

1. '45 
3.053 

1.579 
0.899 

1. 144 
3.052 

1.584 
0.890 

1. '43 
3.050 

1.589 
0.882 
0.000 
1.141 
3.047 

1. 594 
0.874 

1. '39 
3.043 

1.599 
0.866 

1- 137 
3.038 

- 

0.000 

0.000 

0.000 

0.000 

0.000 

0. l. 85 6ol 
0.000 
1.133 
3.032 

1.609 
0.851 
0. 000 
1.129 
3.025 

1.613 
0.844 

1.125 
3.017 

1.618 
0.837 

3.008 

0.000 

0. 000 
1.121 

1.623 
0.830 

1.116 
2.999 . 

0. 000 

. . _ -  

180"00' 

1.493 
0.862 
0.000 
1.14s 
2.692 
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M, =-- 4, PIC = R O O ,  a = 5" 
. .  
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__ 

0 5s 

0.63 

0.6s 

0.70 

0.7s 

0.80 

0. 85 

0. 90 

0. 9s 

1.00 

F x  

1. S i 4  
0.771 
0. 16.) 
1. 3.18 
3.262 

1. 559 0.764 
0.170 
I. 3.12 
3.254 

1.564 
0.757 
0. 172 
1.336 
3.244 

1.569 
0.750 
0.173 
1.329 
3.234 

1- 574 
0.743 
0. '74 
1.321 
3.222 

1.579 
0.737 
0.175 
1.313 
3.210 

1.584 
0.730 
0. 176 
1.305 
3. '97 

1.589 
0.723 
0. '77 
1.297 
3- 183 

1. 594 
0.716 
0.177 
1.287 
3. 168 

1.599 
0.710 
0.178 
1.278 
3. 153 

0.769 

1.571 
0.783 
0. 160 
1.290 
3. 198 

1. 576 
0.776 
0. 162 
1.284 
3.189 
1.580 

3.180 

1. 585 
0.763 
0.164 
1.271 
3.169 

1. 590 
0.756 
0.165 
I. 264 
3.158 

1. 595 
0.749 
0. 166 
1.256 
3.146 
1.600 
0.743 
0. 166 
I. 248 
3. 133 
I. 605 
0.736 
0. 167 
1.240 
3. 119 
I. 610 

1.231 
3. 104 
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Mm = 4, PK = 40', a = 2'30' 
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0.332 
2.186 

2.102 
0.731 
0.153 
0.332 
2. 190 

2. 104 
0.727 
0. 154 
0.332 
2. 192 

2.105 
0.723 
0. 155 
0.331 
2.193 

2.107 
0.719 
0. 156 
0.331 
2.193 

2.109 
0.715 
0.156 
0.330 
2.191 

168"45' I 
1.999 
0.727 
0.062 
0.319 
1.502 

0.758 
0.069 
0.319 
2.142 

2.104 
0.753 
0.074 
0.319 
2.152 

2. 106 
0.748 
0.076 
0.319 
2.155 

2,108 
0.744 
0.078 
0.318 
2.156 

2.109 
0.740 
0.079 
0. 318 
2.155 

0.735 
0.080 
0.317 
2.153 

2. 113 
0.731 
0.080 
0.316 
2.150 

2.114 
0.727 
0.080 
0.315 
2. 147 

2.!16 
0.723 
0.081 
0.314 
2.142 

2.118 
0.719 
0.081 

2.101 

2.111 

18O"OO' I 18O"OO' 
.~ ~~ ~ - 

2. ic4 
0.765 

0.315 
2.156 

2.106 
0.760 

0.315 
2.155 

2.108 
0.755 

0.315 
2.154 

2.109 
0.750 

0.314 
2.151 

0.745 

0.314 
2.149 

2.113 
0.741 

0.313 
2.145 

2.114 
0.737 

0.312 
2.141 

2.116 
0.733 

0.311 
2 .  136 

2.118 
0.729 

0.310 
2.131 

2.119 
0.725 

0.309 
2.125 

2.121 
0.721 
0.000 
0.308 
2. 119 

0.000 

0.000 

0.000 

0.000 

2.111 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

_ _  - 

2.001 
0.728 
0.000 
0 . 3  1.5 
1.490 
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M, = 6,  pK = 20°, a = 10" 

0 

146"15' 1 157'30' 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.  go 

0.95 

1.00 

F x  

P 

' 

2. 000 
0.665 
0.348 
0.637 
3 010 

2.002 
0.661 
0.351 
0.639 
3.027 

2.003 
0.657 
0.3s4 
0.640 
3.042 

2.005 
0.654 
0.357 
0.641 
3.056 

2.007 
0.650 
0.360 
0.642 
3.069 

2.008 

0.362 

3.081 

2.010 

0.364 

0- 647 

0.643 

0.643 

0.644 
3.092 

2.011 
0.640 
0. 366 
0.645 

2.013 
0.637 
0.368 
0.645 
3.112 

2.014 
0.634 
0.370 
0.646 
3.121 

0.457 

3. 103 

- _  

1 12"30' 1123"45' 1 135'00'- 
' 

2.026 
0. 678 
0.336 
0. 545 
2.79s 

2.028 
0.674 
0.338 
0- 546 
2.811 

2.030 
0.671 
0.340 
0. 547 
2.825 

2.031 
0.668 
0.342 
0. 549 
2.839 

2.033 
0.665 
0.344 
0. 550 
2.851 

2.034 
0. 662 
0.346 
0.551 
2.862 

2.036 
0.659 
0.347 
0.552 
2. 873 

2.037 
0.656 
0.349 

2. 8 3 

2.038 
0.653 
0.350 
0.554 
2.892 

2.039 
0.651 
0.351 
0. 554 
2.900 

0.460 

0. 5g3 

2.052 
0.689 
0.311 

0.467 
2.597 

2.054 
0.686 
0.312 
0.468 
2.610 

2. 05s 
0.683 
0.314 
0.469 
2.621 

2.057 
0.680 
0.315 
0.470 
2.631 

2.058 
0.677 
0.316 
0.471 
2.641 

2.060 
0.674 
0.317 
0.471 
2.649 

2 .061 
0.671 
0.317 
0.472 
2.657 

2.062 
0.668 
0.318 
0.473 
2.665 

2.063 
0.666 
0.318 
0.473 
2.672 

2.064 
0.663 
0.318 
0.474 
2.678 

0.463 

2.076 
0.698 
0.273 
0.405 
2.425 

2.077 
0.695 
0.273 
0.406 
2.432 

2.079 
0.692 
0.274 
0.406 
2.439 

2.080 
0.689 
0.274 
0.406 
2.445 

2.082 
0.6S6 
0.275 
0.406 
2.450 

2.083 
0.683 
0.275 
0.407 
2.454 

2. 084 
0.680 
0.27s 
0.407 
2.458 

2.085 
0.677 
0.275 
0.407 
2.461 

2. 087 
0.674 
0.274 
0.407 
2.463 

2.088 
0.672 
0.274 
0.407 
2.465 

0.465 

- 

2.095 
0.706 
0.221 

0.359 
2.287 

2.097 
0.702 
0.221 
0- 3 59 
2.289 

2.099 
0.699 

0.359 
2.290 

0.695 

0.358 
2.291 

2.101 
0.692 
0 .221  

0.358 
2.290 

2. 103 
0.689 

0.357 
2.289 

2. '04 
0.686 
0.220 
0.3 56 
2.288 

2. 106 
0.682 
0.219 
0.356 
2.285 

2. 107 
0.679 
0.219 
0.355 
2.282 

2. 108 
0.676 
0.218 
0.354 
2.279 

0.466 

0.221 

2.100 

0.221 

0.220 

__-. 

2.110 
0.711 
0.156 
0.329 
2. 189 

2.112 
0.708 
0. 156 
0.328 
2. 186 

2.113 
0.704 
0.155 
0.327 
2.182 

2.115 
0.700 
0.155 
0.326 
2. 178 

2. 117 
0.697 
0. 155 
0.325 
2. 172 

2. 118 
0.693 
0.154 
0.323 
2. 166 

2.120 
0.689 
0. 154 
0.322 

2.159 

2.121 
0.686 
0 . 1 5 3  
0.320 
2. 152 

2. 123 
0.682 
0. 152 
0.318 
2.143 

2.125 
0.678 
0.151 
0.316 
2.134 

0.467 

168'45' 1 ISO'Oi I 18O"OO' 

2. 119 
0.716 
0.080 
0.312 
2.131 

2.121 
0.712 
0.080 
0.311 
2.125 

2.123 
0.708 
0.080 
0. 303 
2.118 

2. 124 
0.704 
0.080 
0.307 

2. 126 
0.700 
0. os0 
0.306 

2. 128 
0.696 
0.079 
0.304 
2.091 

2. 129 
0.692 
0.079 
0. 302 
2.081 

2.131 
0.688 
0.078 
0.299 
2.070 

2. 133 
0.684 
0.078 
0.297 
2.057 

2. '35 
0.679 
0.078 
0.294 
2.044 

0.467 

2.110 

2.101 

2.122 

0.000 

2.112 

0.717 

0.306 

2. 124 
0.713 

0.305 
2. 104 

2. 126 
0.709 

0.303 
2.096 

2.127 
0.705 

0.301 
2.087 

2. 129 
0.701 

0.299 
2.077 

2.131 
0.697 

0.297 
2.066 

2. '33 
0.693 
0.000 
0.295 
2.055 

2. 1?5  
0.689 
0. 000 
0,292 
2.042 

2. '37 
0.684 

0.290 
2.028 

2. '39 
0.679 
0.000 
0.287 
2.013 

0.467 

0. 000 

0.000 

0.000 

0.000 

0.000 

0. 000 
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E 

0.03 

0.05 

0. 10 

0.15 

0.20 

0 .25  

0.35' 

0.35 

0.40 

0.45 

0. 50 

1.737 
0.810 
0.021 
1.489 
4.403 

1.742 
0.803 

0'00' 

1.740 
0.811 
0.042 
1.465 
4.351 

1.746 
0.805 

1.737 
0.809 

1.498 
4.421 

1.740 
0.800 

1.498 
4.420 

1.744 
0.794 

1.497 
4.418 

1.7?7 
0.757 

1.495 
4.415 

1.751 
0 . 7 Y O  

1.493 
4.411 

1.755 

1.491 
4.405 
I. 758 
0.76; 

1.4'37 
4.398 
1.762 
0.758 

1.484 
4.391 

1.765 
0.750 
1.480 
4.382 
I. 769 
0.743 

1.475 
4.371 

1.772 
0.736 

1.470 
4.360 

0.000 

0.000 

0.050 

0.003 

0.535 

0. 772 
0.030 

0.003 

0.0 30 

0. 000 

0.000 

0.030 

1.745 
0.795 
0.026 
1.486 
4.407 

1.750 
0.797 
0,051 
1.464 
4.374 

0.630 
1.479 
4.389 
1.763 
0.759 
0.031 
1.476 
4.381 

1.767 
0.751 
0.032 
1.471 
4.372 

1.770 
0.744 
0.032 
1.467 
4.362 

1.774 
0.737 
0.033 
I. 462 
4.351- 

1.482 
4.395 

1.458 
4.365 

1.455 
4.359 
I .  768 
0.761 
0.061 
1.452 
4.352 

1.771 
0.754 
0.063 
1.448 
4.344 

1.775 
0.747 
0.064 
1.443 
4.335 

1.779 
0.740 
0.065 
1.438 

1.760 
0.766 

~ 

33'45' 

1.741 
0.813 
0.062 
1.425 
4.268 

1.753 
0.808 
0.070 
1.425 
4.316 

1.757 
0.801 
0.074 
1.424 
4.320 
1.761 
0.794 
0.078 
1.423 
4.320 

1.765 
0.787 
0.082 
1.421 
4.319 

1.768 
0.780 
0.084 
1.419 
4.316 

1.772 
0.772 
0.087 
1,416 
4.3 12 

1.775 
0.765 
0.089 
1.413 
4.306 

1.779 
0.759 
0.091 
1,410 
4.300 

1.783 
0.752 
0.093 
1.405 
4.292 

1.786 
0.745 
0.095 
I. 401 
4.282 

' 1.764 
0.768 
0.060 

.. 
6 

45'00' 

1.749 
0.815 
0.080 
1.373 
4. 156 

1.763 
0.813 
0.089 
1.373 
4.241 

1.767 
0.806 
0.095 
1.373 
4.248 

1.771 
0.799 
0.100 
1.372 
4.25) 

1.775 
0.792 
0. 104 
1.370 
4.252 

1.779 
0.785 
0. 108 
I. 368 
4.251 
1.782 
0.778 
0.111 
1.366 
4.249 
I .  786 
0.771 
0.114 
1.363 
4- 245 

1.789 
0.764 
0. 117 
1.359 
4.239 

1.793 
0.758 

1.355 
4.233 

1.796 
0.751 

1.351 

0. 120 

0.122 

.. 4.225 . - 

- 

56" 15' 

1.755 
0.818 
0.095 
1.311 
4.023 

1.775 
0.819 
0.105 
1.312 
4.152 
I. 780 
0.812 
0.113 
1.311 
4; 163 

1.784 
0.805 
0.119 
I .  310 
4.169 

1.787 
0.798 
0. 124 

4. 172 

1.79 1 
0.792 
0.128 
1.307 
4. 173 

1.795 
0.785 
0.132 
1.305 
4. 172 

1.798 
0.778 
0. 135 
1. 302 
4.170 
1.802 
0.772 
0.139 
1.299 
4. 166 

1.805 
0.765 
0.141 
I. 296 
4. 161 

- _  .. ~ 

1. 309 

1.809 
0.759 
0. 144 
I. 292 
4.155 

67"30' 

1.763 

- -  

0.822 
0.106 
1.244 
3.874 

I. 789 
0.825 
0.118 
1.244 
4.055 

1.794 
0.819 

1.243 
0. 12'7 

4.069 

1.798 
0.812 
0.133 
1.243 
4.078 
1. 802 
0.806 
0. '39 
1.242 
4.083 

1.806 
0.799 
0.144 
1.240 
4.086 

1.809 
0.793 
0.148 
1.238 
4.087 
1.813 
0.786 
0.152 
1.236 
4.086 

I. 816 
0.780 
0.155 
1.233 
4.084 
1.819 
0.774 
0. 158 
1.330 
4.080 

1.823 
0.767 
0. 161 
1.227 
4.075 

1.771 
0.826 
0.114 
1.173 
3.716 
1.805 
0.833 
0. 127 
1.173 
3.953 
1.810 
0.827 
0.136 
1.173 
3.971 
1.814 
0.820 
0.143 
I. 172 
3.982 
1.818 
0.814 
0.  149 
1.171 
3.989 

1.821 
0.808 
0. IS4 
1. 170 
3.993 
1. S25 
0.801 
0.158 
1. 168 
3.995 
1.828 
0.795 
0. 162 
1. 166 
3.996 
1.832 
0.789 
0.166 
1.164 
3.995 

1.835 
0.783 
0.170 
1. 161 
3.992 

1.838 
0.777 
0.173 
1.158 
3.988 

1.780 
0.830 
0.117 

3- 557 
I. 821 
0.841 
0.1j0 
I. 103 
3.854 
1.827 
0.835 
0.140 

3.874 

1.102 

1.102 

1.831 
0.829 
0- 147 
1.102 
3.887 

1.835 
0.823 
0.153 

3.395 
1.101 

1.83'3 
0.816 
0.159 

3.900 
1.842 
0.810 
0.163 
1.095 
3.903 

0.804 
0. 167. 

3.904 
1.848 
0.798 
0.171 
1.094 
3.903 
1.852 
0.792 
0.174 
I. 092 
3.902 

1- 855 
0.786 
0.178 
I. 089 

1.100 

1.845 

I.. 097 

-~ 3.898 
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6 - 
0-00' I ll"15' I 22'30' I 33'45' I 45'00' I 56'15' 

1.776 
0.729 

1,464 
4. 348 

1.780 
0.722 
0. OOJ 
1.45s 
4.335 

1.783 
0.715 

1.451 
4. 320 

0. [Ob 

1.444 
4.305 
1.791 
0.701 

4.2b8 

1.794 
0.694 
0.000 
1.428 
4.271 

0.000 

0.000 

1.787 

0.000 

0.003 
1 . 4 p  

1.728 
0. 667 
0.000 

1.419 
4 . 2 9  

1.802 
0.681 
0.000 
1.410 
4. 232 

1. 806 
0.674 
0.000 
1.401 
4.211 

I. 810 
0.666 
0.000 

1.390 
4.189 

0. 558 

1.778 
0.730 
0. 034 
1.456 
4.339 
1.781 
0.723 
0.034 
r..jjo 
4. 326 

1.785 
0.716 
0.035 
1.443 
4.3 12 

1.788 
0.709 
0. 035 
1.436 
4.297 

1.792 
0.702 
0.036 
1.429 
4.281 

1.796 
0. 696 
0.036 
1.421 
4.263 
1. 800 
0. 689 
0.037 
1.412 
4.245 
1. 803 
0. 682 
0. 037 
1.403 
4.225 

1.807 
0.675 
0. 038 
1.393 
4.204 

1.811 
0.668 
0.038 

4. 182 
1.383 

0.558 

1.782 
0.73 3 
0.067 
1.433 
4.314 
1.786 
0.726 
0.068 
1.427 
4.301 
1.789 
0.719 
0.069 
1.421 
4.288 

1.793 
0.713 
0.070 
1.414 
4.273 

1.797 
0.706 
0.071 
1.406 
4.258 

1.800 
0.699 
0.072 
1.399 
4.241 

1. 804 
0. 692 
0. 073 
1.390 
4. 223 

1. 808 
0.685 
0.073 
1.382 
4.204 

1.811 
0.678 
0.074 

4. 1 4 

1.815 
0.671 
0.075 
1.362 
4.163 

0. 558 

1.3i;" 

1.790 
0.738 
0. 017 
1.396 
4.272 

1.793 
0.731 
0.099 
1. 390 
4.261 

1.797 
0.725 

1.384 
4: 248 

1.800 
0.718 

1.378 
4- 235 
1.804 
0.71 1 
0. 103 
1.371 
4.220 

1.807 
0.704 
0. 104 
1.363 
4.205 
I .  s11 
0.698 
0.106 
1.355 
4.188 

1. 815 
0. 691 
0. 107 

1.347 
4. 170 

I. 818 
0.684 
0. 108 
1.338 
4.151 

1.822 
0. 678 
0. 109 
1.329 
4.131 

0.559 

0. 103 

0.102 

1. 800 
0.744 
0.124 
1.346 
4.216 

1. 803 
0.738 
0. 126 
1.341 
4.206 

1. 807 
0. 731 
0. 128 
1.336 
4. 195 

1.810 
0.725 
0. 130 
1.330 
4. 183 

1. 814 
0.718 
0.132 
1.323 
4. 169 

1.817 
0.712 
0.133 
I. 316 
4. 155 
1.821 
0.705 
0. 135 
1. 309 
4. 139 

1. 824 
0.699 
0. 136 
1. 301 
4. 1 2 3  

1 828 
0. 692 
0. 138 
1.293 
4. 105 
1.831 
0.686 
0. 139 
1.284 
4.086 

0.559 

1.812 
0.752 
0. 147 
1.281 
4. 147 

I .  815 
0.746 
0. 149 
1.283 
4. 139 
1.819 
0.739 
0.151 
1.278 
4. 129 

1.822 
0. 733 
0. 153 
1.272 
4.118 

1.826 
0.727 
0.155 
1.167 
4. 106 

1.829 
0.720 
0. 157 
1.260 
4.093 
I. 832 
0.714 
0. 159 
1.253 
4.079 

1.,836 
0.708 
0. 161 
1. 246 
4.064 

1.839 
0.702 
0. 163 
1.239 
4.047 

1.843 
0.695 
0.164 
1.231 
4. 030 

0. 559 

.. 

67'30' 

1.826 
0.761 
0. 164 
1. 223 
4.069 
1. 829 
0.755 
0. 167 
1.218 
4.061 

1.833 
0.749 
0. 169 
1.214 
4. .os3 
1. 836 
0.743 
0.171 
1.203 
4.043 

1.839 
0.736 
0. 174 
1.203 
4.03 3 

1 .843  
0.730 
0. 176 
1.198 
4.021 

1.846 

0. 17 
1.132 
4.008 

1. 849 
0.718 
0. 179 
1.185 
3.994 

1. 853 
0.712 
0. 181 
1. 178 
3.979 
1.856 
0.706 
0.183 

3.963 
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-. 

0.728 

1.171 

.~ 

78"4 5' 

1. s42 

0. 176 
1.154 

1.845 
0.765 
0.178 
1.151 
3.977 

1. 848 
0.759 
0.181 
1. 146 
3.969 
1.651 
0.753 
0.183 
1.142 
3.961 

1.854 
a 7 4 7  
0.185 
1.137 
3 . 9 S I  

1.858 
0.741 
0.187 
1. 132 
3.941 
1. 861 
0.735 
0.189 
1.126 

.3.  929 

1. 864 
0.729 
0. 191 
1.120 
3.916 
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1. 867 
0.723 
;: is: 

;: 2; 

3. 902 

1.870 
0.718 

3. 887 

0.560 

90"OO' 

1.858 
0.780 
0.180 
1. os6 

1.861 
0,775 
0. i s 3  
1. 082 
j. sss 

I .  864 
0.769 
0. 186 
1.078 
3.881 

3.894 

1.867 
0.753 
0. 158 
1.074 
39 s74 

1.870 
0.758 
0.190 
1.070 
3.865 

1.873 
0.752 
0. 192 
1.065 
3.855 
I .  S76 
0 . 7 4  
0. lL)4 
1.060 
3.844 
1.880 
0.7-11 
0.196 
1.054 
3.832 

1.883 
0. 735 
0. '97 
1.048 
3.818 

1.886 
0.729 
0. '99 
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4.857 
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0.978 
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2.392 
4.861 
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0.834 
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1.201 
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0.821 
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0. 106 
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0.807 
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0.140 
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0. '47 
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0. '49 
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- 
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4.937 
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0.869 
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2.588 
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0.863 
0.165 
2.578 
4.913 
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0.857 
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2.555 
4.885 
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0.845 
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4.869 
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2.530 
4.853 
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0.834 
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2.516 
4.836 

1.068 
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0.906 
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4.920 
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1.239 
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4.855 
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2.374 
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0.196 
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